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Solutions of Practice Questions

Lecture No. 23 To 45

Ql.
Find all possible polar co-ordinates representations of the point P whose

rectangular co-ordinates are (3v/2,-32)

Solution
We have
x=372 and ¥=-32

For polar coordinate P(r,0)

=+ =J(342) +(-32)" =VI8+18 =36 =6
-3\2

=———— =-1= 0 =tan”'(- 1)

The point P(3\/§’ -3\2) lies in the fourth quadrant

When
o0 =3—ﬂ r=-6
4
7] =7—ﬂ r =6
When 4
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, (-6.°7) and (6,7
Polar co-ordinates of P are 4 4

Q2.
(2,-2)

Find polar co-ordinates of the point whose rectangular co-ordinates are

Solution

As we know

r=y{x’+y* and tanf =2

X
So
=27 (-2 =8 =242
tan @ zﬁ =1
0 =tan"'(- 1)
0 :3_]-["7_”

4 4

2\/5,77”+2m

,[-2\/5,37”+2m

Q3.

2 . .
Express the equation * =87 in polar coordinates.

Solution
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We use the formula X~rcosd and y=rsind

x> =8y
(rcos6)’ =8rsin
r> cos’ 0 =8rsin

rcos’ @ =8sinH

r :851218 =8secHtand
cos” 6
Q4.

Convert the point (2, n/3) from polar to Cartesian coordinates.

Solution

T
(r,0) =(2,-)

3
we have

x=rcosl9=2cos£ :2l =1
3 2

y:rsint9=2sin% =2§ =3

Therefore, the point is (1, \/5) in Cartesian co-ordinates.

Lecture#24
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Ql.

Equation of a curve in polar co-ordinates is” =1- c0s@  Discuss the symmetry of

graph of this curve about initial line.

Solution
Symmetry about initial line

As we know? €08(-0) =cos0 ¢4 equation of a curve remains same if © is replaced

by~ 0. So the curve is symmetrical about initial line.

Q2.

Equation of a curve in polar co-ordinates is** =a’ c0s26  Discuss the symmetry of

the graph of this curve about y-axis.
Solution

Symmetry about y-axis

As we know

cos(2( - 0)) =cos(27 - 20)
=cos 2t cos26 +sin2z sin 260
=cos(20)

So equation of a curve remains same if ¢ is replaced by - ¢ . So the curve

1s symmetrical about y-axis.

Q3.
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Equation of a curve in polar co-ordinates is”” =8sin20 _ Discuss the symmetry of

the graph of this curve about y-axis.
Solution
Symmetry about y-axis
As we know
sin(2( - 0)) =sin(27 - 26)
=sin 27 cos 26 - cos2z sin260

=- sin(20)

So equation of a curve does not remain same if ¢ is replaced by7- ¢ . So

the curve is not symmetrical about y-axis.

Lecture#25

Q1.

Use double integrals in polar co-ordinates to find area of the region bounded by the

curve? =7cosO .
Solution

7
Here 7 =7¢0s0 ig a circle of radius 2 and center at

Z,O]
2
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. oi
E;[ (7cos6)* doO = }[ os’6 do
2 2

3
49 J. 1+cos260 40
o

=£f1+00528 do
4 0
:£6+5m20 2 _
4 2 |a
2
49 (-a) _49 2x, _49m
412 2 4 2 4
Q2.

In each part, rewrite the double integral as an iterated integral in polar coordinates
(Do not evaluate.)

f J;/l x> - y dxdy
(a) & , where R is the left half of the unit disk.

x> dxdy
o [f

2 2
Where R is the right half of the ring * <% *7" <Y
Solution

(a) The region R is the polar rectangle /2 < 6 < 3n /2, 0 <r < 1. In polar

coordinates, the integrand is V1- 7 . So, we can rewrite the double integral

37/2 1

f J(m)rdrd&

as an iterated integral /2 0
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(b) The region R is the polar rectangle —n /2 <0 <n/ 2,2 <r < 3. In polar

. . . 2 . .
coordinates, the integrand is °5¢)"_ So, we can rewrite the double integral

as an iterated integral

/2 3 /2 3
f J'(r cos0) rdrd6 = f J'r3 cos” Odrd 0
-m/22 -/2 2

Q3.Evaluate the following double integral by changing to polar coordinates.

1y2-x2

f f (x* +y*)dydx.

Solution

1 N2-47

f (x2+y2) dy dx

0 0

Region of integration isthepartof a circle centerat origin and radius V2 in first quadrant

NG
J' r*r dr df,since x* +y*> =r’
0

e Y]

0

R
ZJ' J' r dr do

0 0

AP :

N

=[5 a0 :lﬂr‘*\oz d9:1f4 do

0 4 0 4 0 4 0

3
:fd@ :|0|05 :z

s 2

3V9-x2
f sin(x” + y*) dydx

Q4. Evaluate -3 © by converting to polar coordinates.
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Solution

3049 a7
f f sin(x? + %) dy dx

-3 0

Region of integration isthepartof a circle centerat origin and radius 3 in upper half of plane

x 3
=f J'(sinr2 Yr dr d6,since x> +y* =r
0 0
o1 NE 1™
= (- —‘cosr ‘ do =- —f(c0s9- ) do
of2 ’ 2
1 k4 JU T
= —|@cos9- 0| " =- Z(cos9-1)==(1- cos9
2| |0 2( ) 2( )

Solution of Practice Questions
Lecture#26

(x* + y+z7)dzdydx where - 2 <z <2,0<y<3,0<x<2.
Q1. Given the integral ¢
Evaluate the integral with respect to the variable z only.

Solution

232 23 i 2
fff(x3+y+zz)dzdydx =‘”1x3z+yz+— dydx
00-2 00 3 -2

23

:J‘J{4x3+4y+E dydx

00 3
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1 v9-x?

JL(x +y° +1) dydx
Q2. Evaluate the double integral ~'-vo- by changing to polar co-
ordinates.

Solution

1 o-x?

J'JL(xz +y> +1) dy dx

-1 y9- x?

-1=x <l , -9- x> <y <\9- X’

y=v9-x* = x*+)* =9

Circle center at origin and radius 3.So r varies from 0 to 3 and 6 varies from 0 to 2n
Also x* +y*> +1=r" +1

Putting values
2w 3 2m 3

J'J'(r2 +1) rdr d = ff(r3 +r)dr db

2

Jtr4 r2
= _

0 4 2 0

- f[ ]de _—(2 - 0) =

3

do

99;1
2

1 y1-x2

f f Wdydx

Q3. Evaluate the double integral -1 0 by changing to polar co-
ordinates.

Solution
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1 y1-x2

f f X+ yidydx
0

-1

-1<x<l, 0<y<yl-x’
y=vl-x* = x*+y’ =1

Circle center at origin and radius 1. So r varies from 0 to 1 and 0 varies from 0 to ©

Also\x* +y* =r

Putting values

”lrrdrdﬁzﬂlrz dr do
I I

1

7| 3 T
= [ a0 = frdo =10 =1(x)=Z
43, 373 3 3

Q4. Convert the following integral from Cartesian to polar coordinates. (Do not integrate it).

1Va x2

!

X2 (x*+y*)* dy dx.
0

Solution

y= a’ - x>

= y'=a’-x* or x’+)’ =d’

Comparing it with the general equation of circle x* + y* =7
. 4

we get » =a, so we have 0 <r <agand 0 varies from 0 tOE’

T

Bl

2a 2a
2cos” O(r*) rdrd® = [ [r’ cos” Odrd6
Of(;[r cos” O(r*) rdr Jdl'r cos’ Odr.
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Lecture#27
Ql.1f r(t) =5i +sint | +costk then ﬁnd”r(t)”.

Solution

[+(0)]| =/(5)* +(sin#)* +(cost)’
=/25 +cos’ ¢ +sin’ ¢

=J25+1 =26

_oun e} 5
Q2. If the vector valued function”® =€ +In(t- Dj+tk then find the vector that

(*) associates with? =2.
Solution

The vector associated with =2 is
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r(2) =*Pf +In(2- 1)} +2k
=e'7 +1In(1)] + 2k

=e'i +2k

Lecture#28

Q1. Check whether the given limit exists or not? Also justify your answer.

. 1) " )
hm[ ~|i+e” j+costk].
t—0 t
Solution
lim{ ~li+e” j+costk| =lim| - |i+lime™ j+limcostk
t—0 t =0 ¢ t—0 t—0
.1
lim| -
. . . . 0
Since the limit of first component, that is, oo

does not exist. So even though
the limit of remaining two components exist, the limit of vector-valued

function does not exist.

1

) :[; NN Y

Q2. The vector equation for a given curve C is and its

>, 17 A
r(t)=-—i+2tj+—Fk
derivative is ! Vi . Find the tangent vector to C at the point

t, =3
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Solution

ALl =3
F3) =ti+9) 423k and F(3) = Liv6 ek
3 / 9 J NE)
For vector equation of tangent line at the point where” =3 , we have

F=r3) +1r3)

%i+9j+2J§k

[1 1
=|--—t
3 9

+ 1

1/\ A 1 A
-—i+6j+—=k
o' 77/ ]

NE]

2x/§+%t]l;

A

i+(9+61) ) +

Q3. — . A A' N 7)
Let 7(¢t) =sinz i +3costj  Find t, such that @) and " O are perpendicular to

each other.

Solution
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A A A A

r(t) =sint i +3cost j andr’ (t) =costi- 3sint j
Since r(t) and r’ (t)are perpendicular so
r()0r" (t) =0

A A

sint i +3costj

A A

0| costi- 3sint j| =0

sinzcost - 9sintcost =0
- 8sintcost =0
sinzcost =0
Multiply by 2 on both sides
2sintcost =0
sin 2t =0
2t =0, 7,27, 37, - - -
T kY4

t:O)_: T, ——, -~~~
2 2

t="2n=0,1,2,3,- - -
2

Lecture#29

Q#1: Write down the expression for the arc-length of the curve represented by the

vector valued function

_ 2 2 A )
r() =(t-In30i + (" +7)] where0 <t <4 (Do not evaluate the expression).
Solution:
Here

X =5t-In3t, y=t>+7
dx :5_3 d_y:

— , 2t
dt 3t dt
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4 2 2
Arc lengthz'[ &\, d_y]
WNlar) "ar
4 2
:f\/[s-i +(21)°
N 3

Q#2: What is the arc-length of the curve ") =2sinti+2cost j . when 0<t <27 9

Solution:

r(t) =2 sint i+2cost j
Parametric equations corresponding to the vector equation are
x =2sint , y =2cost

ﬂ =2cost, Q =-2sint
dt dt

2 2
+[d_y] dt
dt

2z

Arc - length = \/
!

2
= J‘\/(Zcost)2 +(-2$int)2 dt
0

dx

dt

2
= f\/(4coszt)+(4sin2t) dt
0

2
= J\/4(sin2 t+cos’t) dt
0

2
=2 (dt =2/ =4nx
ar =24

Q#3: What is the arc-length of the curve () =(2+50) i+(3-61) j yhen 2=t <39

Solution:
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r(t) =(2+5¢t) i+(3-6¢) j
Parametric equations corresponding to the vector equation are
x =2+5¢, y=3-6t
d. d
t o5, D—g

de i

Arc - length :J\/ +[2—3;] dt
:3m dt
:}«/a dt =61 ]'dt
=Jﬁ 1, =61 (32- 2) =61

dx
dt

Q#4: Given the equations of two curves ¥ =¥ and y =x . Find the intersecting
points of these curves.

Solution:

x =x

X =x or x*-x=0
x(x-1)=0

x=0 or x=1

x =0 and x =I are the intersecting points.

— 2 — .
Q#5: Given the equations of two curves ¥ == 6~ ¥ and y =4-7x o which values
of x these curves intersect each other?

Solution:
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-6- x* =4-Tx

x* - 7x+10 =0

x” - Sx-2x+10=0
x(x-5)-2(x-5)=0
(x-2)(x-5)=0

x =2 and x =5 are the required insecting points.

. . —_ - —_— - 2 .
Q#6: Given the equations of two curves? =4~ ¥ and y=4- X" por which values of
x these curves intersect each other?

Solution:

4- x =4-x*

x> - x=0
x(x-1)=0

x =0 or x-1=0

x =0 and x =I are the intersecting points.

Lecture#30

Q#1: Determine whether the following differential is exact or not.
dz =4xy’ dx+6x°y* dy

Solution:
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P=4X_y3

Q=6x"y’
0P _ 2
6y_12Xy
9Q 1542
3x =12xy
oP_0Q
dy 0x

So the given differential is exact.

Q#2: Determine whether the following differential is exact or not.

dz =(5x+9xy) dx+ 5x’dy

Solution:

Let P =5x+9xy and Q =5x’
Then

P g, 90 sy
ox

. P . ) D
Since & ;éZ—Q so given differential is not exact.
X

Q#3: Determine whether the following differential is exact? If so, find z.

dz =3x(x y- 2) dx+(x’ +2y) dy

Solution:
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Since P =3x(xy-2) and Q =(x’+2y)

Then
& =3x’ Y =3y’
oy ox

op _09
Since the given differential is exact, therefore, oy ox
Since 4z is exact differential so
z ZJ'P dx :Px(xy- 2) dx Zszy- 6x) dx
=x'y-3x+ f(y)- - (1)

z=[0dy = [(x’ +2y)dy
=y + Y+ f(x)- - - - - (2)

Compare right hand side of both the expressions (1) and (2) we get

f() =y’
and
f(x)=-3x
Thus

z=xy-3x+)’

Lecture#31

f- yvdx + xdy ,
Q#1: Evaluate the line integral ¢ along ¥ =3* from the point G- 4

to the point (4,0

Solution:
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r=2
3
dx =§ ydy
Put values of C , x and dx in given line integral
J'- ydx + xdy
C
0 2 0
2 Y 2, 1
-y|l=ydy|+—dy = |-y dy+=-y d
Jy[3yy T !3y y+ v dy
0
-1 )
=5y dy
J3
i
303,
=1(0- 64)
9
_64
9
[3y* dy
Q#2: Evaluate the line integral ¢ where C is the line segment from (2,0)
to (15 5) .
Solution:

sz ydx +xy dy \
Q#3: Evaluate the line integral ¢ along ¥ =% *! from the point

10 o the point 42
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Solution:

y=x"+1

dy =3x" dx

Put values of C, y and dy in given line integral
J3x2 y dx +xy dy

C

1 1
J3x2 (x> +1) dx +x(x’ +1)(3x%) dx = J( 3x° +3x7 +3x° +3x°) dx
-1 -1

1
1 3 1 3 3
=—+l+—+—-—+1+—-—
7 2 7 4
=2+ E
7
_l4+6 _20
7 7
Lecture#32
4x°ds
Ql. Evaluate ¢ where C is the curve shown below.
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-
1 Chx=1
| | - | =
-1 -1 1 2
b cy=x"-1
Coy=-1 #,ﬂr e
. - . —l

Solution:
So, first we need to parameterize each of the curves

C:x=t,y=-1 -2=<t=<0
C,: x=t,y=t-1, 0=<t<l
C,:x=ly=t, 0=<t=<2

Now let’s do the line integral over each of these curves.

[42* ds = J'E; 48 (1) + (0 d = J'_E;4z3 dt=t'[ =-16
G
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c[dlxz ds = fuauﬂf{lf +(3) a

- Inlalf 14964 4

= %[%](HQ;*)%

1

[42 ds= [ 4(17 J(0) +(1) de= [ 4ae=2

Finally, the line integral that we were asked to compute is,

I4x3ds= I4x3ds+ _[ 45 c;t’s+I 4" ds
o = h o

=-164+2.2684+8
=-5732

Answer (-5.732)

Q2. Evaluate the following line integral with respect to arc-lengths

2_2
J’})xy z°ds . x=t , y=t*, z :zf and 0 <t <l
¢ , Where C is the curve 3

Solution:
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2
X =t, y =t2, z==¢
3

dv _ v _,, dz
dr dt dt

2 2
dt dt

=V1+47 +4r = Ja+20) =142

dx
dt

%2
dt

3xy’z* =31’ [% ] ' (Putting values of x, y, z)
J(3xyzz J{ 1+2t dt
C
— (8 ar
( 3 )
allt gl
= |— + =|—
3|12|, 3]14|,

L4 _T+12_ 19

1
_5(12) E(ﬁ)_§ 21 63 63

2
Answer (63)

Q3.

Evaluate the following line integral which is independent of path.

(-1,0)
f (3x*y*) dx +(2x’y) dy

(2,-2)

Solution:
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Let 9 =(3x"y*) dx +(2x’y) dy

As given line integral is independent of path so dz is an exact differential. z

will be found as given below

P(x, y) =3x*y*,  O(x, y) =2x’y

Z:fP dx :‘[(3x2y2)dx z:J'Q dy =J(2x3y)dy
=53+ f()- - - - () =y 4 ()= - )

As there is no dissimilar term at the right side of equations (1) and (2), so

S(»)=0 and f(x) =0
Thus z =x"y’

2

So for 4z =(2xy°) dx +(3y°x%) dy , we have ? =xy

Put this value in given integral, with limits (2~ 2) to ¢ 1 0)

(-1,0)
[Bx*y?) de+2x’y) dy = [ d(x’y?)
C (2,-2)
[s a1
_‘xy‘ 2,-2)

= 8(4)| =32

Answer (32)
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Q4.

Evaluate the following line integral which is independent of path.

f (2xsin y) dx- (x> cos y)dy

(0.0)
Solution:

Let 9z =(2xsiny) dx- (x*cosy) dy

Since given line integral is independent of path so dz is an exact differential.

z will be found as given below.

P(x, y) =2xsiny, QO(x, y) == x’cosy

z :J‘P dx :J'2xsiny dx

=x’siny+f(y)- - - -()

z= J‘Q dy =- fxz cos ydy
=x’siny+ f(x)- - - - (2)

As there is no dissimilar term at the right side of equations (1) and (2) so

f(») =0 and f(x) =0

Thus z=x’siny

So fordz =(2xsiny) dx- (x*cos y) dy , we have Z =x’siny
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Put this value in given integral, with limits

1, f]
2

)
J'(2xsin y) dx- (x*cosy) dy = f d(x*sin y)
c (0,0)

:‘xz sin ‘ {I%J

Y (0,0)

=1
Answer (1)
Lecture#33

Dfxydx +x°y°dy

Q1. Use Green’s Theorem to evaluate ¢ , where C is the triangle with

vertices (0:0): (1.0). (1.2) with positive orientation.
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Solution:

So, the curve does satisfy the conditions of Green’s Theorem and we can see that
the following inequalities will define the region enclosed.

We can identify P and Q from the line integral. Here they are.

2= O = x7y7

So, using Green’s Theorem the line integral becomes,
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tf)xydx+x2y3ciy:”2xy3—xciﬂ
o I
Loas 3
:f I 210 — ndvdx
glo
1 : "
=J [—Jgf“—)gf][ o
o b2
= I:Bf —-2xdx

(432

| e

Answer (E )

Q2.

, Dﬂxz - 4xy) dx +(y2 - xy) dy
Use Green’s Theorem to evaluate ¢ where C is a square

with vertices at (0 0), (2,0 , (2,2) anqg (0.2)

Solution:

Here

P =(x- 4xy)
and

0=(y*- x)
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Limits for x is from 0 to 2 and for y jg0 0 2.

Thus by Green’s Theorem

2 2

- 4w e o ) do = [ e - vy v s

0 0

2 2
= (4 dy d
Ofof(xw)yx

2 2| 2
:.”4xy+y7 dx

0

0

2
:J(8x+2) dx
0

=[4x* + 2)402 —16+4 =20

Answer (20)

Df Vidx- x’dy
Q3. Use Green’s Theorem to evaluate ¢ where C is the positively

oriented circle of radius 2 centered at the origin.

Solution:

Let’s first identify P and Q from the line integral.

Now, using Green’s theorem on the line integral gives,

(EI;yE.:ix— x3dy= _”—3;':2 —3}?2 A
=) D

Where D is a disk of radius 2 centered at the origin.
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Since D is a disk it seems like the best way to do this integral is to use polar
coordinates. Here is the evaluation of the integral.

Answer (247 )

Lecture#34

Ql. Findew! F_i¢F =x"yi+xyz j- xzyzk.
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Solution:

F :xzyi+xyzj- xzyzk

ik
curl ;7 :Vx;“ = o 90 0
Oox ay Oz

X’y xyz -x°y’

dxyz)  A(xy)
ox oy

A

ox’y) o(-x’y*)
Oz ox

o(-x"y") _ 8(xyz) ;

oy lo/4

i+ j+

=(-2x°y - x)i- 2x° j+(yz- X7k

Answer ((' 2x°y - xy)i- 2xy’ j+(yz- xz)k)

Q2. Find9v F | if F =yz"i+xyj+yzk

Solution:
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F =y’ i+xy j+yzk

div;“ :V.;: = ii+ij+ik o [;7 =yl i+xy j+yzk
ox oy oz
2
_o07) , 3) |, 902)

ox oy oz

=0+x+y =x+y

Answer (x+y )

Q3.1f 4 =Xyl +22°]- 2257k {pon findraddiv4
Solution:
A=xX’yi +y’z’j- 2x%k

divd =V.A =

20 A0 »0 . o -
[—+ ] —+k— .(x3yi +y°2 - z3x2k)
Ox 4

=3x’y +2yz° - 32°x> =¢ (say)
graddiv 4 =grad¢

09;,905,9

ox Oy oz
=(6xy- 6xz°)i +(3x* + 223)}' - (6yz® - 6zx° )/:f
=6x(y- z°)i +(3x* +22°)j - 62(yz- ¥k

Answer (6x(y— )i +(Bx? +22%) - 6z(yz- xHk )

Q4: Given , f(x,y)=sinxy-+cosxy find div(VF).

Solution:
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We are given that

f(x,y) =sinxy+cosxy

(sinxy-+cosxy)

0 0~
V L
4 [axl 6y]

A

=(ycosxy - ysinxy)i +(xcosxy- xsinxy)

grad(Vf) =[§f+§j]°((ycosxy- ysinxy)7 +(xcosxy- xsinxy) j )
X Y

2 2 2 2
=-y“sinxy- ¥~ cosxy- x“sinxy- x” cosxy

=-sinxp(x* +y°)- cosxy(x’ +y%)
- sin xy(x* +y%) - cosxp(x” +y?)
Answer ( )

Question 1

3

Evaluate fx Inxdkx by parts.
Ans
+ 4
—Inx- —+c¢

4 16
Question 2

X cos xdx

Evaluate f by parts.
Ans

xsinx+cosx+c

Question 3
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JT
f sin'! xdx

Evaluate
119753

Lecture#35

cos’ x + cos’ x) dx

— IR

1. Use Wallis cosine formula to evaluate ¢

Solution

2 3 2

J(cos3 x+cos’ x) dx = J(cos3 x) dx + J(cos5 x) dx
0 0 0

> )

fcos” x dx =246 (n-1) if nis oddand >3
g 357...... n

%

2

J‘cos3 x dx ==

s 3

%

J'coss x dx 248

s 3IX5 15

%

ﬂcos3 x +cos’ x) dx =2 +i _13

s 3 15 15

2

J( sin* x +sin® x)dx
2. Use Wallis sine formula to evaluate ¢
Solution:
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sin® x +sin® x) dx = ((sin* x) dx + ((sin® x) dx

NI o%n\)\a
Se (SR
oe S

A 1.35e(n-1)

fsin” x dx =— if niseven and =2
g 2 246..... n
2 4 T3 37
fsm x dx :_(_] ==
; 218) 16
zfsinﬁxdx _w( 3X5 | _I57
; 21 2x4x6) " 96
3
J(sin4 x +sin® x) dx 37 Lo _33x
; 16 96 96
Lecture#36
F -dr f g
1. Evaluate the line integral < where £'(%:,2) =i +X°Z] and ¢ is given by

the curve” () =t +24 +(1- )k, 0 <t <1
Solution:
We are given that £(7:2) =xyi +x72) gnqr(0) =t +24+(1- Ok
This implies
dr =(i +2j- k)dt
Also,
F(r@) =) +2(1- 1) ]

=207 +(*- 1)

Fdr =205+ - 0)§) {F+25- k)t

-

| ing - 1

1
Fodr = (262 +26%- 263) dt = (462 - 24°) at
frar=| /
1

45 lﬂ] =4

L)
32 326

which is the required result.

0
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F -dr
. . P it 2.7 .
2. Evaluate the line integral ¢ where £/(%:,2) =yzi + 337/ +2X°yk gapnq ¢ js

the curve given by” () =i+i+0k 0 <t <1
Solution:

We are given that F(x,v,2) =yzf+3xyz]'+2x2yl€ and r(t) =i +14 +1%k -
dr =(j +2tk)dt
Also,
F(r(t) =31 +36] + 2tk
Fdr =% +360F +26k) { }+24k)

1 7 -

1
Fdr = (36 +4¢2) dt
OJ“ . J( +

0

3t 48
= —— 4+ —
4 3

1

Lecture#37

A A

Consider the vector field £ =3¥21+2yJ over the surface S which is the portion of

2 2 2 — — — .
the sphere * *7" *Z° =9 pounded by the planes * =0 > ¥ =0, 2=0 (a5 shown in
1;=£;+Z A‘+51Ac . . fF'ndS
the figure below). If 3 3~ 3 isa unit upper normal to S. express $

in spherica coordinates.
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Note: Do not evaluate the integral.

Solution:

A

Put values of ¥ and ” in given integral

oA , “(xh oy oz
Fen dS = |Bxzi+2 ol —j+=j+—k| dS
Sj Sf( yJ) AR AR ]

K

To convert it to spherical polar coordinates, we have

x22+§y2] ds

x =3sin¢ cosf

y =3sin¢sinfd

z =3cos¢

dS =9sin¢ d¢ do

Limits are:
T
¢ ranges from 0 to B
T
0 ranges from 0 to —

Put these values

Practice Questions

Lecture#38

Q1. Determine whether the following vector field £ is conservative or not.

a) F(x, y, z)=2z"- y)i+(z- 3xp%) j+(y +8x2°)k

b) F(x, y, z) =-2xcoszi+y’ j+x’sinzk
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Q2. Let S is the surface bounded by the plane * =0 ¥ =Ly =0y =2, 2=02z=3 1¢

B} C . F-ndS .
— 2 . 2 . .
F=Qx"y+z)i+xz j+(e"- y2)k yse Divergence Theorem to find § , where 7
denote the unit outer normal to S.
fcurl FendS
Q3. Use Stokes’ Theorem to evaluate the integral ¢
2 L33y . . . _ 2 2
If /=271 3 j*+x'y°k and surface S is the portion of paraboloid Z =3~ % = ¥

above the planez =1. Assume that S is oriented upward.

Lecture#39

Q1. Write amplitude, period and frequency of the following:

a) y=2sin 3x

This document is available free of charge on StUDOCU.com
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X
b = 3sin—
)y 5

) ¥° 5sin 8x

Q2. Define the periodic function whose graph is shown below.

Af(t)
4

—

Q3. Sketch the graph of the following periodic functions showing all relevant

/2 0<t<4

Heg, JO =18 4<t<6
vales. 0 6<t<8

Q4. Evaluate
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T
fsin mxsinnx dx =mx (n =m)
-J

T

fsinmxsinnx dx =0 (n #m)

T

Lecture#40

Q1. Determine the Fourier co-efficient % of the following function.

f@)z% 0<x<27

Q2. Determine the Fourier co-efficient » of the following function.

f@)z% 0<x<27

Q3. Determine the Fourier co-efficient bi of the following function.

fu):g 0<x<271

Q4. Determine the Fourier co-efficient®, % and by of the following function

S ={

0 -ox<x<0
X

0<x<s and has a period 2n
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J';?'n ds ZJ{xzz+%y2] ds
N N 3

7

B

(I
S}

= J{(3sin¢ (:0549)2(3cosg/))+§(3»sin¢sin¢9)2 9sing d¢ do

00

Practice Questions Lecture#41-43

Q1. Check whether the given function is even, odd or neither.
f(x) =x’e".
Solution

Let g(x) =( xz)

h(x) =e*.
Asg(-x) =(- x)’
=g(x)

So g(x) is an even function.

h(x) is neither odd nor even function. Since product of even function and
"neither even nor odd function" is "neither even nor odd function"
so f(x) is neither even nor odd function.

Q2. Check whether the given function is even, odd or neither.
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f(x) =cos® x sin5x_

Solution

Let g(x) =cos’ x
h(x) =sin5x
g(x) is an even function as
g(-x) =(cos (- x))’

=(cosx)’

=cos’ x =g(x)
h(x) is also an odd function as
h(- x) =sin 5(- x)

=sin(- 5x)

=- sin5x =- h(x)
Since product of an even and and an odd function is an odd function
so f(x) is an odd function.

Q3. Consider a periodic function defined by

f(x)=x; -T <X =nm

Determine Fourier Co-efficient®, % and 2

Solution

f(x)=x; - <x <mw
Since f(-x)=-x=- f(x) so fis anodd function.

If f{x) is an odd function defined over the interval — 7 < x < z, then the Fourier

a,and a

series for  f{x) contains sine terms only. So " are zero.
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f(x) sin nx dx

x sinnx dx

1.7'[

T
- X cos nx
—_— +—fcosnx dx

n 0

1 . @
=—/[- s cos nr +—sin nx|0]
nir n
-2cosnw -2cosnw
= +0 =
n n

_-2¢ 0
B n

Q4. Determine the Fourier coefficient % for a periodic function @O of period 4
defined by

t [+ 2<t<0
JO= 0 0<t<?2

Solution

Here the given function is of period 4, so T =4 and

2 1 0 2
f(z)d :sz (1) dt:EUf(t) dt+0ff(t) dt]

0

e
= (2-2) =0

2

1 t
(1+t) dt+J'(O) dt t+E

Q5. Determine the Fourier co-efficient by of the periodic function

Downloaded by David Laid (m.danyal.ali.khan.2001@gmail.com)



f(x)=2x+2,0<x<2
Solution
Here period=T=2
2

w=— =1
T

T
b, 2% Off(x) sin nwx dx

2
b, = f(2x +2)sinznx dx
0

(- cosanx) ‘.(— cosanx)
=l (2x+2) - 2,] x
n n .
2
cosanx  2(sinmnx)
=-(2x+2) - + o
n an 0
.6 ,2]|_-4
an an Jan

Q6. Determine the Fourier co-efficient by of the following periodic function.
f(x)=x+1, O0<x<l

Solution
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Here period=T=1

wzz—ﬂ =2

2T
b =— x) sin nwx dx
: Toff( )

1
b =2 f(x +1)sin 2wnx dx
0

(- cos2mnx) ‘.(- cos 27nx)

=2|(x+1 x
( ) 2n J 2n o
1
in 2
=] - (x+1) cos2:rnx+(sm ;Ti:x)
27n dw°n o
=2 i.}L :i

2nn  27wn N

Practice Questions with Solution

Lecture#44 &45

Q1. Find Laplace transform of the functions F@) if

a) F(t)=e™
Solution:
F(t) =e”
As L{e"} = where s and a are constants

s-a
1

Lie} =

e} =—

b) F(t)=t
Solution:
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F(t) =t
n! .

As L{t"} =——+ where s isa constant
s

51 5x4x3x2x1 _120
L{ts} = 5+1 = 6 = 6
S S S

c) F(t) =sin5t
Solution:
F(t) =sin 5t

where s and a are constants

As L{sin at} =———
s +a

2
s*+25

L{sin 5t} =

d) F(t)=e*cos3t

Solution:

F(t) =e* cos 3t

As L{e” cosbt} :% where s,aand b are constants
(s-a) +b
L{e* cos3t} :#
(s-2)+9
e) Ft)=t>+3t-2
Solution:
F(t)=£ +3t-2
3 3 3! 1 1
As L{t" +3t- 2} = L{’} +3L{t} - 2L{l} =—+3—- 2—
s s s
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Q2. Show that Laplace transform of the function

1

o=ty

where s is a constant for the integration and s > 0.

Solution:

As we know

+o0

LIfO) = [e f(1) dt
So for f(t) =t

+00

Lt] = (et dt
!
!

=lim, ., [e "t dt
!

- st

! ! - st
: e e
=lim, , 1|t + J'l.—dt
0 0 s

1
:limla +00
0

In order for this limit to exist, we again must insist that s #0 and that s >0
so that e has a limit (of zero). We obtain

1

2
s

S

e-st !
[ —

S

- st

e

2
S

0

= LYim, e 0)- Liim, (- 1)
S

Q3. Find Laplace transform of the function F() if

F(t)=e* cos t

Solution:
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Since

L{cos t} =S2 .

So by First Shift Theorem

L{e "*" cos 2t} :#

(s-2)"+1

_ s=-2
(P +4- ds)+1
_ s-2
s - 4s+5

Q4. Determined:

A 3
a) L {sz +4}

Solution:

g3l o 33 1338 13
244 ) 2 25" +2 2

o vl
(s+5)

Solution:

| |
L 2 4 =L’ 10 2 :lL_l > v :le_StL_1 3_4; :le_Stf
(s+5) 3(s+5) 3 (s+5) 3 s 3

Q5. Find Laplace transform of the function F@) if
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F(t) =e” sin 4¢

Solution:

Since
4
s +16
So by First Shift Theorem
4
(s-3)°+16
_ 4
(s +9- 65)+16
_ 4
57 65 +25

L{sin 4t} =

Lie ™ sin 4t} =
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