Real Numbers and the
Power of Continuum
Part 1
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Power of the Continuum

v
A set A4 is said to have the power of the continuum if 4
has the same cardinality as the unit interval 7 = /0, 1].
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Real Numbers and the
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Cardinal Numbers

Definition

Each set 4 is assigned a symbol in such a way that two
sets A and B are assigned the same symbol if and only
if they are equipotent. This symbol is called the
cardinality or cardinal number of A4, and it is denoted
by Vs

|Al, n(A4) or card(4)

Al - IB] %/ A~ B.

Thus,

Finite Cardinal Numbers

/
0 is assigned to the empty set @, and » is assigned to the

set {g,/H} Thus,
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Transfinite Cardinal Numbers

Cardinal numbers of infinite sets are called infinite or
transfinite cardinal numbers.

The cardinal number of the infinite set P of positive

integers is T{ (LLL,;I,\ Nm;/kt)
Thus,
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Transfinite Cardinal Numbers

N
The cardinal number of the unit interval / = [0, 1] is
denoted by ¢ and it is called the power of continuum.

Thus: (m e W f o T

In particular, we have @f ¢, and the cardinal number of
any interval is ¢.
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Some Important Statements

- A is denumerable or countably infinite means |4 ="
) A is countable means |4| is finite or [4] = N\,
A has the power of continuum if |[4| = c.
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Ordering of Cardinal
Numbers

Definition

VA
Let 4 and B be two sets. We say that |4| < |B| if there
exists a one-to-one(injective) function f: 4 — B.

The above relation between cardinal numbers are well
defined, that is, the relations are mdependent of the
particular sets involved. Namely, if /4 %~ A’ and & ~B
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Consider the set P of positive integers and the unit
interval /, that is, consider the sets -
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Let 4 be any infinite set. So 4 contains a subset which is
denumerable. Accordingly, for any infinite set 4, we
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Theorem 2

Prove that 2% =c.

Theorem 2
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Cardinal Arithmetic Part
1

Cardinal Addition

Addition and multiplication of the counting numbers N
are sometimes treated from the point of view of set
theory. The interpretation of 2+3 = 5, for example, is
the union of two disjoint sets, one having two elements
and the other having three elements, is a set with five
elements. This idea leads to a completely general
definition of addition of cardinal numbers.

Cardinal Addition

Definition: Let o and f be cardinal numbers and let 4

and B be disjoint sets with a = |4| and # = |B|. Then

the sum of & and S is denoted and defined by

a+p=|4 UB)
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Examples

@ Let m and n be finite cardinal numbers. Then m + n
corresponds to the usual addition in N.

() Let n be a finite cardinal number.
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Cardinal Arithmetic Part
2

Cardinal Multiplication

Let o and B be cardinal numbers and let 4 and B be sets
with a = |4| and f = |B|. Then the product o and p is
denoted and defined by
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Ordered Sets

Definition

Suppose R is a relation on a set S satisfying the following
three properties: N
(Reflexive) For any a ¢ S, we have a R a.
(Antisymmetric) If @ Rb and b R a, thena = b.
(Transitive) Ifg Rb and b R¢, thena R c.

Then R is called a partial order or, simply an order
relation, and R is said to define a partial ordering of S.
The set S with partial ordering R is called a partially
ordered set or, simply an (w Pos A

DIt 0 eP, te, axo
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The most familiar order relation, called the usual order, is
the relation < on the positive integers P or, more
generally on any subset of the real numbers R. For this
reason, a partial ordering relation is frequently denoted
by L=
With this notation, the above three properties of a partial
order appear in the following usual form:
(Reflexive) For sy~ & € S i b & B3 %004 Ry
(Antisymmetric) /7 #< b ol b o, fhen #=b.
(Transitive) /F & 2 amgl b= | Hen Azc,

Notation

Notation

Although an ordered set consists of two things, a set S
and the partial ordering R , one usually simply write S
to denote the ordered sets as long as the partial
ordering is fixed in the context of the discussion;

otherwise the ordered set is denoted by the pair (§ g)

Suppose S is an ordered set. Then the statement
L3ib B ad
=D

In this context we also write:
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Let C be any collection of sets. The relation of set
= inclusion is a partial ordering of C. Specifically,
\>Fg/7. Ael /HEA anﬁﬁﬂ.
) Fon AB eC we rove AL B A
Consider the set P of positive integersy.v%\/egs%y “'g/wm
divides b”, written a|b, if there exists an integer ¢
such that ac = b. For/example, 2|4, 3|12, 7|21, and so
on. This relation of divisibility is a partial ordering of
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Example 1
The relation “|” of divisibility is not an ordering of
the set Z of integers. Specifically, the relation is not
antisymmetric. For instance,

Fon ww‘}pxﬂ) \

N R
},L -2 and —2—12—
2. F-

boad




Example 1

Comparability and
Linearly Ordered Sets

Comparability

Suppose a and b are distinct elements in a partially
ordered set S. We say a and b are comparable if

aLib o b < a.

Thus a and b are noncomparable written
x|/ b
if & AL o b Aa.

Linearly Ordered Sets and Chain

Suppose that every pair of elements of S are comparable.
Then S is said to be linearly or totally ordered.

Although an ordered set S may not be linearly ordered, it
is still possible for a subset 4 of S to be linearly
ordered. Such a linearly ordered subset 4 of an ordered
set S is called a chain in S.

Example 1
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Consider the set P of positive integers ordered by
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The set P of positive integers with the usual order < 1s
linearly ordered and hence every ordered subset of P
is also linearly ordered. P=A122, o  towr Btz
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Example 1

The power set P(4) of a set 4 with 2 or more

elements is not linearly ordered by set inclusion. For

example, o ,b ¢ [, Hen L and_3 bY et
rorermprrable 1ok B = AT weh Trat

B { He Aaf<p on P4
wiﬁ%’ij et

Consider the set 4 ={1, 2, 3,4, 6,12, 24} ordered by
divisibility. Then clearly 4 is not linearly ordered as
for instance, 3 and 4 are not comparable. Observe that

the sets {1,2, 4,12, 24}, {1,2,6,12, 24} and {1, 3,

6,12, 24} are all chains.




Example 2

Let P = {1, 2, 3, ...} be ordered by M)ﬂty. State
whether each of the following is a chain in P.
A={24,2,6} , (L » & haun.

fomt 2256 <24 o 2|6 (24
B={3/5,5) , oo ik o nol s Lain
Homt 2 £
C={2,8,32,4} , i sa Loan.
2 Yy <@ L3y
D={T} ;£ » a lacn.

Partially Ordered Sets
and Hasse Diagrams

Immediate Predecessor and Immediate
Successor

Let S be a partially ordered set, and suppose a, b € S. We
say that a is an immediate predecessor of b, or that b is
an immediate successor of a, or that b is a cover of a,
written @ << b, if @ < b but no element in S lies
between a and b, that is, there exists no element ¢ in S
such thata < c < b.X

For example, consider the set P={1,2,3,4,...} with the
order <. Then we can see that1 << 2,2 << 3, and so on.

Immediate Predecessor and Immediate
Successor

Suppose S is a finite partially ordered set. Then the order

on S is completely known once we know all pairs a, b

in S such that a << b. This follows from the fact that x

< yifand only if x << y or there exists elements

AP Y S RV PSS WY o

For example, consider the set 4 = {1, 2, 3,4,6,12, 24}

ordered by the relation “x divides ). Then we can write
2<<4,2<<6,3<<6,4<<12,6<<12,12<<24.
Alsol <<2<<4d'<<19<<Fhorl <<2<<6<<12<<
24 o0r] <<3<<6<<12<<24._

zjz‘*@"@ <dx
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Hasse Diagrams i
[

The Hasse diagram of a finite partially ordered set S is a
graphical representation of S as follows. The elements
of § are represented by points in the plane and there is a
directed line segment(arrow) drawn from a to b
whenever a << b in S. Instead of drawing an arrow
from a to b, we sometimes place b higher than a and
draw a line between them.

The Hasse diagram of an ordered set S is a picture of S.
Sometimes we define a partially ordered set by simply
presenting its Hasse diagram.

Example 1

Draw the Hasse diagram representing the divisibility
relationonset 4 ={1,2,3,4,6,12,24} v~ B

Solution. As we saw'] <<2<<4<<12<<24orl <<7
<<KH6<<12<<24o0rl <<3<<6<<12<<24. We can
draw its Hasse diagram as follows:

24
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Example 2

Let A={a,b,c}. Draw the Hasse diagram representing the
subset relation@on the power set P(4).
» Solution. The power set P(4) contains all subsets of A4:

CPA){BLalbllefablibeliack{abe)) 50 =8

» We place the empty set @ at the bottom of the diagram. The
subsets with one element {a},{b},{c} are placed on the first
level, and the subsets with two
elements {a,b}{b,c}, {a ¢} are placed on the next level. The
element {a,b,c} occupies the top of the diagram. Finally we
connect the subsets with their immediate successor with
respect to the inclusion relation. The resulting diagram is
shown in the next slide.

Example 2
p \93(4\‘0 “3 b eromnt Kbkckb)r_} g
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Example 3

Let A={1,2,3,4,5} and R={(1,1),(1,3),(1,4), (1,5),(2,2),(2,
3),(2,4),(2,5),(3,3), 3.,4),(3,5), (4,4),(5,5)} . Show that
the relation R is a partial order and draw its Hasse
diagram.

Solution.

» The relation R is reflexive since it contains all reflexive
pairs: (1,1),(2,2),(3,3),(4,4),(5,5).+”

» R is antisymmetric since all non-reflexive elements do

not have the corresponding inverse pairs:
(1.3),(1.,4),(1,5),(2.3),(2,4),(2,5).3.,4),3.5).

Example 3

» R is transitive:

» (1,3)€R,(3,4)ER—(1,4)ER;

» (1,3)ER,(3,5)ER—(1,5)ER; v~

» (2,3)€R,(3,4)ER—(2,4)ER; .~

» (2,3)€R,(3,5)ER—(2,5)€ER. v~

Hence, the relation R is a partial order and we can draw
its Hasse diagram, which is represented below.

Example 3
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Minimal and Maximal
Elements




Minimal Element

Let S be a partially ordered set. An element a € S is called
a minimal element of § if no element of § strictly
precedes(is less than) a; that is, if

x <aimplies x = a

For example, let A = {1, 2, 3,4, 6, 8,9, 12, 18, 24} be
ordered by divisibility. Then we can see that A has only
one minimal element, 1.

Maximal Element

Let S be a partially ordered set. An element b € S is called
a maximal element of § if no element of S strictly
succeeds(is greater than) b; that is, if

x>bimplies x = b

For example, let A = {1, 2, 3,4,6,8,9, 12, 18,24} be a
set ordered by divisibility. Then we can see that A has
two maximal elements, 18 and 24.

Geometrical Meaning

Geometrically speaking, a is a minimal element of S if no
edge enters a(from below), and b is a maximal element
of S if no edge leaves b (in an upward direction).

Note:S can have more than one minimal and more than
one maximal element. Hasse diagram of divisibility
relation on set A = {1, 2, 3,4, 6, 8,9, 12, 18, 24} is
given below:

Minimal and Maximal Element of an
Infinite and Finite Set

If S is infinite, then S may have no minimal and maximal
element. For instance, the set Z of integers with the
usual order < has no minimal and maximal element. On
the other hand, if S is finite, then S has atleast one
minimal and one maximal element.

First and Last Element

An element a ¢ S is called a first element of S if a < x for
every x € S, that is, if a precedes every other element in
S.

Similarly, an element b € S is called a last element of S if
y < b for every y € S, that is, b succeeds every other
element in S.

For example, let A = {1, 2,3, 4,6, 8,9, 12, 18, 24} be a
set ordered by divisibility. 1 is minimal element of A
which is also the first element of A. Set A has two
maximal element and neither is a last element.

First and Last Element

Note: We note that S can have at most one first element
which must be a minimal element of S, and S can have
at most one last element which must be a maximal
element of S. Generally speaking, S may have neither a
first nor a last element, even when S is finite.




Examples

Consider the set P = {1, 2, 3,...} with the usual order
<.

» Let A be any nonempty set and let P(A) be the power
set of A ordered by set inclusion.

Examples

Consider the ordered set A in the figure below:
1
S
4 \\s /
Find all minimal and maximal elements of A.
Does A have a first element or a last element?

Supremum and Infimum

Upper Bound and Supremum

Let S be a partially ordered set, and let A be a subset of S.
An element m in S is called an upper bound of A if m
succeeds every element of A, that is, for every x € A, we
have

x<m

If an upper bound of A precedes every other upper bound
of A, then it is called the supremum of A and it is
denoted by sup(A).

Lower Bound and Infimum

Let S be a partially ordered set, and let A be a subset of S.
An element n in S is called a lower bound of A if n
precedes every element of A, that is, for every y € A, we
have

y=n
If a lower bound of A succeeds every other lower bound
of A, then it is called the infimum of A and it is denoted

by inflA).

Bounded Above and Bounded Below

If A has an upper bound we say A is bounded above, and
if A has a lower bound we say A is bounded below. In
particular, A is bounded if A has an upper and lower
bound.




Example 1

Let S = {a, b, ¢, d e f} be ordered as in the Hasse
diagram below and let A = {b, ¢, d}.

Example 2

Let S = {I, 2, 3, ..., 8} be ordered as in the Hasse
diagram below and let A = {4, 5, 7}.

Example 3

Consider the set Q of rational numbers, and its subset

Similar Ordered Sets

Similar Mapping

Suppose X and Y are partially ordered sets. A one-to-
one(injective) function f :X — Y is called a similar
mapping from X into Y if f preserves the order relation,
that is, if the following conditions holds for any pair a,
beX:

a<bin X ifand only if fla) <f(b)inY
The above condition is equivalent to the following two
conditions:

Similar Ordered Sets

Two ordered sets X and Y are said to be order-isomorphic
or isomorphic or similar, written

if there exists a one-to-one correspondence f: X — Y
which preserves the order relations. Such a function fis
then called an order-isomorphism or isomorphism
from X onto Y.




Example 1 Example 2

Suppose S = {a, b, ¢, d} is ordered by the diagram below

The set of positive integers P = {1, 2, 3, ...} is order-
and suppose T = {1, 2, 6, 8} is ordered by divisibility.
Determine whether S

isomorphic to the set of even positive integers E = {2,

4,6, ...} since the function f: P — E defined by f{x) =
2x is an isomorphism between P and E.

Example 3

Consider the usual ordering < of the positive integers P =
{1, 2, 3,...} and the negative integers A = {-1, -2, -3,
...}. Then P is not order-isomorphic to A.

Well Ordered Sets and
Froof Initial Segment

Definition Theorem 1
Let 4 be an ordered set. Then A4 is said to be well-ordered Let A be a well-ordered set. Then:
if every subset of 4 contains a first element. () Every subset of 4 is well-ordered.
Note: Any well-ordered set 4 is linearly ordered.” (1) If Bis similar to 4, then B is well-ordered.
Proof. Leb A be a well ﬂh_a[z.nzﬂl_ e b ALM}} -

Lek _ﬂﬁéﬁ,ﬂnm% subsek {a, bY %—/)
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Example 1

/—-4///\17 TAen 8§ 4

Consider the following two subsets of well-ordered set P:

ho=tvs,5 ) wd A-4246-5
ch«\ L)' ol ,[))_AA,L ch[[_—am(antﬂ(.
Pv).e_, Ahe_ YoLsrv
7 S=NUA =3, 520,
W ondencd Jrom Loft Ao
:LLM?’ V\/Lleah.lLALD[.

Initial Segments

Let 4 be a well-ordered set. The initial segment s(a) of an

element @ ¢ A consists of all elements in 4 which
strictly precedes a. In other words,

ORREE reh e caf
Consider the well-ordered set S as in previous example,
that is, S ;i\,s,g,ug, _;:,11)/,,...}\/’

Then § () =0, s( ={L,3]),
s(2) -—i\,_a);,.-z}
s(8) ={ \,3,5‘,...)7.,4)4]

Theorem 2

Let S(4) denote the collection of all initial segments of
elements in a well-ordered set 4, and let S(d4) be
ordered by set inclusion. Then 4 is similar to S(4) and,
in particular, the function /- 4 —S(4) defined by f(x) =
s(x) is a similarity mapping between A and S(4).
Consider the set 4 = {1, 2, 3} with usual ordering.
Henwe S0)=9, se)={1], s(3) :U,_z}
Mor 1Ay ={ g, 1,028
Lek § oA >8R defened By py =59,

M ean s FO) =50 =0, 402 =5(2) ={17,
FI12) =56) = 11,2}, —

Theorem 2
A=A 12,3%, SIA =4 1Y, 4,3)

Heme

L <2 = F) LF
P
2 <3 = F(2) « f(3)
= {1} =1,
1«3 = (/) <5
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Transfinite Induction and
Limit Elements

Principle of Transfinite Induction

Let S be a subset of a well-ordered set A with the
following two properties:




Limit Elements

An element a in a well-ordered set A is called a limit
element if it does not have an immediate predecessor
and if it is not the first element.

Consider two finite well-ordered sets:

Comparison of Well-Ordered Sets

Suppose A and B are well-ordered sets, and suppose A is
similar to an initial segment of B. Then A is said to be
shorter than B, and B is said to be longer than A.

Comparison of Well-Ordered Sets

Ordinal Numbers

Consider a collection C of well-ordered sets. Each well-
ordered set A in C is assigned a symbol in such a way
that any two well-ordered sets A and B are assigned the
same symbol if and only if A and B are similar. This
symbol is called the ordinal number of A. We will write

A =ord(A)
to indicate that A is the ordinal number of A.

Finite Ordinal Numbers

The ordinal number of each of the well-ordered sets
o, {1}, {1,2},{1,2,3},...
is denoted by 0, 1, 2, 3,... respectively, and is called a
finite ordinal numbers. All other ordinals are called
transfinite numbers.

Note: Since any two finite well-ordered sets with the
same number of elements are similar, 0, 1, 2, 3, ...are
the only finite ordinal numbers.




Ordinal Number of P

The ordinal number of the set P of counting numbers is
denoted by .

Inequalities and Ordinal Numbers

Let 4 and u be ordinal numbers and let A and B be two
well-ordered sets such that 4 = ord(A) and x = ord(B).
Then

A< u
if A is similar to an initial segment of B. Accordingly,

Examples

Choice Function and
Axiom of Choice

Choice Function

Let C be a non-empty set of non-empty sets. A function
S € — UC s called a choice function for C if f{4) € 4
forall4 e C.

Example 1

Let C be the set of countries on earth, thinking of each
country as a collection of cities. Then UC is the set of
all cities on earth, and the function f'that assigns to each
country its capital city is an example of a choice
function for C. £c—>vie

For example, P
let 4 € C denotes Pakistan, then f'(4) = Islamabad € 4.

A :-Pb\k[/y{'m/

He nn }-{;4) c A




Example 2 fe —ue
Let C be the collection of all pairs of shoes in the world.
Then the function that picks the left shoe out of each
pair is a choice function for C.  s,4 4 - Jor o Aol
;L#):La,ﬁl— Vors &4
Example3 v ={ 1,2 5. ]
Let C= P(N)\ {@}. The function f{4) = min(4) is a choice

function on 4. ﬁ——ﬁi;213j
B o F (_)0> =4 en
e f19) e A

Notice that in these examples, and in most other
examples the reader might think of, the choice function
f is defined by some rule: “choose the left shoe”,
“choose the least element”, “choose the capital city”,
and so on. In all of these we simply define the choice

function.

What the axiom of choice does is guarantee that there
always exist choice functions, even in the absence of
such a rule for defining one easily.

Axiom of Choice

Let C be a non-empty set of non-empty sets. There exists
a choice function for C.

The statement seems simple, but this is a subtle idea. To a
non-mathematician, we might summarize the statement
as, “If you have a bunch of choices, each of which is
possible to make, then you can make all of them.”

Well Ordering Theorem

Recall that the set of positive numbers with the order < is
well-ordered. In general, a set with some order is called
well-ordered if any nonempty subset has a least
element. The set of even numbers and the set {1, 5, 17,
12} with usual order on numbers are two examples of
well-ordered sets and you can check this. However, the
set of integers with our usual ordering on it is not well-
ordered, neither is the set of rational numbers, nor the
set of all positive rational numbers.

Whether a set is well-ordered or not depends on how you
define the order on the set.

Well Ordering Theorem

Every set can be well-ordered.

Although Z with our usual é/is not well-ordered, we can
define another kind of order on it which does make it
well-ordered. Let’s call this order @ instead <. We
define it as follows: P -

\/{1 < b whenever |a| < |b| or if |a| = |b| and a is negative and
b is a positive number. As an example, we have :
P e e I

Z =y Do

\—9] < faeol ar -~ < —o

ol < |5 sy o< 5
1=l R -5 s < -




Zorn’s Lemma

Let X be a nonempty partially ordered set in which every
chain (linearly ordered subset) has an upper bound in X.
Then X contains at least one maximal element.

Consider the partially ordered setX= {1,2,3,4,6, 12,
24} ordered by divisibility. It has three chains{1, 2, 4,
12, 24},“{/1, 2, 6, 12, 24} and¥{l1, 3, 6, 12, 24}. All
chains has an upper bound 24. Also maximal element
of X'is 24.

Theorem

The following are equivalent:
Axiom of choice;
Well ordering theorem;
Zorn’s lemma.

Propositions and
Compound Propositions

Propositions

A proposition is a declarative sentence which is true or false,
but not both. Consider, for example, the following eight
sentenes:

Paris is in France.

1+1=2

2+2=3

Islamabad is in Sri lanka.

9<6

x =2 is a solution of x* =4.
iy Where are you going?

(viih Do your homework.

Notation

We use letters to denote propositional variables, that is,
variables that represent propositions, just as letters are
used to denote numerical variables. The conventional
letters used for propositional variables are p, ¢, #; s, ....

The truth value of proposition is true, denoted by T, if it
is a true proposition, and the truth value of a
proposition is false, denoted by F, if it is a false
proposition.

Compound Proposition

Many mathematical statements are constructed by
combining one or more propositions. New propositions,
called compound propositions, are formed from
existing propositions using logical operators.

Example:

“Roses are red and violets are blue” is a compound
proposition.
John is intelligent or studies every night.




Basic Logical Operations

Conjunction p A ¢

Any two propositions can be combined by the word
“and” to form a compound proposition called the
conjunction of the original propositions. Symbolically,
p®q read “p and ¢~ denotes the conjunction of p and
q- -

Truth Value:

Since p A ¢ is a proposition it has a truth value, and this
truth value depends on the truth values of p and g.

Specifically:

v v . . .
If p and g are true, thenw is true; otherwise p A g is

false.

Conjunction p A ¢

Any two propositions can be combined by the word
“and” to form a compound proposition called the
conjunction of the original propositions. Symbolically,
p A g read “p and ¢” denotes the conjunction of p and
q.

Truth Value:

Since p A ¢ 1is a proposition it has a truth value, and this
truth value depends on the truth values of p and gq.
Specifically:

If p and ¢ are true, then p A ¢ is true; otherwise p A ¢ is
false.

Truth Table of p A ¢ and Examples

I) Purnis i in France M\PL'Z'Q'Z;L" T e
%) Puris s n Evfw andl 212 =k Falac
}) Patls b in  Frevmec -maL 2 12 =5 . Falee.

l" Pmmﬁ/&t‘b “n Evf[-wﬂot amol 242 = Foles.
T

Disjunction p V ¢

Any two propositions can be combined by the word “or”
to form a compound proposition called the disjunction
of the original propositions. Symbolically, p@; read “p
or ¢”, denotes the disjunction of p and q.

Truth Value:

The truth value of p V ¢ depends only on the truth values
of p and ¢ as follows:

If p and ¢ are false, then p V ¢ is false; otherwise p V ¢ is
true.

Truth Table of p V ¢ and Examples

—

1) Pasis in in Framce on 23224, T
D Purks i im E“’d.mo( on 2 1224 T

.3) Puri a v~ Frsnce ok 2285 T
u) Punic i v~ Evf/(mp( on 242 =S F




Negation

Let p be a proposition. The negation of p, denoted by ~p,
is the statement “It is not the case that p” The
proposition ~p is read “not p”.

Truth Value:

The truth value of the negation of p is the opposite of the
truth value of p.

Truth Table of ~p and Examples

P ~
T) F
F1 T
E,»u)nw}D
|) PLMA A Frames .
Neprhkwn s “ Pards b wok F ramee

2) 2 +2 =5
/\/e_/oufulm n 22 #5

)

More Logical Operations

Conditional Statement

Let p and ¢ be propositions. The conditional statement

p -5 q is the proposition “if p then ¢”. The conditional
statement p — ¢ is false when p is true and ¢ is false,
and true otherwise. In the conditional statement p — ¢,
p is called the hypothesis and g is called the conclusion.

Useful Way to Understand the Truth Value:
Consider a statement that a professor might make:

“If you get 100% on the final, then you will get 4.” P
T4 rew mamope ,&r/—d- 100 7, e the /»mu@, Hon Jon woulol exp Le
L active o A p o 2o ok /Ué 1007,y ™ .

-~ ok rrctive am A Howevenr! o do gk 1 oo,
7 buk #he profesionr doer ot pive pok e A, yon

W wi . Fee L che oked .

\

Different Form of Conditional

Statement
Because conditional statements play such an essential
role in mathematical reasoning, a variety of

terminology is used to express p — ¢. You will
encounter most if not all of the following ways to

express this conditional statement:
“if p, then ¢” “p implies ¢”
“p implies ¢” - “g whenever p”,_-
“p is sufficient for q”
“qifp”
“q when p”

Truth Table of p — qgand ~p Vv q

NP -y




Observe that the truth tables of p — ¢ and ~p V q are
identical. Accordingly, p — g and ~p V q are logically
equivalent.

In other words, the conditional statement “If p then q” is
logically equivalent to the statement “Not p or q”

~P VY

Example 1

Let p be the statement “Maria learns discrete
mathematics” and q the statement “Maria will find a
job.” Express the statement p — ¢ as a statement in
English.

Solution: If Maria learns discrete mathematics, then she
will find a good job.

There are other ways to express this conditional
statement in English.

Maria will find a good job when she learns discrete
mathematics. Y whens P

Biconditional Statement

Let p and ¢ be propositions. The biconditional statement
p © q is the proposition “p if and only if ¢.” The
biconditional statement p < q is true when p and ¢
have the same truth values, and is false otherwise.

Truth table is given below:

Truth table of (p - q@) A (q — p) and
Peq

v v~ v~
Py = (P9 N¥=F)

Example 2

Let p be the statement “You can take the flight,” and let q
be the statement “You buy a ticket.” Then p « q is the
statement

v “You can take the flight if and only if you buy a
ticket.”

Truth Tables of
Compound Propositions




Example 1

We have now introduced four important logical Construct the truth table of the compound
connectives- conjunctions, disjunctions, proposition (p V~q) = (p Aq).

conditional statements, ar!d biconditional v ?J,\"y]QV~V)—’>U”\“V>
statements- as well as negations. We can use

these connectives to build up complicated
compound propositions involving any number
of propositional variables. We can use truth
tables to determine the truth values of these
compound propositions.

mmA4d<

Example 2

Construct the truth table of the compound
proposition (p = q) V (~p = ).
v v’

S [V s P Tuatologies and
Contradictions

P-
2
-
i
<

o T

4
T
T
T
T
F
F
E
F

'r\—\'r]‘("]“l'l‘l

—l—i-“'ﬁﬂﬂﬂ
S i i e B

nm—an 4

Example 1

A compound proposition that is always true, no
matter what the truth values of the
propositional variables that occur in it, is called
tautology. A compound proposition that is
always false is called a contradiction.

The proposition pVv ~p is a tautology and the
proposition p A ~p is a contradiction.

\




Logical Equivalences

Compound propositions that have the same
truth values in all possible cases are called
logically equivalent. We can also define this
notion as follows.

“The compound propositions p and q are called
logically equivalent if p & g is a tautology. The
notation p=gq denotes that p and g are
logically equivalent.”

Example 1

One way to determine whether two compound propositions are equivalent is to
use a truth table.

Consider the two propositions ~(p Vv g) and ~p A~ q. Truth tables for ~(p v g)and
~p A~ q are given below:

v v v v

= P b

Example 2

Show that p - g and ~pV q are logically equivalent. P—>% = ~pvy

v v

/
y
T
F
-
F

Example 3

Show that (p - q) A (p-on= w) and ~p<ery are logically equivalent.
- L

Vv v v v

P v | AP P P=YIn(P>)\ ganr] P> (1)
T (T[T T | 7T T T T

T T|F| T | F F F F
TI|FIT| F| T F F F
TIF|F| F = F F F
FIT(T| T | T T T T
FITIF|l 7 | 7 T F T
F|lF|T T T T [= T
FIFI1F| T - T F T

P roved

Logical Equivalences involving
Conditional Statements

D P>y = ~PVY 2) @0V (Po= PV
Y P sy = whmmp ) EDVIY YT AD
2)pPyy = ~Ff >V

DI VNL = v P~y

)~ (P20 = Py

DP=9DNP>m)= P (VAL

D@ N (Y= (Y




Logical Equivalences involving
Biconditional Statements

) P ey =(P=DAr—>P

1) p v = v P oY

D Py = ErA)V(PAY
) v(P V) Z P Sy

Algebra of Propositions

1) Tdempo ket Laws

1) PVPZP  gp PAPEP
2) Asnociokeve.  fowa

e (Pvyve =P VYR @) (PANAR = PAYAR
3) Lommakakive Lows

B PVy=¥vP  (38) PAY= ¥ AP
) Dekribukive  Luws

b Pv(¥ne = 0 YY) APV

(5 Pa Yz fAD) v E M
5) T denbely Llawa

E® PANT=p (9 PVF=P

WF
T| F|T
FlFlF

8) Domiarksim Law s

@m) Pv‘]_‘ 3'_r (61:)P/\F =F
7) Dowble negubin biw

~(P) =P

8) De Man/am’A Lows
E9~PNY) =~p v~y
b)) ~(PVY) = ~p A~Y
‘D/)bwnf’fﬁm Lo A

aY Bvipry=p (1Y PRV D=P
1) Negokon lawa
(o) PY~P =T (190) PANPEF

1) Di brilowkive. Lovb
(g PVl




Constructing New Logical
Equivalences

The logical equivalences that have been
established so far can be used to construct
additional logical equivalences. This technique
is illustrated in the following examples.

Example 1

L >
Show that ~(p - q) and pA~q are logically
equivalent.

iﬂl» We weont i«l‘Pﬂ”'/‘- V(f—>9/)3 f’\"’ﬂ/.

N(V’*"‘QE "’("’f_‘/‘V) 14 >‘V—~/’vq/
~eP) NV, B D /I/lwy/m Lo
P A~y by doub Lo vVa/Em

L

il

Example 2

v

Show that ~(» v (~p A q)) and ~p A ~g are logically equivalent by
developinga series of Togical equivalences.

~(PYEPAY) = vp A (P19, yﬂb*—é
P AR av ~“/]

spn[f xr], b{y“”‘”’”"
CP,\P) \/('JP,\ ) Z;l—mbwfwg

Fovlepn-y
Nf N~y Z/le_LLAUJA/

mm

1

PVP=p
Example 3 P>y =~tvy

—_—

Show that (p Aq) = (pV q) is a tautology.

(Pry)—7 V)= «(PAD v (PvD

—(PVW)VU’VV)) _?,Mo o
(pvf’)v@ywﬂ/))y teso.
_ i

LommA.

L

Example 4

Show that ~ (» >¢)Ap)vgq is atautology.
~LP V)NV Y

S-(rvaP) VY
E~(L~uv)/\f’)v‘v st%Wf’)‘_"V
= ~(ernavne) | = X pref

CLF YWADIY T v~P

@

i

&F N ~U/M’)j”’

A NQ’MD]W

T H\




Converse, Contrapositive,
and Inverse

We can form some new conditional statements
starting with a conditional statement p - gq. In
particular, there are three related conditional

statements that occur so often that they have
special names.

Converse of p - ¢q

The proposition g — p is called the converse of

p—q.

Example 1: Write the converse of the

conditional statement “The home team wins

whenever it is raining”. 4 yAcnesen P =74p huny
wid ok ow m‘m‘y/, Ahen e home N suinn”

N'o w- ke LNvVe Ll LA

/Vj'- Fhe hrme keam winp, then P /‘WJ—"\L?P’

Contrapositive of p - q

The contrapositive ofgf_ﬁ_is the proposition ~q - ~p. We first
show that the contrapositive, ~q = ~p of a conditional

statement p - g always has the same truth value as p - q.
v v v
PlY [« |~y |[PY |~ —>~

T T

T F P>y =~y >~p
F T —

F Qr | T

Example 2: Write the contrapositive of the conditional
statement “The home team wins whenever it is raining”.

WEE ck o mmjrf',/bl\._.,\ﬂm_ bt ko am wins
Lov\kmlpasd:i-w_ is

S e heme fam do s mok win, T
kv owok r—w.'v\h?r.”

Inverse of p - q

The proposition ~p - ~q is called the inverse of p - q. We will
show that the converse and the inverse of a conditional
statement are also equivalent.

PLVI P ey |wf >~y] §5P

T[T F[F T T 4 o

Y I - Py = V2P
FlTfT|F F F

I B B T T

Example 3: Write the inverse of the conditional statement “The
home team wins whenever it is raining”.

STk rsielngs dhan dhe ko€ honm wiins
T wvense i

[ F ch in mot raining, Bhen Hhe home
Loan~ doos ot punl’

Example 4

State the converse, contrapositive, and inverse ef-eachof

“A positive integer is a prime only if it has no divisors other
than 1 and itself.” then

CJF oo perikive ,.,.J;zzm.n. B oo prime dhem | gy p sy
ek bhas o divisons othen B | amil oh
ik qu,” 7 H\é&%—f/
LonwWanse 45 —_—
.‘7/“" LP-”“’;‘:L"L inbegers  boas o diviso nn
o Men tram | wmil thie ) phem
Lnk gen “ oo prime v

r—>y
Nt Y >p
A po skive | conkmapoikive
VY > ~p




Example 4

Conbrips bl kive in o
[+ = pﬁu;l:LVL L PY I N9 o olivitor od’lul-n_ Hhoe

Loand ckal], dhem Lk s mot prime.

T nvense 5. P >y
u/,+ " P,u;}:ul. bewib mek prime, | Lavesse e
L hen (A pap o olivivon oThern Hham ~P oy
1 weol Lhsedf?

Argument

Argument and Valid Argument

An argument in propositional logic is a

sequence of propositions. All but the final

proposition in the argument are called
—premises and the final proposition is called the
—conclusion.

An argument is valid if the truth of all its

premises implies that the conclusion is true.

It means the argument form with premises

P1,D2, -, Pn and conclusion g is valid, when

(pL Apy A Apy,) = q is a tautology.

Example to Understand valid
Argument

Consider the ing arg involving p
v I) “If you have a current password, then you can log onto the network. "
you have a current password you can Jog onto the network.

“You h: t d” =
\/_7_) ou have a current passwore P
Therefore)

3) “You can log onto the network.” (W\LLM SA—W\>: '1/

\F/ﬂ/ ’W““L“k”bfﬂ
P

Example to Understand valid
Argument

Swf’?r&b

?‘. ynu- hve KoM br Ao v\JJIV\/"'hI\.
[V: Sow MLJ\Lv}/L )/'M-/Vr\!hﬂ{-l— lb
Also- p it tae  bot P>y # false.
v f,’— /IM rove pceeth bf W;’\LLWN'JJ\) _H‘“"\
pou can chaye /awz/hmlh’ , fp%?'/
LL/’UL INve accehd ,trrf/@ ,M_Jévu/:r/(.

L S—
W e SR " -

"/n& ca~ J\a-'y/L/"’z/M‘L .

Example to Understand valid
Argument

s nrz/amui: we o blacwol 4 avaliod VMM\L:
wuk b—ﬁbﬂMw\L%— Ha pramisen ,m\m% Hhe
P>y o st we comnot conclude Hal B

/o meak ,Ef?;b, we will <eco monrt valid ‘szni
fo 2m a.




Rules of Inference for
Propositional Logic

The tautology (» A(p — q)) > q is the basis of
the rule of inference called modus ponens, or
the law of detachment. This tautology leads to
the following valid argument form:

p
r—y
-y

Example 1

Suppose that the conditional statement “If it
snows today , then we will go skiing” and its
hypothesis, “It is snowing today,” are true.
Then, by law of detachment, it follows that the
conclusion of the conditional statement, “We
will go skiing,” is true. In notation form, we see
that p . Jt » ,.,mw.‘y A—,.-,?/.

?/ D owe m,u_/*r s/(uy,

N We can conclduoe Ahat
/LM/— % d.ﬂ/l'k&‘\m ent =Mt

e w.'ll/lr n/«u‘y” b pwe.

Example 2

Determine whether the argument given here is valid and
determine whether its conclusion must be true because of the
validity of the argument.

P OE R ben (D 2D We knew Bab 4z 7Z.
e kL =) 2y =9
Lon st yue 7, L_;— = 2 >C;7) —_i{_.
Solution. ) = z\" " n
Lek pivE 72 S AILED) > &) ( 2 < L)
Hene P_>Q/

NS e

=LM7\9LLMQAMLA1:.

Nowme. wark 2 delenmine
Erwt. or wok? Herto me % iks

o fe i in AT 25 We ot
cAude pob A wnclusion w kwe.

Rules of Inference
D P Q’_MP—»W))—»y » Lmb/ (A_l,—am P.m@

P A=)y s e (Medw bLb
P Eukology

3) P>y (> DAL>)—> @) (Hyprbmtical
Y =~ L{g a tmkaiof/ S/uq/w)
P>

h) P;V (© DA >y o a [Disjunckice

yw/;;«)

tauto L,”K

Rules of Inference

S _Fr P —Lvy oo~

- VY boutw b[/.
L) Py Pay = p b nplipieation)
P (:MJBLJ/’/

g
7 ¥ (P NY)—> PRy L(,?/' Mué«rQ
PNy > o l:m—b:lp//

f) p\/cr @v@/\t~f’d9}—>”‘/ﬁf ('Ka_wll/{'d?

CA oLaL'L,L-w‘ﬂ)

_~Pve ta,w(wl”////‘
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Examples Using Rules of
Inference

Example 1

Find the argument form for the following argument and
determine whether it is valid. Can we conclude that the
conclusion is true if the premises are true?

If Socrates is human, then Socrates is mortal.
= Socr i

~Socrates is mortal. Lw«\:—l«ﬁ.&\lf\)

Lek p: Socrakes v haman. el
'y : S,oma.ku‘; 73 wwhl:LL f v
Y

THA MﬂMALb Pav\u\/&,

Example 2

What rule of inference is used in each of these arguments?

a) Salman is a mathematics major. Therefore, Salman is
either a mathematics major or a computer science major.

S:_L_* Lek pe Sulamon i 1 wabitsmakicd 7'on.

Yy o 0l compuEe Scichee m7'on.
P pee sddiken s weedd
LPVY

b) Ezaan is a mathematics major and a computer science
major. Therefore, Ezaan is a mathematics major.

ol Lek P zaan 8 amabhumakios wojon

¥ Ezoan B0k w«pﬂ./cl/z seience «\7.”1.

) P Ay Heru_ wh{—Lmtw’\ v
Here thae ronedunion s krad % e f"l“w\l“‘b ° / wsede
3 i bt beconse okl w valid wgrumed. P :
Example 2 Example 3
c) If it is rainy, then the pool will be closed. It is rainy. Use rules of inference to show that the hypotheses “Khan works
Therefore, the pool is closed. hard,” “If Khan works hard, then he is a dull boy,” and “If Khan
Sob. Lk p ik i roiy =y

LY pool i dose o, _P/‘y—d——
Here Mo dus po s » wedl.

d) If it snows today, the university will close. The university
is not closed today. Therefore, it did not snow today.

Solb Lk P:fk mrows Eodoy
g
Y b wmiversily i cdoseol.
Laree  Hhs wmenk p—=Y
e -y
~P
fene Moodits 4o Uons s wredk.

is a dull boy, then he will not get a job” imply the conclusion
“Khan will not get the job.”

Sol. Lek f?: Rinn wordn ool

T {,,Hz_)w._mw_
—

§ o ken v w dudl oy kel A
" LLWLU\]'L}: kdoh. conedu i -

#/pavik-/d-b Lt ¢
P P>
KP =Y ——n/”
¥~




Propositional Functions

Propositional Functions

Let A be a given set. A propositional
function(or an open sentence) defined on A is
an expression

p(x)
which has the properﬁatg(a_) is true or false
for each a€A. That is, p(x) becomes a
statement (with a truth value) whenever any
element a € A is substituted for the variable x.

Domain and Truth Set of p(x)

The set Ais called the domain of p(x), and the
set T, of all elements of A for which p(a) is true
is called the truth set of p(x). In other words,

T, = {x:x € A, p(x)is true}
Note: Frequently, when A is some set of
numbers, the condition p(x) has the form of an
equation or inequality involving the variable x.

Example 1

Let p(x) denote the statement "x > 3.“ What are
the truth values of P(4) and B(2)?
Solution.
Hem P25
So P 473 s ke phakement
Alw P®:2 >3 o a false sla-ement.

Henee Pr) s ke word p(D) © }AZAL.

Example 2

Let p(x) denote the statement

"the word x contains the letter a.“ What are the
truth values of P(orange) and P(lemon)?
Solution.

#LM_ P ) kAc word. s wonbaing e Lollen o

$o plormnpe) : Lthe wond oravge wnbuins 2he Lelber a,
f) which A_AZZL Aabement,
o oo F('L‘-M) e Word. [Laomen corboins tho loe Men o,
which 1y o j’—a_LAL/véwéaani‘.

Example 3

Let p(x) denote the statement "x +2 > 7.“ Find
the truth set T, of each propositional function
p(x) defined on the set P ={1,2,3,...}.

Solution. 4¢,e pey: w42 > 7,
So- _TF =zp:;gef)£+7_>7_)'=

=14,7,8, ]




Example 4

Let p(x) denote the statement "x +5 < 3.“ Find
the truth set T, of each propositional function
p(x) defined on the set P ={1,2,3,...}.
Solution.

Mert P 45 LB

Now | .
Ty :j j ;¢ Locanie P » ok

brwe forn 0/7" value fren L dommoin sehf

Example 5

Let p(x) denote the statement "x +5 > 1.“ Find
the truth set T, of each propositional function
p(x) defined on the set P ={1,2,3,...}.

Solution.
e peo: ATs >

S'JL) —TP 111)7_13),“} =P.

Propositional Function of Two
Variables

We can also have expressions that involve
more than one variable. For instance, consider
the expression “x =y +3.” We can denote this
expression by Q(x,y), where x and y are
variables. When value are assigned to the
variables x and y, the statement Q(x,y) has a
truth value.

Example 5

Let Q(x,y) denote the statement "x=y+3.“
What are the truth values of the propositions
Q(1,2) and Q(3,0)?

Solution.
Were Qb ) g #~~ = +3
o, B U,2) =i =243 oo falie shabenend

md Q2,00 3=0+3 is a ke hatement

Propositional Function of
n Variables

In general, a statement involving n variables
X1, X3, .., Xy CAN be denoted by p(xy, x5, ..., x3)-

0 skokement % Yo form pa, o, ., %) & e
v alue 7— b fM/loM,éwr\a.l {_amr_)f..'oa P ol th
,\_,L-uflL (s, oy £ 0)

Existential Quantifier




Existential Quantifiers

Let p(x) be a proposition function defined on a
set A. Consider the expression

Which reads

Statement in (1) is equivalent to the statement

Example 1

The proposition (3n € P)(n + 4 < 7) is true since

) The proposition (3n € P)(n + 6 < 4) is false since

Example 2

What is the truth value of Ixp(x), where p(x) is the
statement “x? > 10" and the domain consists of the
positive integers not exceeding 4?

Example 3

Determine the truth value of each of these

statements if the domain of each variable consists of
all real numbers.

Ix(x% =2)
Ix(x? = —1)

vx(x2+2=>1)

Vx(x? # x)

Universal and Existential
Quantifier as Conjunction
and Disjunction

Consider the propositional function p(x) as “x is prime” with domain
set A = {2,3,5}.




Consider the propositional function p(x) as “x? > 10" with domain set
A={1.234}.

Negation of Quantified
Statements

Negation of Universal Quantifier

Consider the propositional function p(x) as “x has taken a course in
calculus” and the domain consists of the students in your class. Then
the statement:

“Every student in your class has taken a course in calculus.” This
statement is a universal quantification, namely,

Negation of Universal Quantifier

Negation of Existential Quantifier

Consider the proposition,

“There is a student in this class who has taken a course in calculus
This is the existential quantification, namely,

Negation of Existential Quantifier

Consider the proposition,

“There is a student in this class who has taken a course in calculus.”
This is the existential quantification, namely,




Example 1

What are the negations of the statements Vx(x? > x) and 3x(x? = 2).

Example 2

Suppose that the domain of the propositional function p(x) consists of

the integers 0, 1, 2, 3 and 4. Write out each of these propositions
using disjunctions, conjunctions, and negations.

3xp(x)
Vxp(x)
Jx~p(x)
Vx~p(x)

~3xp(x)

~Vxp(x)

Introduction to Proofs

Some Terminology

Theorem:
Propositions:
Proof:

Axioms

Lemma:

Some Terminology

Corollary:

Conjecture:

Methods of Proving
Theorems
Part 1




Proving mathematical theorems can be difficult. To construct proofs
we need all available ammunition, including a powerful of different
proof methods. These methods provide the overall approach and
strategy of proofs. Understanding these methods is a key component
of learning how to read and construct mathematical proofs.
In this course, we will focus on proving the conditional statements. The
followings proofs technique will be discussed here:

Direct proofs

Indirect proofs

Direct Proofs

A direct proof of a conditional statement p - q is
constructed when the first step is the assumption
that p is true; subsequent steps are constructed
using axioms, definitions, and previously proved
theorems, together with rules of inference, to show
that ¢ must also be true. Before we give the first
example, we need to define some terminology.

Even and Odd Integers

The integer n is even if there exists an integer k such
that n = 2k, and n is odd if there exists an integer k
such that n = 2k + 1.

Example 1

Give a direct proof of the theorem “If n is an odd integer, then
n? is odd.”

Solution:

Example 2

Give a direct proof that if m and n are both perfect squares,
then nm is also a perfect square.

Solution:

Example 3

Prove that if n is any even integer, then (-1)"= 1.
Solution:




Example 5

Use a direct proof to show that the product of two rational
numbers is rational.

Solution.

Exercise

Prove that the product of an even integer and an odd
integer is even.

Prove that the square of an even integer is even.

Prove that if n is an odd integer, then n® + n is even.

Prove that the sum of any three consecutive integers is
divisible by 3.

Methods of Proving
Theorems

Part 2

Indirect Proofs

Direct proofs lead from the premises of a theorem to
the conclusion. They begin with the premises,
continue with a sequence of deductions, and end
with the conclusion. However, we will see that
attempts at direct proofs often reach dead ends.
Proofs of theorems that are not direct proofs, that is,
that do not start with the premises and end with the
conclusion, are called indirect proofs.

Proof by Contraposition

Proofs by contraposition make use of the fact that
the conditional statement p — q is equivalent to its
contrapositive, ~q - ~p. In a proof by contraposition
of p - q, we take ~q as premise, and using axioms,
definitions, and previously proven theorems,
together with rules of inference, we show that ~p is
true.

Example 1

Prove that if n is an integer and 3n + 2 is odd, then n
is odd.

Solution.




Example 2

Prove that if n=ab, where a and b are positive
integers, then a < yn or b< /n.
Solution.

Example 3

Prove that if n is an integer and n? is odd, then n is
odd.

Solution.

Proof by Contradiction

Suppose we want to prove that a statement p is true.
Furthermore, suppose that we can find a
contradiction g such that ~p - q is true. Because q is
false, but ~p - ¢ is true, we can conclude that ~p is
false, which means that p is true.

Because the statement rA~r is a contradiction
whenever r is proposition, we can prove that p is true
if we can show that ~p » (r A~ 1) is true. Proofs of
this type are called proofs by contradiction.

Example 4

Prove that V2 is irrational.

Example 4

Proof by contradiction can be used to prove
conditional statements. In such proofs, we first
assume the negation of the conclusion. We then use
the premises of the theorem and the negation of the
conclusion to arrive at a contradiction.




Example 5

Give a proof by contradiction of the theorem “If
3n+ 2 is odd, then n is odd.”

Example 6

Show that if n is an integer and n® + 5 is odd, then n
is even using

a proof by contraposition
A proof by contradiction

Example 6

Example 7

Use a proof by contradiction to prove that the sum of
an irrational number and a rational number s
irrational.




