


The unit interval I = [0, 1] is nondenumerable. 
Proof. 





A set A is said to have the power of the continuum if A 
has the same cardinality as the unit interval I = [0, 1]. 

 







Prove that the set R of real numbers has the power of 
continuum. 

Proof. 







Each set A is assigned a symbol in such a way that two 
sets A and B are assigned the same symbol if and only 
if they are equipotent. This symbol is called the 
cardinality or cardinal number of A, and it is denoted 
by 

   |A|,  n(A) or card(A) 
Thus,  



0 is assigned to the empty set ø, and n is assigned to the 
set {1, 2, … n}. Thus, 

 
 
Alternatively, the symbols 0, 1, 2, 3,… are assigned, 

respectively, to the sets 
 
 



Cardinal numbers of infinite sets are called infinite or 
transfinite cardinal numbers. 

The cardinal number of the infinite set P of positive 
integers is  

Thus, 
 
In particular,  
 



The cardinal number of the unit interval I = [0, 1] is 
denoted by c and it is called the power of continuum. 
Thus: 

 
In particular, we have |R| = c, and the cardinal number of 

any interval is c. 



(a) A is denumerable or countably infinite means |A| =  
(b) A is countable means |A| is finite or |A| =  
(c) A has the power of continuum if |A| = c. 





Let A and B be two sets. We say that |A| ≤ |B| if there
exists a one-to-one(injective) function f : A→ B.

The above relation between cardinal numbers are well
defined, that is, the relations are independent of the
particular sets involved. Namely, ifparticular sets involved. Namely, if



Example 1
Let A be a proper subset of a finite set B.

Example 2Example 2
Let n be a finite cardinal.

We may write



Example 3
Consider the set P of positive integers and the unit
interval I, that is, consider the sets

The function f : P → I defined by f(n) = 1/n is one-to-The function f : P → I defined by f(n) = 1/n is one-to-
one.(prove it.)



Therefore, |P| ≤ |I|.
On the other hand |P| ≠ |I|. Therefore
Accordingly we may write



Example 4
Let A be any infinite set. So A contains a subset which is
denumerable. Accordingly, for any infinite set A, we
always have





For any set A, we have |A| < |P(A)|.
Proof.







Prove that .02 c 



02 c 







Addition and multiplication of the counting numbers N
are sometimes treated from the point of view of set
theory. The interpretation of 2+3 = 5, for example, is
the union of two disjoint sets, one having two elements
and the other having three elements, is a set with fiveand the other having three elements, is a set with five
elements. This idea leads to a completely general
definition of addition of cardinal numbers.



Definition: Let α and β be cardinal numbers and let A
and B be disjoint sets with α = |A| and β = |B|. Then
the sum of α and β is denoted and defined by

α + β = |(A ∪ B)|

Note:(1) This definition is well-defined.

(2) If A and B are any two sets, then



(a) Let m and n be finite cardinal numbers. Then m + n
corresponds to the usual addition in N.

(b) Let n be a finite cardinal number.







Let α and β be cardinal numbers and let A and B be sets
with α = |A| and β = |B|. Then the product α and β is
denoted and defined by

αβ = | |A B



(a) Let m and n be finite cardinal numbers. Them mn
corresponds to the usual multiplication in N.

(b) Since is denumerable, soN N

(c) The Cartesian plane                  has the same 
cardinality as R. That is, cc = c.

2R R R 



Let α and β be nonzero cardinal numbers such that β is
infinite and α ≤ β. Then

α + β = α β= β





Suppose R is a relation on a set S satisfying the following
three properties:

1) (Reflexive) For any a ϵ S, we have a R a.
2) (Antisymmetric) If a R b and b R a, then a = b.

(Transitive) If a R b and b R c, then a R c.3) (Transitive) If a R b and b R c, then a R c.
Then R is called a partial order or, simply an order

relation, and R is said to define a partial ordering of S.
The set S with partial ordering R is called a partially
ordered set or, simply an ordered set.



The most familiar order relation, called the usual order, is
the relation ≤ on the positive integers P or, more
generally on any subset of the real numbers R. For this
reason, a partial ordering relation is frequently denoted
byby

With this notation, the above three properties of a partial
order appear in the following usual form:

1) (Reflexive)
2) (Antisymmetric)
3) (Transitive)



Although an ordered set consists of two things, a set S
and the partial ordering , one usually simply write S
to denote the ordered sets as long as the partial
ordering is fixed in the context of the discussion;
otherwise the ordered set is denoted by the pairotherwise the ordered set is denoted by the pair

Suppose S is an ordered set. Then the statement

In this context we also write:



1) Let C be any collection of sets. The relation of set
inclusion is a partial ordering of C. Specifically,

Consider the set P of positive integers. We say “ a2) Consider the set P of positive integers. We say “ a
divides b”, written a|b, if there exists an integer c
such that ac = b. For example, 2|4, 3|12, 7|21, and so
on. This relation of divisibility is a partial ordering of
P.



3) The relation “|” of divisibility is not an ordering of
the set Z of integers. Specifically, the relation is not
antisymmetric. For instance,







Suppose a and b are distinct elements in a partially
ordered set S. We say a and b are comparable if

Thus a and b are noncomparable writtenThus a and b are noncomparable written

if



Suppose that every pair of elements of S are comparable.
Then S is said to be linearly or totally ordered.

Although an ordered set S may not be linearly ordered, it
is still possible for a subset A of S to be linearly
ordered. Such a linearly ordered subset A of an orderedordered. Such a linearly ordered subset A of an ordered
set S is called a chain in S.



a) Consider the set P of positive integers ordered by
divisibility.

b) The set P of positive integers with the usual order ≤ is
linearly ordered and hence every ordered subset of P
is also linearly ordered.



c) The power set P(A) of a set A with 2 or more
elements is not linearly ordered by set inclusion. For
example,

d) Consider the set A = {1, 2, 3, 4, 6, 12, 24} ordered by
divisibility. Then clearly A is not linearly ordered as
for instance, 3 and 4 are not comparable. Observe that
the sets {1, 2, 4, 12, 24}, {1, 2, 6, 12, 24} and {1, 3,
6, 12, 24} are all chains.



Let P = {1, 2, 3, …} be ordered by divisibility. State
whether each of the following is a chain in P.

a) A = {24, 2, 6}

B = {3, 15, 5}b) B = {3, 15, 5}

c) C = {2, 8, 32, 4}

d) D = {7}





Let S be a partially ordered set, and suppose a, b ϵ S. We
say that a is an immediate predecessor of b, or that b is
an immediate successor of a, or that b is a cover of a,
written a << b, if a < b but no element in S lies
between a and b, that is, there exists no element c in Sbetween a and b, that is, there exists no element c in S
such that a < c < b.

For example, consider the set P = {1, 2, 3, 4,…} with the
order <. Then we can see that 1 << 2, 2 << 3, and so on.



Suppose S is a finite partially ordered set. Then the order
on S is completely known once we know all pairs a, b
in S such that a << b. This follows from the fact that x
< y if and only if x << y or there exists elements

For example, consider the set A = {1, 2, 3, 4, 6, 12, 24}
ordered by the relation “x divides y”. Then we can write

2 << 4, 2 << 6, 3 << 6, 4 << 12, 6 << 12, 12 << 24.
Also 1 << 2 << 4 << 12 << 24 or 1 << 2 << 6 << 12 <<

24 or 1 << 3 << 6 << 12 << 24.



The Hasse diagram of a finite partially ordered set S is a
graphical representation of S as follows. The elements
of S are represented by points in the plane and there is a
directed line segment(arrow) drawn from a to b
whenever a << b in S. Instead of drawing an arrowwhenever a << b in S. Instead of drawing an arrow
from a to b, we sometimes place b higher than a and
draw a line between them.

The Hasse diagram of an ordered set S is a picture of S.
Sometimes we define a partially ordered set by simply
presenting its Hasse diagram.



Draw the Hasse diagram representing the divisibility 
relation on set A = {1, 2, 3, 4, 6, 12, 24}.

Solution. As we saw 1 << 2 << 4 << 12 << 24 or 1 << 2 
<< 6 << 12 << 24 or 1 << 3 << 6 << 12 << 24. We can 
draw its Hasse diagram as follows:draw its Hasse diagram as follows:



Let A={a,b,c}. Draw the Hasse diagram representing the 
subset relation on the power set P(A).

 Solution. The power set P(A) contains all subsets of A:
 P(A)={ ,{a},{b},{c},{a,b},{b,c},{a,c},{a,b,c}}.
 We place the empty set at the bottom of the diagram. The

subsets with one element {a},{b},{c} are placed on the firstsubsets with one element {a},{b},{c} are placed on the first
level, and the subsets with two
elements {a,b},{b,c},{a,c} are placed on the next level. The
element {a,b,c} occupies the top of the diagram. Finally we
connect the subsets with their immediate successor with
respect to the inclusion relation. The resulting diagram is
shown in the next slide.





Let A={1,2,3,4,5} and R={(1,1),(1,3),(1,4), (1,5),(2,2),(2,
3), (2,4),(2,5),(3,3), (3,4),(3,5), (4,4),(5,5)}. Show that 
the relation R is a partial order and draw its Hasse
diagram.

Solution.Solution.
 The relation R is reflexive since it contains all reflexive 

pairs: (1,1),(2,2),(3,3),(4,4),(5,5).
 R is antisymmetric since all non-reflexive elements do 

not have the corresponding inverse pairs: 
(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),(3,4),(3,5).



 R is transitive:
 (1,3) R,(3,4) R→(1,4) R;
 (1,3) R,(3,5) R→(1,5) R;
 (2,3) R,(3,4) R→(2,4) R;
(2,3) R,(3,5) R→(2,5) R. (2,3) R,(3,5) R→(2,5) R.

Hence, the relation R is a partial order and we can draw 
its Hasse diagram, which is represented below.































Let A be an ordered set. Then A is said to be well-ordered
if every subset of A contains a first element.

Note:Any well-ordered set A is linearly ordered.
Proof.



Let A be a well-ordered set. Then:
(i) Every subset of A is well-ordered.
(ii) If B is similar to A, then B is well-ordered.



Consider the following two subsets of well-ordered set P:



Let A be a well-ordered set. The initial segment s(a) of an
element a ϵ A consists of all elements in A which
strictly precedes a. In other words,

Consider the well-ordered set S as in previous example,Consider the well-ordered set S as in previous example,
that is,



Let S(A) denote the collection of all initial segments of
elements in a well-ordered set A, and let S(A) be
ordered by set inclusion. Then A is similar to S(A) and,
in particular, the function f : A →S(A) defined by f(x) =
s(x) is a similarity mapping between A and S(A).s(x) is a similarity mapping between A and S(A).

Consider the set A = {1, 2, 3} with usual ordering.




