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COMPOSITION OF

-1 Funamental pts Principles

In this section, we shall discuss fundamental concepts, definitions, principles an_d
laws. In fact, each definition of an entity involves other ent_itig‘s; therefore certain
particular entities must remain, undefined; these are the fundamental concepts.
Similarly, the proof of each proposition uses other propositions; therefore certain
particular propositions must remain unproved; these are the fundamental principles

or axioms.

. WINCENENE NN ICHE Space, time and matter are the fundamental concepts.

Matter which occupies a limited portion of space is called a bodly.
o TIEXES The quantity of matter in a body is called its mass.

\/m A body of negligibly small dimensions is termed a particle. The concept of a
particle is an ideal one and represents a geometrical point ‘which possesses mass. A

body may be regarded as an aggregate of particles.

RETIEELT A body is said to be a rigid body if the distance between any two
particles of the body remains unchanged so that that the body does not expand or

contract or change its shape in any way. The concept of a rigid body like that of g
particle is also an ideal one and .actual bodies are not rigid in the true sense of the

word. However, such idealisations are very convenient for constructing a
mathematical theory to describe physical phenomena. In this book whenever we
speak of a body, a rigid body will be implied unless otherwise stated.
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shar hand, if the position vector 7 of any point of the body changes with
: body is in motion relative to the reference system (or relative to the
sody in which the reference system is fixed). Thus, for a moving body the position

vecior 7 of 2ny particle P depends on the time t and we wnte

r=r(t)

Ve al e f F=r(t) is the position vector of the particlé P, then the velocity

—

e ar
vecior of P is the vector — or r where the dot denotes dlfferentlatlon with respect

at

Acceleratic If 7=F(t) is the position vector of the particle P, then the

2—0

acce/eration vector of P is- the vector E—-zr— or r , where the dots denote
dt i

differaniiations with resnect to 1.
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apter- position of Forces
ghapte: Medhank and Principles

=" #PE  The magnitude of . i
gpeod 0 Pa : agnitude of the velocity vector i
pm“cm' Y ris calied the

orce: AL is defined as a measure of push or py ;
other words, we define force as that whic:p e

slate of rest o motion of a body. h changes or tends to change the

Speed of the

The state of rest or motion of a given bod
We assume that it is the influence of other bo
rest or in motion. We describe this process b
on one another. In general, forces are exerted whenever a £k
with other bodies. In some situations forces may act at a digg?wigog‘se? Tﬁo o
attraction which the earth has for everybody or electric and magnegic fer:;ese case of

y implies the existence of other |

: C other bodie
dies t_hat Causes the given body ’toog; it
Yy saying that bodies are exerting forc;s

A force is a vector quantity. It is .
characterised by its magnitude, its
/imction, and its point of application.

Point.of Application of a Force: Rl
point of body where the force acts is
called its point of application. In Fig.1.3,
A is the point of application of the force

F . because the force F acts at A,

~

iine of ‘Action of a Force: IR
passing through the point of application
in the direction of the force is called its
line of action. In Fig.1.3, the doted line is
the line of action of the force as it .
passes through the point of application

\/i/ihe direction of the force.

A set of forces acting on
a particle or rigid body is called a force
system or systemt of forces.

In Fig.1.4, four forces ff,ﬁz,ﬁg,é

act on a rigid body, this set of forces is @
orce system. . A

Equivalent Force Systems:BRVeR{sl{«:!

systems are said to be equivalent if one
system can be replaced by the other
system  without  disturbing  the
instantaneous state of rest or motion of ‘ Fig.1.4
a body.
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Rdau"ﬂt of a Force A2 ACIUR If a force system is equivalent o 2 == Bhayg,

then It Is called the resullant of the system. Thys, the  single 1, ;\_\
whose offect on a body or a particle is the same resuitant g e

as the combi a Sin’:{!e ; ,
sysler ine <= lorge
forces of tho system, ned effect e e

Mochanics is the branch of science co
physical bodies when subjected to forces or displa
olfocts of the bodies on their environment,

In other words, the sclence of mechanics deals w
bodies which we encounter in nature and technology. |
dynamics.

ncerned with the -
cements, and ihebth‘-m

ith the action of

. ‘. . ’ Orce
tis divided intg statfcss‘an;1

CIEHEER The branch of mechanics which deals with bodies at i
slatics. rest is known a4

The branch of mechanics which deals with bodies in motion is kg,
dynamics. Dynamics can further be subdivided into kinematics and ki o as

netics.
(MOETNEUEER The branch of dynamics which treats of the
bodios, without taking into account their masses or the fo
known as kinemalics. In kinematics we are interested in cal
as the position, velocity and acceleration vectors of a particle.

geomet(y of motion of
rces.ac’ung on them is
culating such quantities

MOENEEY The branch of dynamics which is concerned with the relations between the
forces acting on bodies and the resulting motion is known as kinetics.

o EE NG D R T M EI T ED RV EIETIEH Classical mechanics is the study

of the motion of bodies (including the special case in which bodies remain at rest) in
accordance with the general principles first enunciated by Sir Isaac Newton in his
Philosophiae Naturalis Principia Mathematica (1687), commonly known as the
Principia. Classical mechanics was the first branch of Physics to be discovered, and
is the foundation upon which all other branches of Physics are built. Moreover,
classical mechanics has many important applications in other greas of science, such
as Astronomy (e.g., colestial mechanics), Chemistry (e.g., the dynamics of molecular
collisions), Geology (e.g., the propagation of seismic waves, generated by
earthquakes, through the Earth's crust), and Engineering (e.g., the equilibrium and
stability of structures). Classical mechanics is also of great significance outside the
realm of science. After all, the sequence of events leading to the discovery of
classical mechanics--starting with the ground-breaking work of Copernicus,
continuing with the researches of Galileo, Kepler, and Descartes, and culminating in
the monumental achievements of Newton--involved the complete overthrow of the
Aristotelian picture of the Universe, which had previously prevailed for more than a

millennium, and its replacement by a recognizably modern picture in which
humankind no longer played a privileged role. | -

- Classical mochanics Is also known as Newlonian mechanics because it is based
on Newton's laws of motion. In Newlonian mechanics, space, time and mass are
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A - N e f.L
pendent of each other. However, the concept of force is 1ot

pstependant of the other three

Newton's First Law

of Motion is stated as:

e ——— T ——————.

An object at rest te ds to ;l
o stay in motion with the
unless acted upon by

ay at rest and an object in motion tends
same speed and in the same direction
an unbalanced external force.

Inevtia s a praperty of |

MRS a prope natter that resists i i 5S '

e i - s changes otion. If a mass is not
moving, it will stay that way untj| it il bl

J ay that an unbalanced exte ; it; if &
Mass 18 N motion, it will stay in motion with the samrga;p:gtr.acdo;rt\i‘ir?irtgc{%?intil aﬁ
unbalanced external force changes its motion characteristics (friction could slow it
down, or a force could accelerate its motion), J

iv-or example, let‘us consider a hockey puck on the ice (assume the ice is
;\g\s'f}scrtly' level ‘and frictionless). If the puck is placed down on the ice, it will stay
nphonlpss until someone hits it with a stick or skate because of its inert'ia. Also due
to inertia, }\'hen slapped, the puck will tend to move in a straight line with constant
speed Lu)tll an external force (such as another player, or the goalie, or the net)
changes its motion. . '

;\s a second example of Newton's First Law, consider a car accelerating from a
stoplight. As _tlle car accelerates from zero motion, your body tends to push back into
ttyg.sezgt‘.!dtle" to its inertia (trying to remain at rest). Also, as the car is braked from a
high speed back to stopping, your body is flung forward due to its inertia in motion.

Hopefully you have your seatbelt on, or else Newton's First Law could have bad
consequences.

-t

JLinear Momentum: e linear momentum of a particle is the vector p=mv , where
m is the mass of the particle and v its velocity relative to a reference system.

Np4Newton's Second Law of Motion:

Newton's Second Law of Motion is stated as:

The time rate of change of linear momentum of a particle is equal to the
force producing it, and takes place in the direction in which the force acts.

_If a particle of mass m, subject to a force F, moves with velocity v at time t, the
‘second law, in mathematical form, states that

9 iy R
F—dt(mv) ,_,(‘ )
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If the mass of the particle is constant, the last equation gives
=
dt
or F=ma B
where a is the acceleration vector. The vector equation (1.1) or (1.2) i .y, :
equation of motion. ' e

F =

-
e
ol (82

I MILINR The forces acting on a particle are said 10 be in eouis -

> N

!

case the state of the particle is referred to as an equilibrium state

In the equilibrium state of particle, the rate of change of its velocily is zaro 1 & i
acceleration is zero. ! €10, i.e, its

</ EE TN EUREEH CITRYREIE A reference system relative to which

equation of motion F =ma holds is called an inertial or Newtonian system.

Newton's Third Law of Motion:
Newton’s Third Law of Motion is stated as:

For every action, there is an equal and opposite reaction. ‘

M

This law is familiar in everyday situations; a force cannot be appliec 1o an obj
unless-something resists the reaction of that force.

In order to walk across the floor, you must push back on the fioor with your foot;
then, according to Newton's Third Law, the floor pushes forward on your foot, whic

propels you forward. This, of course, requires friction to work.

)
b

-

h

If a free-floating astronaut were to throw a baseball, there is nothing to resist the
throwing force, so as the baseball accelerates in the direction of throwing, the
astronaut would accelerate backwards, with a force equal and opposite to the

throwing force. The astronaut would accelerate at a much sma
Second Law) since her mass is much greater than the baseball's mass.

The recoil of a gun during firing is another example of Newton's Third Law.

Parallelogram Law:RUIEREVSEICER:CH

If two forces act on a body at a point A along the adjacent
sides of a parallelogram, then their resultant is the
diagonal of the parallelogram with A as initial point.
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\ '
—
Qe AD =P Q,

| - Fig.1.5
Equilibrium Law: RN oy

Wwo torcos can bo in aquilibrium i
equal in magnitudo, Oppos
sama streaight lino,

I et AL the resultant of forcog 2
\ \

and only if they are ‘
ilo in diroction, and act in the

N Fig. 1.6, the forces £, and £, acting,
at points A and B of a body have same line
of action, equal magnitude and opposite
directions, so F, and F, are in equilibrium.

w S TR This law states as:

The action of a given system of forces on a body remains unche}nged if
we add to or subtract from them another system of forces in equilibrium.

‘Ez Fig.1.6

\ZPrincir

e U S TS Aty This law sates as:

The point of application of a force, acting on a rigid body can be ‘
transferred to any other point of the body lying on the line of action of
the force without changing its effect.

«/,

Let a force F actata point A of a rigid
body (Fig.1.7). Take any point B on the line
of action of the force and gpply at B two

equal.and opposite forces F; and F, such
that £, =F and F, ——F . These forces are
1.7 .

' ilibrium, so these forces wjl_l have no
g]ffsgtucl)“n the body. From thfz equilibrium law

i follows that the forces F and F, are in /
equilibrium and can be removed. E Fig1.7

T
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Wn are (e left with the force F,, equal to F in magnitude and direction, with
(i point of application transferred to the point B. The effect of the force F, at B jg
(his sanie as that of the original force F atA.

In this soction, we shall be concerned with the decomposmon of a force into twg
forgos whose affoct will be same as that of the original force

CLIGLIELITCTEGEICEY If 1R is the resultant of two forces P and Q acting on 3

parllclo of u body, then P and Q are said to be components of R .

4 A glvon forco R can be replaced by an infinite number of pairs of
m;\.lblu wm/)ononlu

In order to prove this theorem we need to construct a parallelogram of which
tha givon force R is the diagonal and whose sides are along any two distinct lines
which aro coplanar with the force R and pass through its point of application.

Fig.1.8(a) Fig.1.8(b)

The force R acts at the point A of the body. We constrict a parallelogram ABCD,
e A —>

with R along the diagonal AD such that AB=P, AC=Q, AD=R as shown in

Fig.1.8(a). Forces P and Q are the components of the force R.

Slmllarly, we constrict a parallelogram AB;C;D, with R along the diagonal AD
- = -

such that AB, = =l AC,=Q,, AD =R as shown in Fig.1.8(b). Forces P, and Q, are
the components of the force R.

It is clear from above fi igures that P, Q and P1, Q1 are two different pairs of
components of force R.
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pononts and Rosolvod Parte of a Forge |
" From this illustration, we conclude that

a qi . S 7 ; ;
finite nUMDer of pairs of possible componentg‘ve” force R can be roplaced by r
I

The forces P and Q are called the ve

Ctor con . o ' )
rﬂagnitudesPand Q are termed the Scalar comp Ponents of R and tholr

onents of .
— olved Parts “of a Force: [ tw
endicular, then such comp el

In other words, if the forces B ang Q are com

0 .
onents are calleg nents of a force are mutually

the resolveq parts of the given

9 A given direction Ox as shown in Fig.1.9. |f

3 and R, are resolved parts of R in the directions Ox and Oy respecti\)e?y ;th.en

using parallelograrrj law of forces, we have |
R=Rx+Ry ..(1) y

f 7 and j are unit vectors along Ox and
oy respectively, then from (1), we have

j
Ri=Ry-i+R,-i

R.flcow:RxfcosO+Ry|f|00390° Wk | '.
Rcosf =R, (1)+0 - |f‘=1. cos90°=0 Iy R ".
R, =Rcos0 (2) 0 Rl | .
. o O . -
Similarly, B

Rj=R.-j+R,]
lelcos(90°—0)=Rx

~
.

Fig.1.9 .
J

cos90° +Ry\]"c030°
R-sino =0+R, (1) "~ cos(90°-0) =sin 0\]\ =1,c0s90°=0
' R, =Rsing .(3)

This shows that the resolved parts of R in the direction Ox and in the perpendicular
direction Oy are R, =Rcosd and R, = Rsing respectively.

We conclude that:

The resolved part of a given force in a',:given direction is obtained by

multiplying the magnitude of the givé}n force py the cosine of the angle
between the given force and the given direction.
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written as: ' : - | _
scalar component of a given force in a given direction s obtain

'tl)'hemultiplying the magnitude of the given force by the cosine of tig

a%gle between the given force and the given direction.

T
Since R.'I:=RCOSO and F—é-j=Rsin0, so R-i and ﬁ\.)] s fire e
of 2 in the directions | and respectively.
We conclude that:

ed Partg

resolved part or scalgr componen g rce in & g
Zir:SCtion is obtained by t_akln.g the dot product of the force ang thg Un[i]t
vector along the given direction.

Thus,

Scalar component of R along vector i is the dot prodm

|

BEITAE A force of 20 N is acting on a block
as shown in Fig.1.10. Find its resolved parts

along coordinate axes (x-axis and y-axis).
m&m Here F=20 N, =30°, so the

resolved parts are: .
F, =Fcos0

=20co0s30°

= 20{.@}
2

=103 N

F, =Fsing
- =20sin30°

_ 20(1)
2
10N

The resolved parts of given f
nEg T g orce are shown
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Concurrent Forces:
Forces whose lines of

! . actic
intersect at one point are callr??!

concurrent forces. Such force
» 08

always have ar .
esultant Y. ¥
WOUQH S “oen. e, /

:Plg 1 p‘c")l?,:) gf COHCU"(}[]C(‘ in B L NS T S
“ld tora(d), 10“ N ] . .-":',‘?'v",~, g .
forces pass lhrc)u';;:‘b J)f action of AT T e

¢ point A ‘._‘; v \.‘
Sodmcio afc concurrent 1()1’(;(35: P / .,
an IS the point of
concurrence.

Fig.1.12(a)

Using the principle
traﬂsmissibilily of forces,rxlve caor: -
shift all the forces at point the
_concurrence point A of their lines h
of action as shown in
Fig.1.12(b).

This shows  that the
concurrent forces always pass
through @ common point, i.e. the
concurrence point.

in Fig.1.12(c), the concurrent
forces are shown without their
lines of actions.

A

Fig.i. 1.0

e forces are acting simuitanec S w. = i
of the proper size and cweclon.
f two or more forces, is called the
ultant force is called

Composition of Forces:JlII{Rslg
the same effect can be produced by a single force

This single force, which is equivalent to the action o
resultant. Putting component forces together to find the res
composition of forces.

Resultant of Two Concurrent Forces:

PU, 2014 (B.A/B.Sc.)

Let the forces ”P. and Q act at a point A f
such that « is the angle between them as
shown in the Fig.1.13. Further assume that A

-

— )
force P is acting along x-axis. Let R be
their resuliant, then Fig.1.13
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(1)

nroduct, we have

- s - > RN =12
2 _pP-AQ:QP:QQ “RR=R
= - =) - -

“P-P= [Pl QQ= ]Q! QP=P.Q

P06+ Q" ¢ [f{=P.|q=Q[R|=R

2 ..p.Q=PQcosa

(13)

or

- -
nitude of the resultant R of the forces P and Q.

This gives the mag
e resultant R makes with the force P as shown in the

If @ is the angle which th
Fig.1.13, then from (1), we have

Ri=Pi+Qi
Sty 2k o). |
Rér’cps& = P[ﬂcos0+ Qlﬂcosa (using dot p

(taking dot product with unit vector along x-axis)

roduct formula)

.._)

R=R,|f|=1

-

=P,|Q=Q

. P

Rcosd=P+Qcosa .(2)
taking dot product of (1) with unit vector perpendicular to x-axis, we have

Similarly,
!_?),f’sinﬁ =’I—5m00590°+ alflsina
Rsind = Qsina .3) ~P=P.ld=0q .FEI =R, M —1 c0s90°=0

Dividing (3) by (2), we have

I

" Rsind  Qsina
Rcosd P+Qcosa

Qsina
P+Qcosa

_or. tand =




s gives the directi
This § roction of resultant, i.e. the angle ¢ which the resulta™

with the force P.

Note: The angle @ which the resultant E' makes with the force Q

.. - banr
is given O}
g

tano=(—ﬂ‘a_ —

Q+Pcosa R
»

ng Eo "'!-‘5-‘\))

i ="\ ’

Note: If the forces P and Q have same magnitude, i.e. Q = P, then usi

we have
Qsina  Psing Psina sina

' P+Qcosa_P+PCOSa=P(1+COSQ)=7*“
_2sina/2cosa/2 sing/? a
= = =ta

tang =

2cos?q/2 cosa/2 2
—
2

This shows that:

The resultant of two forces bisects the angie
between them if the forces have equal magnitudes.

Greatest Resultant:
z2n ang!

The magnitude R of the resultant of two forces P and Q acting at

77l

-~
N

{1}

—

given by )
R=+P?2+Q%+2PQcosa \
itis clear that R will have greatest value for maximum value of cosa . The maximum

value of cosa is 1 at a=0. In this case the forces # and Q =act =iong sams

direction. Putting cosa = 1:in (1), we get the greatest magnituds of resukant, i.=.

Rematest = VP2 + Q@2 +2PQ(1) =/P? + Q2 +2PQ =[P+ QF

-

This shows that the greatest magniwde: of the resultant is obizinad whan the forsss
act along the same direction and is equal to the sum of the magnitudss of the Toroes.

f

We conclude that:

The resultant of two forces is greatest whan ths

forces act along the same direction and is 2gual 1
the sum of the magnitudes of the forces.
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given by

R=+P? + Q% + 2PQcosa +(3)
IUis clear that R will have least value for least value oi cosa . The |'east value of
coser is -1 at a=90°. In this case the forces P anq Q are perﬁen?lfiular to each
other. Pulling cosa =-1 in (1), we get the least magnitude of resultani, i.e.

: 2,Q% - =(P-Q)*
Rigne = VP2 +Q 2P =JP* +Q* -2PQ P-Q)

R
or Riaa =P =0 =)

This shows that:

i ined when the forces act
The les {ude of the resultant is obtaine .
;S;olselss ltomeas?cnr: other and is equal to the difference pf the magnitudes
of the forces. (Difference is taken so that the magnitude of the small

force is subtracted from the magnitude of the large force).

Lot us consider a system of concurrent forces
S o -

Fy,Fy Py in y-plane passing through the
point O as shown in Fig.1.14.

If 13 is the resultant of the forces, then

=) 4 4 -» -

y
‘ R=F+F+F+..+F, (1) Fig.1.14
Taking dot product with unit vector / and using its distributive property, we have
- . e -

- ~ - - - n = " ", )
R"=F1"+Fz°l+F3-i+...+F:,-i
X=X1+X2+X3+...+Xn

or X = z X
7Z=1 ’ .(2)

w
here X,X1,X2,X3,...,X,, are resolved parts of R,F,

respeclively,

Similarly taking dot
, product o
Property, we have L

NG .
5, F;, ...,F, along x-axis
With unit vector j and using its distributive

R'jz(F1+F2+F3+...+IE;)'j
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53
J Ay
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it e anale Which the 18 cesultant mabss il 7-7is, tin

hmﬂuv ]
X

or () - liif '( /J
X

3 Find the resolved parls of he

forces shown in Fig. .15 in tho diroctions Ox
and Oy. Also find the magnitude and direction

of their resullant.
Horo F, 12N, 0y = 30" + 90" =120

and F, =8N, 0, = 360" ~30" = 330"
The resolved parts of the forces Fy and F, in
the direction Ox are

{4 )
4

e

V4
i
WL.‘ 1}
% i
\ |
i

o—— ol N i /
i
{

i ZN

Fig.1.15

X, =Fcosl X, =F,co50
=12co0s120° = 8cc3330°
=12(-0.5) == 8(0.:/66 )
=-6N =6.923 N

The resolved parts of the forces F, and F, in the directfon Oy are

Y, = Fysin0 Y, =F,sird
=12sin120° =8sin330°
=12(0.866) =8(-0.5)
=10.392N =-4N

: irection Ox s
The resalved part of resultant in (9 dicl:;ins.gza N=0.528N

X=X1+XZ=
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_ Outiodictina & MOCHANICS

Tho roesolvod part of rusuﬁﬁfﬁ in the direction Oy is
P Y =Y, - Yy =10.392N—-4N=6.392N
The magnitude of the resultant is

R dX2 Y2 =4(0.928)% +(6.392)?

- \J0.86 4 40.86 = J41.72 =6.46 N
If @1s the angle which the resultant makes with x-axis, then

6.392 -
"= m"“‘(‘;’?‘) - ta"—{b’.‘é‘ié) = tan"'(6.89) = 82°

Find the resultant of all the forces shown in figure below:

150 N

Horizontal

Vertical

600 N

IR We resolve all the forces at O along coordinate axes as shown in the
figure below:

800N |
\
! 500 N
\
: 50°
15_0‘N 90° .30 40°
/,é \\ Horizontal
L7 50 N
r' \
’ v \
/ \
¢ Vortical
’ \
£ \

4 BOON
!
|
|

Itis clear from above figuro that the forces F, =500N, F.
Fy « 600N make anglo 40°, 1

=800N,F, =150N a
If 14 it

| | 30°, 180° and 270° respectively with positive x-axis.
the magnitudo of the rosultant, then its resolved part along x-axis is

X Xy Xy Xy X,
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X =F;c0s40° + F, cos130° + Fh3 cos180°+ F, cos270°
X =500(0.768) + 800(-0.64) + 150(—1) + 600(0)
X =383-512-150
X =-279
similarly, resolved part of resultant R along y-axis is
Y=Y1+Y,+Y;+Y,
Y =F;sin40° + F, sin130° + F; sin180° + F, sin270°
Y =500(0.64) + 800(0.766) + 150(0) + 600(—1)
Y =320+612.8+0-600 =332.8
Therefore

R=vVX?+Y? = [(-279)% +(332.8)2 = /778415 110755.84
—/188596.84 =434 3N
(1v] |332.8 332.8
der tan”'| — [=tan™| Y —— | = tan™"| === | = tan™"(1.19) = 50°
L Ml == el €3 Ry
since X <0,Y>0, so Rlies in the li quadrant, so the angle 6 which the resultant

with positive x-axis is given by

ey The greatest resultant that two forces can have is of magnitude P and

the least is of magnitude Q. Show that, when they act at an angle «, their resultant

is of magnitude

2 2 & 2 . 20C
' = sin2 =
. \/P coS 2+Q 5
i
W Let the forces PP, act at an angle «. If R is the magnitude of thei
resultant, then

R? =P? + P? +2P,P, cosa (1
Since P is the magnitude of the greatest resultant of forces F;,P,, so
P=P,+P, i
Since Q is the magnitude of the least resultant of forces F,,P,, so
Q=P,-P, o
Adding (1) and (2), we have Subtracting (2) from (1), we have
P+Q=(P,+P,)+(P—P,) P-Q=(P,+P,)-(P,—P)
P+Q=2P P-Q=P,+P,—P,+P,=2P,
P =P;Q ' (4) P, =P-'2'Q ...(5)

Putting these values of P, and P, from (4) and (5) in (1), we have
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R? (_P_g)
2

2, 2 2
_P?+0Q%+2PQ P?+Q*-2PQ +(P -Q )Cosa

2
+(———P = Q) + Z(P al Q)(P — Q)cosa
2 2 2

4 4 2
2
_P2+Q2+2PQ+P2+02—2PQ+P2Cosa_g_cosa
- 4 2 2
2 2 2
=2P2+2Q +—P——COSLZ——Q—COSCZ
4 2
2 2 2 2
=£:=+9—-:+E—C05a———-§005a
2. 2 2
PZ 2 2 2

- 4 —cosa+—-———COSa
2 2 2

7 2
=%-(1+cosa)+92—(1—cosa)

2 2
- i_(z cos? g) + %(Zsinz ‘—z—\

2 2)

o . 2a
_ P?2cos?=+Q*%sin“ —
2 2
. 2

_ :2 22 2Sng_
R-\Fcos 2+Q I >

‘ Forces P. Q, R act at a point parallel to the sides of a triangle ABC taken

in the same order. Show that the magnitude of the resultant is
1

(P? +Q% +R? —2QRcos A-2RP cos B-2PQ cosC)?

Let the forces P, Q, R act along the
sides BC, CA, AB respectively as shown in the
Fig.1.16(a). Let the side BC be parallel to X-axis B - C
with B as origin. Resoiving all the forces at B in P

Fig.1.16(b), we note that forces P,Q,R make
angles 0°, 180° — C, 180° + B respectively with

positive x-axis. Therefore, the resolved part of
resultant along x-axis is

X =Pcos0°+Qcos(180°-C)+ Rcos(180° + B)
X =P-QcosC—-RcosB (1)

Similarly, the resolved part of resultant along
y-axis is

A
A

Fig.1.16(b)



] =P? + Q*(cos? C +sin? C)= R*(cos® B2 + sin? B)— 2RPcosB
. —2PQcosC + 20R({cosBcosC —sinBsinC)

=P? +Q*(1)+ R%(1)+ 2QRcos(8 + C) - 2RPcosB - 2PQcosC

X% +Y? =P? + Q® + R? + 2QRcos(180° — A)— 2RPcosB — 2PQcosC

=P? +Q* + R* ~2QRcosA-2RPcosB—2FQcosC
The magnitude of the resultant is

VXZ+Y? = JP? Q% + R? _2QRcos A—2RP cosB — 2PQcasC
Thus, the magnitude of the resuliant is

(P* +Q* + R* ~2QRcos A— 2RPcosB— 2PQcosC)z
EEII R Forces X, P+ X, Q + X act at & point in the dirsctions of the sides of an

equilateral triangle, taken one way round. Show that they ars equivalent to two forces
P and Q acting at an angle of 120°. )

PU, 2013; 2008; 2006; 2004 (B.A/B.Sc.)
CRITIIIE Let the forces X, P+ X, Q + X act along the sides BC, CA, AB respectively

as shown in Fig.1.17(a). Since zll the three angles of an equilateral triangle are of

measure 60°, so resolving the forces at point O in Fig.1.17(b). we see that the forces
i e

X, P+ X, Q+ X make angles 0°, 120°. 240° with positive x-axis.

Fig.1.17(a)

Fig.1.17(b)

IFR is the magnitude of the resuitant of the given forces, then its resolved part along
x-axis is |
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£ R Bhatt

120" (Q x)oos 240

R, # N \\0\#(“‘ \\nh
Ny X2 \\’ .‘.‘, t{ﬂ! \\{ }

- . ‘"(1)
1 " [ I (\‘
‘ S
:t +f the resulls ant along y-axis 1t

n240°
2 . Xsh0+ (P X)sin120° -n-(Q-r-X)sin2¢

N\, ’
| (5 B
R :(p.,\\xl',\._} (Q+ }\){ .

\I“]G_"\ the osd! \\\\ o

l’\) 2
V3 +_}_/_2_J\-._}_/:3:.Q——\£—:x
Ny =78 2 2
R =§(P—Q) «(2)
..... 5 and add a(ﬂand {2). we have

Ty — e &

2
V3
RS*R5=(‘E(P+Q)) +(—2—(P—Q))
=1(P2+QZ+2PQ)+%(P2+Q2—2PQ)
4
1 1 2 _1 §_ 2 EQZ—-:—S-PQ
=_P2+ZQ +oPQ PR+ :

e 1 2,302 pa-32pPq
AT SRR

= 1;+_3_ )2 (1'{"3)02 (_3)PQ
== : _
=P?+Q*-FQ .
_PZ.LQ2+2PQL__) .

= P2 + Q% + 2FQcos120°
The magnitude of the resultant is given by 7
Rz,/Rf +Rf = JF +Q? +2PQcos120°

This is equal to the magnitude of the result 2t of the two forces P and Q acting at an
angle of 120°. This shows that the given forces are equivalent to two forces P and Q
acting at an angle of 120°,




Composition of Concurrent Forces 21]

m“m Lk FOCes X Y, Z P s g+ Y, P + Z act at a point in the directions of the
nt is a force

sidss of g regular Fexagon, take 7
S “€x2g0n, taken cne way round. Show that their resulta
P + Q in ths direclion of the force Q+ y' 4
m | = thoe forces Y Y . : .4t i i
Solution- s f:.c:e;)(, ,Z,P+X Q+Y, P+Zactata pointin the directions of
the sides of 2 reguiar hexagon, taken one way round as shown in Fig.1.18(a).
- ‘ T -_} —) —)
S mm | gi-=] eSS = ,'"\— 4 1 H
Resolving the forces at point O in Fig.1.18(b), we see that the forces X, Y, Z.
: - Z make angles 0°, 60°, 120°, 180°, 240°, 300° with positive x-

e
zxis. If R is the magnitude of the resultant of the given forces, then its resolved part

R, = X€os0°+Y cos80°+ Zcos120° + (P + X)cos180°
+H{Q+Y)cos240°+ (P + Z)cos300°

. 1 1 1 1
R, =/:-—-£—Y—— - 3. . Y —(P+Z
s +> 22 (P+X) 2(Q+ )+2( )
1 1 1 1 1 1
R =x:'y_ 7 p xX-_Q--Y+=P+=Z
g 2 22 p-X 20 2" "2 2
1 1
R =—P——Q
g 2 2
Rz =-E‘(P+Q) (1)

N -
Z Y
120°
- = 60° -
P+ X4— —>X
- -
- = P+ Z
Q+Y
Fig.1.18(a) Fig.1.18(b)

Similarly, the resolved part of the resultant along y-axis is
R, = Xsin0°+Y sin60°+Zsin120° + (P + X)sin180°

+Q+Y)sin240° + (P + Z)sin300°

J3, 3 V3 V3
Ry _0+—2—Y+-—2—Z+0—7(Q+Y)——2-(P+Z)
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R =-22(P+Q) -(2)

Sdfiaring and adding (1) and (2), we ha;ze - 2
1 - L _.}.,_(P + Q)]
Rf+R§=[—E(P : Q)) ( 5

3
2 =%(P2 +Q? +2PQ)+ 7 (P + Q° +2PQ)

= (L}ﬁ)(Pz +Q% +2PQ)

=P%+Q%+2PQ
=(P+Q)?

R=P+Q |
Let R make an angle # with positive x-axis. Since both R, and R, are negative, so

o . | / a.y ]
gmust lie in third quadrant, i.e. we should add 180° in the angle tan (—J

X

Now \
R - ﬁ (P + Q)
tan"(—yJ = tan™'| —2 =tan™'(v/3) = 60°
g = (P+Q)
2 )
Therefore

R
0= 180°+tan'1(R—yJ =180°+ 60° = 240°
i X

Thfs shoWs that the resultant of given forces is a force P + Q in the direction of the
force Q +Y.

SEMIERR /f two forces P and Q act at such an angle that their resultant R = P,

show that if P is doubled, the new resultant is at right angles to Q.
PU, 2012, 1999 (B.A./B.Sc.

ML Let the forces P and Q act at an angle «, then
R?=P? +Q? +2PQcosa

P? =P?+Q? +2PQcosq “R=P

-e



The resoly 5
ed part of the resultant R of two coplanar forces B and Q acting at a

point O in the direction of 3 is of magnitude Q. Show that the angle between the
forces is 2sin-' [P

2Q°
Solution:| PU, 2010, 2003 (B.A/B.Sc)

- -
Let a be the angle between the forces 1—9) and 8 _Since R is the resultant of P

__)
and Q, so

- 2 2
R=P+Q (1)
P . -
If G is the unit vector along P , then taking its dot product with (1), we have
: . - L .
R-O=P-0+Q-d -(2)

) g . _ - -
Since R, being the resolved part of R along P ,is Q, i.e.
-
Ri=Q +(3)

-
Since U is the unit vector along P , so

-
P-0=P .(4)
-’ ->
Since « is the angle between the forces P and Q, so a is also the angle between
the unit vector 4 and Q, SO

-
Q- =Qcosa ...(5)

- .. -
Putting these values of R-0,P-0 and Q@ from (3), (4) and (5) in (2), we have
' Q=P +Qcosa ~
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two forces P& Qis R, if Qs double R is double, if Q is

ow that P2:Q* :R?:2:3:2.
rces P and Q, then the magnitude of their

e resultant of
reversed Ris again double, sh

Example-10: UL

If « is the angle petween the fo

resultant is
R? = P? +Q* +2PQcosa (1)

If Q is double, R is double, SO
(2R)? = P? +(2Q)* +2P(2Q)cosc

4AR? = P? +4Q* +4PQcosa -(2)

d, R is again double, sO
(2R)? = P? +(-Q)? +2P(-Q)cosa

4R? = P? +Q* —2PQcosa ..(3)
eliminating cose: from (1) and (3)), we have
' R?=P?+Q*+2PQcosa
4R? = P? +Q* -2PQcosa

5R? = 2P* +2Q°
2 2 2 =
2P? +2Q* ~5R" =0 (4)

Multiplying (1) by 2, we have
2R? = 2P?% +2Q% +4PQcosa .(5)

(2), (eliminating cosa from (2) and (5)), we have
4R? =P? +4Q° +4PQcosa
2R? =2P% +2Q* + 4PQcosa
2R? =—P? +2Q"
, - P?-2Q*+2R* =0
Solving equations (4) and (6), we have A0
2P? +2Q* -5R? =0
P2 —2Q2 +2R2 =0
2 !
P QZ R2

2x2-(-5)x(-2)  2x2—(-5)x1  2x(-2)-2x1

If Qis reverse

Adding (1) and (3),

Subtragting (5) from
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% - e

7 .| 7
‘ ./ p; ., P
v P4 Q7 R 2.8 2

' ‘ v al I
LLIUTILERE Tho rosullant of two fores 12 and € weling at sn angls 9 1s squal 1
/ ” s [+

(2m + 1)‘/ Y0’ whon they act ol an sngle 9070, the  resultant I8

(2m-1JP* ¢ s Prove thaf tan g - " :
4 /7§

1 d b
M,«'Jlnm (2 s WP 4 0 i the resultant when 2 and O 4t an angls 0, 50
' I p ’ o 7 ’, 2, . .

((2”' NP7 C)"J P74 Q7 4 2P0 cos0

2m 31 (P? Q%) P? 4 O% 4 2P0 cosy

2PQCoB0 = (2m 4 1) (P? 4 Q%) (P? 4+ Q)

2PQCO0 = [(2m 4 1) ~1)(P? 4 %)

2PQCosl = (4m” + 4m 41~ NP7 + Q%)

2PQcosd = (4m? + 4m)(P? + Q?)

- 2PQcos0 = Am(m + 1)(P? + Q7
PQcos0 = 2m(m +1)(P* + Q?) (1)

e —

Since 2m-1WP? + Q7 i the resultant when P and Q at an angle 90% - 0, so
—— )
( (2m ~1),/P? m") =P 4 Q7 4 2PQcos(90° - 0)

(2m =1 (P? + Q%)= P? + Q% + 2PQsiny
2PQsin0 = (2m-1)*(P? + Q*)~(P? + Q%)
2PQsin0 = [(2m - 1)? ~1|(P? + Q%)
2PQsin0 = (4m* - 4m 41-1)(P? + Q?)
2PQsin0 = (4m” - 4m)(P? + Q?)
2PQsing = 4m(m - 1)(P? 4+ Q?)

’ PQsInG = 2m(m ~1)(P? + Q%) .(2)
Dividing (2) by (1), we have



Hea(eet ) HU-“»‘; L)

rammps . ) ) |
" 3. 3 and P-O mualke an angle 2a with one anather ahd thelr tosig

y Pe Q 3G i #h { 2] ;
el & with the bisector of the angle belween them. Shaw (i
ape,  SICSIE & WL wike : ul

rﬂ‘fn:—: =
e~ »
oy L = J‘z",!“ 7 4
3. ¢
al )
-l st AR -

—» .
g *;’;’ ~aprasent forces £rQ and P-Q respeclively as shown i
o L b

-
lef OA 3arG o .
. 77 e tee angle bisector of ZBOA, then > makes an angle 7 wiiy
=g (43 ¥ OD s W€ a -Q ’
o Liar ZOI’"J =7+ and ZAOL’ =g - .
oD . Hex
8 .G

72 ‘([—-5

Fig.1.19

Using lawr of sine in triangle OAC, we have
OA _ AC

sin(a + 9) ~ sin(a—-0)

OA sin(a+0)

AC  sin(a-0)

P+Q sin(a+0)

P-Q sin(a-0)

(P+Q)+(P-Q) _sin(a+0)+sin(a-0)
(P+Q)-(P-Q) sin(a+0)-sin(a—-0)
P+Q+P-Q 2sinacos(
P+Q-P+Q 2cosasinf

2P tana

20 tang

Ptand =Qtang
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I‘n this soction we shall state and prove (4, x) theorem. We shall BISEIgEs S
applications of (4, 4) theorem,

It two concurront forces are represented by A,OA and ;:OB their resultant is given

by (A + /f)OC where C divides AB so that AC: CB = u: A.
GIRESR 1tis clear from Fig.1.20 that

), 2011 (BS Math

e B
OA=0GC+CA w(1)
and —) B
- —>
OB = OC+Ch @) . ¥99 C ,
Multiplying (1) by A and (2) by « and adding, we A
get ' = _
A0A
A OA+ /IOB (4 OC+}LCA)+ (,uOC+ u CB) Fig.1.20
=(A+ ,u)OC-f- A CA+ ,uCB
- —>
=(A +,u)OC—/1AC+ ,uCB (1) (rACA=-1AC)

- -
ltis given that AC: CB = p: 4, so AAC = uCB. Using this in (1), we have

- = —>
= AOA+ uOB=(A+ u)OC
This completes the proof.

: - = -
Forces P,Q act at a point and their resultant is R . If any transversal cuts three lines

R

of action of the forces in the points A, B, C respectively, prove that P + Q

OA OB OC

Solution:

- = =
Forces P,Q and their resultant R are shown in Fig.1.20.

_)
We can write the force P as follows:
_)

-
P = (Magnitude of P)(Unit vector along I_D))

OA
OA

= Pl
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aipeea t\ 8 lha maullc\m of forces

..}._:\.5‘&“ i: —l A (‘
'3 B _) 4 _,.,.)
;‘»( R } . Lf—)o;\».- téﬂoa
OA B ©

R
Q. P gousing (4, 4) theorem. we have

Since AC.CB= OB "GA'
OB=|—"177 0
t )0A+(OB) (OA+OB) =

OA,
Using this in (4), we have
-
e +9,)oc ( i }oc
~ OA OB oC
This gives
DA OB 0OC
Examle-14
-y
F omes ZBC CA, BA act along the sides of a triangle ABC. Show that their resultant
j { CE=~CA.
3

is SDE where D bisects BC an

MConSider
5 = 2

" 2B+ CA+BA ?.BC AC AB
—ZBC (AC+ AB) (1)
Using (4, #) theorem, we have
-y -y
1AC+1AB = (1+1)AD
S —
AC+AB=2AD .(2)
Itis also gwan that
g Ay A
2:{3)




i
Comp osition of Forcas ; =

Using (2) ang (3)in (1), we have X
> o o —> o~
2BC+ CA+BA=2(2DC)— (2 AD)
— —>
=2(2DC+ DA)

> S . rem)
2BC+CA+BA= 2(2 + 1)5)E (again using {4, #) theo
s S -
2BC+CA+ BA=6DE L
. > = =2 6 bE
tthe resultant of the forces 2BC,CA,BA is .

1-5E Uilibrium of a' Particle:
§h\ —_— |

This shows tha

e rove Lamy’s
In this section we shall define a particle in equilibrium, state and p

Theorem, ang solve’some relevant examples.

o : all forces
Equilibrium of a Particle: I\ particle is in equilibrium if the resultant of al

acting on the particle is equal to zero.

— .
In the Fig.1.21, three forces, acting at point A, weight W , and tensions
equilibrium,

Fig.1.21
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B

Fig.1.22

P

_)‘
— — y By i . .
2 SRS B 4~z forcss acdng on the parucie at the point O and R is
A W -‘: vl T ol & - —-——— =

- =S = = — o=
R=B+5+P+.+B, =2F ~(1.11)
=t
The meressE arc suficent conditicn for egquilibrium is tha
= —
R=C ...(1.12)

. = 4 4> " - R
4oz fopmss are copiarer, ten from (1.12), we have

X=0 Y=0 -(1.13)

L

N ows har e

/

Vecessary and sufficent candition for coplanar forces to be in
scuilicrium s et Se resoived parts of their resultant along

3 N ¢ -
SCOrCinals SXES 8T IS

Lees Fzoerice 's m eguilicriur under the action of several forces, then the sums
I TEr TSSONES IES 30rg ordingls axss ars e, |
X=X, - =X, =0Q ¥
v g
P 4 o
2.X, =Q Y. =0

> P

t

.S AJK, 2012, 2010 (B.A/B.Sc,
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thies st bodwmany 11 g 17 y ots it spegies busbipspant) 17 el S
- ” o l"

Sance Inces e in et deri a, g
’ ’ v
.’Jrl ,J"‘,"-’} "l) p
p ' I
{ad E’b; Laty et Jrpr Aeaee sile v ' 79 17
e Sl N PG B [r}lj..]l
resptively, than (1) ey G (o wd " 4
o y; - ; j

Piy s Qily s 14, . 1) A7)
Taking cross product of (2) with b, we
rupiey
Gr (P8« b Fij=10

PorasQarbaltasri -0 Fig1.2%
OsQirbsPiri =1 v nd=0

Qarb-Flrd =0 e Brbebnd

Cheb=Firh

93 . b = Fer 3 (Taking rragniudes on both sides )

O,afba ny = Réldcos

L =2 A3)
cosfi sny
Simiarly, taking the cross product of (2) with b and simplifyfing, we have
P R 14)

cosa sy
Equating (3) and (4), we have

P QO R
cose cosf  siny
This shows that each force has a magnitude proportional to the sine of the angle
between the other two, This completes the proof.,

P

—p

Three forces P,Q,R acting at a point are in equilibrium and the angle between

7 - ¥
and O is double of the angle between P and R . Prove that R* = Q(Q - P).
U, 2000 (B.A/B.Sc.); PU, 2011; 2010 (BS Math
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Soliition: | .

—p =)
If « is the angle between P and R then

24 is the angle between .3 and 8 as b, -
- / %,:)
shown in Fig.1.24. If P acts along x-axis, 2u
- -
then R and Q make angles « and
360° -2« with positive x-axis. Since the =
forces are in equilibrium, so Q Fig.1.24
X=0 Y=0
Now X =0
— Pcos0°+ Rcosa +Qcos(360°-2a) =0
— P+Rcosa+Qcos2a =0
— P+ Rcosa + Q(Zcos2 a-1)=0 ..1) - cos2a= 2cos? o —1
Similarly, Y =0
— Psin0°+Rsina +Qsin(360°—2a) =0
— 0+ Rsina—-Qsin2a =0 ++ 5in(360° — 2a) = —sin2a
— Rsina—Q(2sinacosa)=0
— sina(R-2Qcosa) =0
> R-2Qcosa=0 »sina #0
= 2Qcosa =R
R
cos ...(2)
= %75
Putting this value of cosa from (2) in (1), we have
2 2, p2 :
R R R°+R
P+R| - |+Q ~1[=0 P+ —Q=0
el {ge) -1 5
2R?
R? R? . K _o-
P+— 1| =
20 +Q( (402J 1] 0 22Q
R
R* R? —=Q-P
P+—+—-
=Q(Q-P)

xample-16 P is any point in the plane of a tnangle ABC and D, E and F are the

middle points of its sid - = = —
equilibrium. es, prove that the forces AP BP,CP,PD,PE and PE are in

m All the forces are shown In Fig.1.25. Using (4, 1) theorem wh i
1PB+1PC = (1+1)PD '



Chapter-1: Composition of Forces . _ Equilibrium of a Particle . 33 [

> = —
= PB+PC=2PD (1)
Again using (4, u) theorem, we have
~> - -
1PC+1PA = (1+1)PE
A -
=PC+PA=2PE -(2)
Once again using (4, z) theorem, we have
— —> -
1PA¥1PB = (1+1)PF

- o -
= PA+PB =2PF ...(3)
Adding (1), (2) and (3), we have Fig.1.25

- - - - - - - - -
(PB+PC)+(PC+PA)+(PA+PB)=2PD+2PE+2PF
N - — ~> - -
- 2PB+2PC+2PA =2PD+2PE+ 2 PE

e - S S

2(PA+PB+ PC) = 2(PD+ PE+ PF )

i A T

PA+ PB+ PC = PD+ PE+ PF

- 5 o5 = 2 o -
—AP-BP-CP = PD+ PE+PF wPA=-AP,PB=-BP,PC =-CP
A A R S SR

AP+ BP+CP+PD+PE+PF =0

e s e -
This shows that the forces AP,BP,CP,PD,PE and PF arein equilibrium.

2EWICRYA Three forces act perpendicularly to the sides of g triangle at their
middle points and are proportional to the sides. Prove that they are in equilibrium.

TN Let ABC be the triangle, and let the
== A

forces P,QR act along the perpendicular

bisectors of the sides as shown in Fig.1.26.
Suppose that the lines of action of the forces meet
in a point O.

Let a, b, c be the lengths of the sides of the triangle
ABC. Since the forces are proportional to sides of
the triangle, so -

P Q R B -
a b o (1) ¢
—)
Using law of sine, we have s
a b c
— —_—e,— ) F. 1.
SinA  sinB  sinC ~{2) '9.1.26

Also ZQOR=180°-A, Z/ROP = 180°-B, 2POQ = 180° —

C
So A=180°-ZGOR, B =180°- ZROP, C = 180¢

—£ZP0OQ
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Tirustion s MOONANIGH

Using theae in (,'.’.), we lave / ’
J s
i p ol e
sin(180° (O sin(1io” o)) sy 1
a b 0 B
inQON sin 20 sinlou A%}
' . 1) { 1va
comparing (1) and (), we “W/' () f__
ey T gipROP 8inPOY
sinQOR - 8O sin i o
b Jortionat 1o the sine of e zode

itude of gach fores 16 Prof
y Lami's thaorem, We G

Sude that he furss zee

This shows (hat the magrn
helweo olher (wo, 80 h

oquilibrium.
v tho lorcot in the ropos /b and /.

Examplo-18: LUE Fig .27, 1

Fig.1.27

It is clear-from the Fig.1.27 that ring A s in equilibrium under the action of
three forces AB,AC,AD, sO using Lami’s theorem, W€ have
AB _ AC___AD (1)
SnDAC _sinDAB  sinCAB

It is clear from above figure that
/DAC =90°, ZDAB = 180°—30°, ZCAB =90°+ 30°
Using these values in (1), we have , .
AB AC AD

Sin00° _ Sin(180°—30°) _ sin(90° +30°)
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Equilibrfum of a Particle °

Chapter-1: Composition of Forces
AS 0. AD .+ AC = 40, sin90° = 1
1  sin30° cos30°
AB __40 AD 40
1 sin30°’ cos30° sin30°
AB = 40 _ cos30°
sin30°’ A4 sin30°
40
AB =Y 0.866
AB =80 kg, AD =69.28 kg

This shows th .
respectively, at the forces in the ropes AB and AD are 80 kg and 69.28 kg

Example.19: i
In the Flg.1.28, find the forces in the ropes AB and AC.

350 1b

Fig.1.28

' mnm It is clear from the Fig.1. i ilibri .
three forces AB,AC,AD, soequligrig1 Lzasntl?: tt:::rgrr:,svl\?eiqa‘cgbnum Hnder the action of
S AB  AC _ AD
= sinDAC  sinDAB ~ sinCAB
ltis clear from above figure that
ZDAC =90°+tan™"(2) = 90° + 36.87° = 126.87°

£DAB =90° +30° =120°

(1)
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Solution;

three fore

() "i‘:'!"'.#rrn"hv!'- %u”““ ‘

FOAR = ABO" 80" tian (3 - 100~
el Whese values 1 (1), we have

Thin shows that the forces In the o

respatively,

SLGIREELR i the FigA.20, tind the forcos
on the eviinder |,

Sntosie ittt &

N\

Itis clear from
8S CB,CD,cEe

Al

Al _ Al
0.0
Aoz
0.0

Al = 0.0 % BO 7,00,

Al = A70

* S fasatie s e

&) ;"

ow

ConeG 0,02

i,

)

Z A, Bt
4

Al Al)

alno.n7"  aint20” ARRERER

WO A - 0

Y. 697,83
(0.8B66
AC = 0.866 » 507,83
AC = 516 1b

pos AB and AC are 478 1b and 618 |p

in the ropes CD, CB, BA and the woight

)2/
30 5
L (1)) 150 SR
g, K | §7 A‘r‘/\ 45°
C. “-‘*%‘:mﬁj“/ : __{I;
) B
/&L
!-?'1[ .'.';"} )
A
"_.14._,_ o I
W
RN
R P

CB

the Fig.1.29 that rin
» SO Using Lami's theorem, we have

Fig.1.29

of
g Cis in equilibrium under the action

CD

SINDCE ~ smEcE =

CE ey
sinDCB S
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Itis clear from ab0ve figure thka;“
£DCE =90° +30° = 120°
ZECB 9()«’.3_‘“1502”.7.53

/DCB - 1 o o, o _ o
Using these values in (1), we have 80°-30°+15°=165
CB D

s$in120°  sin75°
LB _¢Cp 30

sin165°

0.866 0.97 026 SRS S0
c8- 30 cD 30
0.866 0.26' 097 0.26
CB =0.866 x115.38, CD =0.97 x115.38
CB=1001b, CD=1121b

This shows that the forces in the ropes CB and CD are 100 Ib and 112 Ib
respectively.

It is clear from the Fig.1.29 that ring B is in equilibrium under the action of three
forces BA,BC,BF , so using Lami’s theorem, we have
BA _ BC _ BF (2)
SiNnCBF sinFBA sinCBA

It is clear from above figure that
ZCBF =90°+15° =105°

£ZFBA =90° +45° =135°

ZCBA =180°-15° - 45° = 120°
Using these values in (2), we have
BA _ BC _ BF
sin105°  sin135° sin120° |
BA 100 BE . e tom e
0.97 0.707 —0.866 i GERAC=100
BA 100 ~ “ BF _ 100
0.97 0.707" 0866"0707""'
_ 0.97x100 - 7 gr_ 0:866x100
0.707 ' -~ 0.707
g o 0:97x100 | g _0-866x100
0.707 0.707
BA =137 b, BF =122 51

This shows that the force in the rope BA is 137 Ib and the weight on the cvli
Fis 122.5 Ib. Olinder
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& R Bhatt

-6 Moment of a Force about a Point _ |
(LS The tendency of a force o turn a body about a point i called the moment

of that force.
Let a force F acting at a point A of a body tend to turn the body about the poing

O as shown in Fig.1.30. .
Let 7 be the position vector of A with respect to the fixed reference point O,

The moment of the force £ about the point O is defined as the vector
!

M=FxF «(1.14)

The moment M is perpendicular to the plane containing vectors roand F and itg
sense, determined by the right-hand rule, characterises the sense of rotation that f

tends to impart to the body. )
i 0is the angle between 7 and F, then from (1.14), we have

A74=|F><ﬁ|  M=FxF

M = [F"F‘I sing
M =Frsin0 (1)
Let d be the perpendicular from O'to the line
of action of force as shown in.Fig.1:30.
OAA" is a right triangle with, OA'=d
perpendicular and OA=r hypotenuse, so

g =sind
r
= d=rsind
Putting this value of rsin@ in (1), we have
. M = Fd _l ..(1.15)
This shows that:

The magnitude of the moment of a force is the product of
the magnitude of the force and the perpendicular distance
from the point of rotation to the line of action of the force.
The perpendicular distance from the point of rotation to the liné of
action of the force is known as arm of the force. ,
Since d is the perpen’ iar, distance from O (the point of rotation) to the Iin® of

action of the force in Fig:1'30, so d is arm of the force.
We conclude that: ¢

. —" |
.| The magnitude of the moment of a force is the product of
the magnitude of the force and arm of the force.
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The moment of g fér(;e
magnitude of the for
the point of rotation.

about a point depends upon the
Ce and the distance of the force from

it is noted that if line of action of the force

- passes through the point O F =
consequently M =0 . We conclude that: g point O, then r =0,

The moment of a force about i i [
: a point O is zero if the lin
action of the force passes through the point O. ool

We explain this fact from a daily life example:

What happens when you try to open a door with one finger?
Where do you push? B :

F.

2 That's Pty
oaslorl RIS

e

The turning effect of a force depends  The turning‘eﬁegt of a force depends on
on the magnitude of the force. _ _th dance m,the axis of rotation.

. ¥ Ny o & . ) >
B v Notquita '- % -t_ | - —- - ."--‘H'J‘-'-'--.,_._&

Scanned with CamScanner



A0  utioduction ts MOOHANICS

ECTERAH Find momonts of forco appliod through the spannor to open thg py n-\.
shown in Fig.1.31(a) and Fig.1 31(b). What is your conclusion? 5

P Zi : B‘t

6o M

-«
L nut
i
o

MY iEd 2 o0 2
b it b £y

Spunnor Spunn
(wronch) (‘:I;:;:'ct’:‘r)
Fig.1.31(a) Fig.1.31(b) '
m It is clear from Fig.1.31(a) that It is clear from Fig.1.31(b) that
F=50N F=50N
d=0145m d=0.25m
Required moment is Required moment is
M= Fd M= Fd
M=50x0.15 M =50 x 0.25
M=T7.5 Nm M=12.5Nm

We conclude that if arm of the force is greater then the moment of the force i

&reater.
- Moment is positive if rotation is anticlockwise.

Moment is negative if rotation is clockwise. ‘

Ly 7he moment about a point O of the resultant of a system of
concurrent forces is equal to the sum of the moments of the various forces about the

same point O. -
' PU, 2011; 2010 (BS Math); AJK, 2012 (B.A/BSc
m Let the system of concurrent forces P,,P,,..,P, act at a point A as shownin

Fig.1.32. Let Fﬂ be the position vector of point A from O. If R is the resultant d
forces P,,P,,...P,, then P,
R=P+B,+B+.+B,  ..(1) P,
Taking cross product with 7 , we have
FxR=FxP, +FxP, +F xPy +..+T xP,
M =M, +My + My +.+M, .(2)

-

Where M,M,,M,,Ms, ...,.M, are moments

of R,P,,B,,...P, respectively.
This completes the proof.
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Sl st ¢t & RS T ;) b
/., ATy 7 NP L ¢ e -~ &

/‘ u\-'n l/‘-' L
L

. ey S . £ -
e 19588 e furis B s

SN = S ivrersior sl
4 /s > A g 3
y; 0d  § ) £r ~ 2 o - i 4
,/4.;., b o] ;/ .4‘//; ,,{_‘ / 2o :; /? J_/' a;r)‘.';
AL S o "f' el 2. - s B - - pu—
Jkis 90 YU B ST i Fig 1 2% Tren
-

"‘ " o r - 4 -
H AS S B 8 AR N e Tine of ackion of the
-r L7

s P, then the puosition vertor 7 of 4,7

g - xi’ b4 /;/ £2 Fig.1.33
the moment A P 204 OB

——

AT
N

—

M;=r,

N
2O
It
)

X N

L0

|
\(:.—-“‘ ‘\1 \< Moy A
|
o

- - -
Tl e Z Y, \
= g— L - T Y i
’(-) I\'J - .\/'-{:' rl.xl'j
: - —" L .':
(Y. -y, X Y
- s pn ,l' "" r-‘ T Lo T —'5‘-’.-‘ "‘q "y - F‘
ine ffm_, WUICE OF Ne omene = \:l.f:'f,ir -

M, =Y~y X, -2

hich iz the sum of momentis of X and ¥, zbout O, where x.Y; is the moment of Y;
o

e

i 15 dezy thzt the moment of Y. = pos@ive, because it tends an anticlockwise

roiztion while the meéﬁ‘. of X is negzive, beczuse it tends 2 clockwise rotztion.
From above discussion, we iso conciude that

-

=
=0A=12%

AB-0B-OA= (4i +12])-12k
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. 4i+12]-12k
" 4T v12] -124
 4f+12]-12k
T f4 e (12)% +(—12)°
47 +12j -12k
" 16+ 144 + 144
47 +12] 12k
47 +12] -12k
, 17.447
" The given force is- ) ) .
47 +12] 12k
‘ ( 17.44 J
_ /45887 +1.376] —1.376k
qu_er'nt:bf F“about O is

f':zFa.AB:z
AB

-~

) , .,”", i i k Fig.1.34
{ % lo4588 1.376 -1.376 {
=i(0-12x1.376) (0 ~12x0.4588) } : F
' 51657 +5.51) KNm o =y
L - e K 2f
ey Two forces F, =607 +40] + 20k, \ o
F, =804i‘+40]—30§ act on the rod shown in T S
Fig.1.35(a). Determine the resultant moment they g
create about the flange at O. Express the result as F
a Cartesian vector. Fig.1.35(a)

Position vectors are directed from noint O t
olutior on vect ntOtoe
force as shown in Fig'1 .35(b). These vectorsizre e

Fo =4i +5] -2k
The resultant moment about O js therefore

=y %Fy +7y xF,

1F,

Fig.1.35{b)
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i
M=| 0 5

60 40 20| |80 40 _3g
=i[5(20) 0]- j(0-0)+ k[0 - 5(-60)]"

+f[5(—30)+2(40)] Jl4(- 30)+2(80)]+k[ (40)-5(80)]
=100/ +300k - 707 — -40j - 240k |
=30/ - 40/+60k

FEAERLH Determine the moment of the force abOL.lt point O in Fig.1.36.

Ol+l4 5 =D

AN

VN

Fig.1.36

MR The moment arm d in Fig.1.36 can be found from trigonometry as follows:
d =3sin75° = 3(0.97) = 2.91

Moment of force F about point O is given by

| M = Fd =5(2.91) =14.55 kN
1-7 Couples
.=‘

m A couple is defined as two parallel forces with
the same magnltude but opp03|te in dlrectlon separated
by a perpen’” ular dtstance d.

ol

Two parallel forces P and - P with different lines of
action are shown in Flg 1 .37. These forces form a couple -P

and is denoted by (P P) : Fig.1.37
Arm of the. Couple:RIiE perpendicular distance d between the lines of actions of the

- -
forces P and — P is known as the arm of the couple.



In the following figures, some couples along with their applications are shown:

s

._F p

-

TS0 mme—
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-+ Couples

s D
; 'IL%"@‘.J’*@

Less force required to rotate the wheel. Greater force required to rotate the wheel.

The moment of a couple about any point in the plane of forces is equal to
the moment of orie force of the couple about the point of application of the other
force. '

._)
ﬁ@g Let G bethe moment of the couple
- -
(P,-P) about a point O. Let r;, I, be the

position vectors of the points of applications ' ‘ g
> - r.: =
A and B of forces P and — P respectively ,rl’ Ia-~
as shown in Fig.1.38. Then & ot -
- - - : /: L ot
G = Sum of moments of P and — P S O/'" i

- - - - g
G=F xP+F,x—P=(~-K)xP ..(). ~  Figl3s
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- 2 ."(1'16)
(P,—P) Is the moment of t,

This shows that the moment of the couple
‘ -

.on — P (point B).
,-)

-
at the moment of the couple (P,—P) is the mjq
mEnt of

ilarly, we can show th N
—; about the point of application P (point A).
couple, we have

the force
gnitude of moment of
—>

Next taking mé@ ,
,G' =IF>< P

G=rPsind
~(2)

d_.ing, so d=rsind. putting this value in (2), we have

In triangle ABA', :
l G=Pd , ’
: ~(1.17)

gnitude .of the moment of the couple is the product of
| :

This shows that the ma
d arm of the couple.

magnitude of the force an
of a couple upon’a rigid body js

Theorem (Equivalent Couples): L effect
f the same moment lying in the same

unaltered if it is replaced by any other couple 0

plane.

2005; 2001; 2000 (B.A/B.S¢,

Proof:

-5 =
Let a couple.(P,—P) of arm d, act upon & rigid body as shown in Fig.1.39 Draw
two parallel lines AC and BD, where A and B are the points of applications.of the

- -
forces P and — P respectively. Let d, be the perpendicular distance between AC

and BD.
Resolve the force f_; at A int Q S
into two components, Q along CA and S along BA

Similarly resolve the fi _P '
A8 orce — P at B into components —8 along BD and _3 along
-—)

The forces S and — ' '
o a:c; acing alfang the line AB, are in equilibrium and can be
(’_3,,_,_3,) Sy -Q, acting at A and B, form a couple. Thus the <‘:oupIe |
1 18 replaced by another couple (8 4 3) of a
’ | m dz.
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Chapter-1: Composition of Forces ‘Couples - 47
;;- YA
iy -
Q P
/A c !
' d,
D |
Lt
-Q
|

Fig.1.39

!

H - . oge —) é) .. v -
Using principle of transmissibility of forces, Q and —Q are transformed to points C
and D. Since the location of the points A and B and the directions of AC and BD are

-> -
arbitrary, the location of the couple (Q,— Q) in the plane is also arbitrary.
- - -
Since P is the resultant of the forces Q and S, so by Varignon's theorem, the

- - -
moment of force P about B is the sum of moments of forces Q and S about B, i.e.
Pd, =Qd, :

|
i Y - L S
| Where Pd, and Qd, are the'momints of P and Q abou: 3 while the moment of S
|

. -3
about B is zero as line of action of S passes through B.

| This completes the proof.
From this theorem we conclude that:

2. It is possible to change the magnitudes of the forces of a ouple
and its arm arbitrarily without changing the moment of the couple.
3. Any two couples of equal moments in the same plane are

equivalent.

|
{» 1. A couple can be transferred anywhere in its plane.
|
:

———1
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Dutrodaction 1 Mechanics

heorem Composition of Coplanar_Couples):JeTJETEIap
G1-Gz---an are equivalent to a single couple lying in the SO

moment G is given by G=G,+G, +.+G.
PU, 2013 (B.A./B.Sc.);

uples of p,,
ame p[ane' W

m Using the theorem of equivalent couples, the couples f
0

-
-
=)

G, can be replaced by the couples (P=P)APy=Py),s (P. P

G,,Gy1eer
common arm d such that ) with .
Pd= G, Pd =G,,....F,d =G,
5> - 2 ) ] N . -
The forces Py, P Fn act in one straight line and —P,,—P,,...-P. ina —
e,

- = e =
Thus we get a couple (P,—P) of arm d, where P=P:+P;+_,_+,3’
B —y ) n and
i SR 1__P2_____—Pn,SO
Pd
=(P,+Py +..+F)d
_ (Pd+Pyd ++ Pyd)
(P, +Py +t Py

= G1 +Gz +...+Gn

G

This completes the proof.

T RS EDR The necessary and

Theorem (Conditions for ,
sufficient condition for the equilibrium of a system of coplanar couples is that the

algebraic sum-of their moments is zero.
TR Let us consider @ system of coplanar couples of moments G;,G,...,G, - Using

the theorem of equivalent cougles, these couples of moments G,,G,,..G, can be

N - :
replaced by the couples (P1,—P1),(Pz,-Pz),...,(P,,,—P,,) with a common arm d such

that
Pd =G, P,d =Gy,...P,d =G,
The forces 13:15:/5; act in one straight line and —P_:,—I;;,...,—F—’: in a paralle! line.
_)Thui Wi get a_)couple (I—J),——f-;) of arm d, where ; = ,5:+ f_92+...+’;)n and
~P=-P~P,-...-P,, The moment G of couple (I_D),—I—:’)) is given by
G=FPd

=(P,+P, +..+ P,)d
=(Pd +Pyd +..+ P,d)
(P, 4P, 5t B
=G;+G, +...+ G,
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| et of couple s the lendency of Gouple
i ﬂ'x”‘r’}r‘_ sufficient condition for the aquilibrium o
o ,’r;':f:rfd 1) oo

» 10 rotate {
[ sys

ho body, so the

tom of coplanar Couples
el

L =0, 1.6

gtnat G G 4Gy 4t G, =0
rie GAONG that.
Ll e

The nocossary  and  sulficiont condition for the
equilibrium of & systom of coplanar couples is that
l the algebraic sum of thoir moments

is zoro,
corem (Force and a Couple):
-7

4 force P acting on a rigid body can bo moved to any point O of the rigid hody,
Emvidcd a couple Is addod, whosoe moment is equal to the moment cf 3 abolit O,

-y
Let the given force P act at a

point A of the rigid body as shown in Fig.1.40. At the
point O of the body we add two forces ',5’ and

-P without altering the effect of the original force 3

a-, — —_—

P on the body. The force P at A and —P at O

- = -
form a couple (P, - P). Hence the given force P

Tl

- —
alAis equivalent to a force P at O together with P
- -
acouple (P,~P) whose moment is equal to the v

_)
Moment about O of the force P acting at A. Fig.1.40
From this theorem we conclude that:

A force can be shift to any point of the rigid body noit_‘l};ing
on the line of action of force provided a couple is added.

o e

l), .—I DI ce al l‘ l a ‘ :OI l lc f N5 ,\t NSV v ,‘)‘ : {- s “\ \"\\*l'v,’\" »
an

I~ - a direction paralied
o . UPON a rigid body are equivalent to the single force acting in & directon
% lts oniginal direction.

"0, 2000 $008 2008 (B.ATBES)

>
i a ey Lot Q
- | tiown In Flg.1.41. L
Let el e (3 acting through Q) ae ¢ .
a couple (P,—P), and a force Q ( | ,g'd acting at O along a line
Mest B in o Then P, Q are oquivalent (o @ forGe |

~¥ e 4
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50  Duproduction ts B - . i R
N s ditot gt o ot =
may be shifted to O”.
-~ = )
The force P+ Q acting at O’ can be P+8
resolved into two faces | 2 4
. 4
(i) Q parallelto the original force Q and

(i) P acting along the line of action of

—¥
~-P.

e )

The forces P,—P acting at-O’ are In —-P

equilibrium, so these cancel each other.
- =

Therefore, the given couple (P,—P), and

o

_-—-—Eal--
+
Dl

—
a force Q (acting through O) is equivalent
, 7, <
to a"s‘ligli fgrce Q acting at O". Fig.1.41

mn If three forces are represented in magnitude, direction and position by
the_sides of a triangle taken in order then shows that these are equivalent fo a

couple. -~ -
e
IR Let ABC be a triangle and let the three

, - —
forces be completely represented by AB, BC

I
and CA as shown in Fig.1.42.
- —
3y the parailelogram law, the forces CA and AB

-
acting at A have a resultant CB which acts at A.
Thus the forces are equivalent to two forces

~7 -
CB acting at A and BC along the side BC of the
riangle. These two forces form a couple. If d
denotes the length of the perpendicular from A to
BC, the magnitude of the moment of the couple is
d » BC which represents twice the area of the
triangle ABC.

A generalisation of this result shows that

If forces are completely represented by the sides of a plane
polygon taken in order, they are equivalent to a couple whose
moment is represented by twice the area of the polygon.




' . - re— - — o = e e > i
tl{_orce 5 act 'J/’Jﬁ/j [hr I’j( ‘«,«, ,v / £ 07 ( % frizr ’,,'I/ RN #7 ,‘;*‘ £ -',"_/
ar q © @ couple only if the foregs g o1 Ur’ onal o the s2e

Let the forces /BC (7 + /1)(‘A and
ABC as shown in F:g 1.43, then

d (s /;/! ack gy the sides

ABC+ (L4 1) Chs (74 VVAB = HEEs Chs JB)+ pyChev B 1)

: Y s 1)

A LEC
Fig.1.43
- = -
Since the forces BC,CA,AB arc equivalent to a2 couple whose moment is twice the
_area of triangle ABC so from (1) vie have
ABC+ A+ p)CA+ (Z+V)AB a Gﬂ!fb?[lCA——V/‘B -{2)
This shows that the system is equwalent toa oouple only
: J.J,,pCA%—vAB 0
Wthh holds only if ,u v=0. Hence the foroes along lhe sides of the friangle ABC

are 1BC+).CA+ AAB. This shows that the forces are proportional to the sides of
the triangle.

mm

If forces | AB mBC ICD mDA acting along the srdes af a8 gquadrizferal are
equivalent to a couple, show that either I =m orABCDtsapaﬂdogram

QIR f ABCD is not a

Darallelogram take a point £ in its.
plane “that AECD is a
Parallelogram (Fig.1.44). Now the

_) .
force AB along AB is equivalent o @

force AB acting at E together with a
Couple. But by the parallelogram
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4, At
iz
& i e
- - o
B = EE+ EL~Z gk
"rt,"'lf// "
- P - o
Lo g i [Cle i lfe = [ fon B2~ 2 LR,
e
-z 7 -> —s
oy’ g -
,./’f_';r-~:,~2 "/’J,L'JF;A +fCDx ”":!".
-7 = -> =7 —
e - rat o p— P g
= (AE+ CD)y=mlEC+ DA} + (| -m}EE+ z congle
‘ ‘ o i £ & { e £ —>
S e cnlanze cosdes zrz egsivzlent o 2 sngle cougie. Now Te forces a2
Ve -7 -7
gedd (L) forrn z cide znd e co e forces EL 2nc DA Thics
8 [ - L B
7 > - s ) g . o —
frr — )
Jfploe Bl s [ CO= mDA = 2 coude ~ 2z cougie ~(f —m ) EB+z cougle
-3
et
b=

g 4 -~
& [l s s B L7 . >
Ll -mEE=0,ie efher |-m=0 or EE

¢ w -
L ' L Ve s g, o, 1—' - ;S”- = rorslolrprz
; :, 1; :\l" "/”.‘u't e |’/’-4 -l": - .'/’1/ - rf’ c.( & JD Lo < !\Jﬁt Gu‘.r‘}'wg& i bs

T /iy system of coplenar forces acting on a rigid body can be reduced to &

single fores ot gl arbitrary point in the pfane of the forces fogsther wiih a couple.
v Sy 4

7 .

-7 -7 P
Conslder forees PP, F,,... P, acling in one plane upon a rigid body at the poms
—
Lo Sy Sy By LER O B2 211y point coplanar with the forces. Any force P, acting &t

— |
4y 16 equivalent o 2 force P, acting at O together with a couple whose moment G;
&
‘ 4 4 .
i equsl o the moment of P, about O. Transferring all the forces to act at O we
tlods p g o g - f
vitain 4 system of forces P, P,,P,,..., P, acting at O and a system of couples O
fments G,,6,,6G,,...,G,.

J 38

o t‘; e concusrent forees applied at O can be replaced by their resultant R acting

,f, " same point. Similarly, by the theorem of the composition of couples, all the
wiaar couples can be replaced by a single couple of moment G. -
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, T 8 .
: Composition of Forces :Couple

Theforce R and the couple G of the equivalent system are given by the equations
el I T
R =P+ P,+P;+...+ P,

G G, +G, +G; +...+ G,
Depending)on the values of R and G, some particular cases arise:

1. |If R =0 and G=0 , the system is in equilibrium.

2.- If R =0 and G0, th
does not depeng on the

3. I R *0, the system can be reduced to a resultant force. Two cases are
Possible; :

e system is equivalent to a couple whose moment
particular single origin.

ﬁ
(a) RiO,G:O

I-_k:re the system is equivalent to a single force R through the point O:
(b) R=%0G=x0

In thls case we represent the force- R

by OB (Fig.1.45). We can replace the

couple of moment G by another

%
couple of forces R, —R at a

.. distance d apart such that Rd = G, and
place them so that one of them

balances the’ force R along OB. Then

Fig.1.45

.the resultant‘of the force R and the

couple of moment G is the force R whose line of action is at a distance
d= 9 from O. These cases show that:
9ZR!

-5

If a coplanar system of forces is not in equilibrium it

can be reduced to either a smgle force (when R #0)

or a single couple (when R o)

=

Let the forces P act on a body at PO'ntS Ai(xi!yl) in the same plane. As shown in

Fig.1.46. The moments G, about the forces P about Oara
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il 1))

-
Jhere X;, Y; are resolved parts of forces P,
v/ne i v

ing Varignon's -
dinate axes. Using
t?::g?emw\c/)vre can find the moment G of the

resultant E by summing the moments in (1),

o G=3G;

“or G=X(xY; =y X;) (2)
Let O'(x,y) be another point on the same
plane, then the moment G’ of the resultant
i |

o & G'=X[(x; - x)Y; —(y; -Y¥)X;]
=2(x;Y; = xY, —YiX; +yX;)
=2(xY; -y X; —-XY; +yX;)
=2(xY; ‘in;)+Z(fx\/, +yX;)
=G-XZY +yZX,

-or_ G'=G-xY+yX

« Where Y=Y, X =2 X; . If the resultant passes throu
about O is zero, i.e. G' =0 , 50 from (1.18), we have

or \f—xY+yX=0

which is the equation of line of action of resultant,
We conclude that:

T“U‘

—----._~

- - .

“G=2(xY, -y,X,)

(119

gh O', then its moment G’

.(1.19)

If the system reduces to g single force, any point (x, y) on its
line of action satjsfies the equation G- xY + ¥yX =0,

Reduction of Paralle] Forces:
e =

Let P1,P2,P3,___,

- - -
Where k; is 3 +ve or

the Opposite sense.

P, be a system of forces all parallel to a unit vector &, then
- R A . % * I
P1=k1a, P2=k28, P3 =k3a,,...,Pn=kna by
- 3 or it has
~Ve constant according as P, has the same sense as d o

-..)
The sum, R » Of these forces s given by

TS S AT TN T



TR

where k =k +k, +k, + et k,
L’e,t,th'e ’position vectors of the points of =

| —
application of the forces P;, relative to an Akt
origin O be 7, as shown in Fig.147. Then the Fig.1.47
| -
total moment G of these forces about Ois
| s A e G ° — -
G =N xP+7y x Pyt Fy x Pyt .t 7, x P,
=N XKi@+7) xKyad +Fy xkyd+ ...+ T, x k, &
= (K + Koly + Koy + ...+ k,r,)xa
_kin + ko + kyFy + .+ K, T, ki
k
— —
P Ssids | .(1.20)

Where

e KTy + KTy + Kaly + oot Ky T ! : .(1.21)
k

> o
Thus, in general, (unless k =0 ) the system of parallel forces P,,P,,FP;,....P, is

- . - .
equivalent to a force R parallel to the forces. It is clear from equation (1.20) that the
N ' e o :

force R acts at a point C whose position vector 7 is given by equation (1.21). it may

- - oy S
be noticed that if k =0, the force R vanishes and the point r recedes to infinity. In
: —
such a case, the expression (1.20) becomes indeterminate and G may have a finite
' -

value. If 8 +0 .- the forces reduce to a couple of moment G. It is interesting to
] - ~ —
notice that the position vector r depends only on k, and r;.

Thus if the forces are turned about their points of application through the same

i r ins the same and thus the
angle s remain parallel, the vector 7 remains
Dogitionc‘oft rg}st:(e){ altered. The point C is known as the centre of the parallel forces.
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S i librium if the algepra;
« A oystem of coplanar forces Is in equilioriym Iy gebraic g
Q ;,%,;fg,forces in any two directions is zero and the algebrgj, Sug o the

resolved Paff é Il the forces about an-arbitrary point is zero. of the

N
—) ) . | .
Let the coplanar forces P, actmg ,a@l:c!r\'e- points  A;(Xx;,y;) have resolyeq

moments 0

_ Part
4 , > §
Since the coplanar forces can'be reduced to a single force R actin

(X, Y)) e of the forces together with a couple G, so coplangr f: Lan

arbitrary point of the plan

: i

are in equilibrium if . | e
R=0 and G=0 y

giq LY y % A1)

Since R=Xi+Y]=XXi+XY;J

and G=3X(xY; - ¥:iXi)

Using these values in (1), we have

\ X — ZXI — O )

ikl (1.2
G=Z(Xf\fl—yi){l)’=0‘ ; ’

This completes the proof that a system of coplanar forces is in equilibrium f f,
algebraic sum of the resolved parts of the forces in any two directions is zero ang th,
algebrai¢ sum of the moments of all the forces about an arbitrary point is zero.

[P Equations (1.22) are known as the basic equations of equilibrium.

A system of coplanar forces is in equilibrium if the algebraic sum of
moments of all the forces about two different points O and A is-zero and the

algebraic sum of the resolved parts in some one direction, not perpendicular to OA,
is zero.

LA Let us take O as the origin and the direction as the x-axis. Let A have the
rectangular coordinates (x,y). Since OA is not perpendicular to the x-axis, x #0. If
X, Y are the algebraic sums of the resolved parts of the forces and G and G’ be the
algebraic sum or their moments about O and A respectively, then ’

- G'=G-xY+yX (1)
Now we are given that

| G=0
G'=G-xY+yX =0

These equations give A0
X=0, Y=O, G:O

Thi
IS shows that that the forces are in equilibrium,



ter-1: Composition of Forces

m A sys ' '
moments of ajj J;hfm Of coplanar forces s in equilibrium if the algebraic S¥

i - : n the same
straight line, are Sepaggaels about three different points O, A, B, not in th
.Let O be th Y zero. y

€ origin and 04 t is. L d B have the coordinates

0) and (x' v’ g he x-axis. Let A an
t(;(; s)ums o?t(r;y ) "eSpectively. Since B does not lie on the x-axis, y' #0. Let X, Y'be
€ resolved Parts and G,G' and G" be the moments of the forces abou}

m of the

. e ame—————

0,Aand B respectively. Then
G':G—XY ’ (1)
G"=G-x'Y+yX -

Now we are given that

G=0,G'=0,G"=0
, we have
—XY=O

. :)Y:O i '.'X#;O
Putting G=C,G"=0,Y =0 in (2), we have

yX=0
= X=0 cy'#0

Putting G=0,G' =0 in (1)

Thus, we have

X=0 Y=0 G=0
This shows that that the forces are in equilibrium.

2EILZAR Forces of magnitude P, 2P, 3P, 4P act respectively along the sides AB,
BC, CD, DA of a square ABCD, of side a, and forces each of magnitude (8«/5 P act

along the diagonals BD, AC. Find the magnitude of the resultant force and the
distance of its line of action from A.

T Take AB, AD as x-axis

.and y-axis respectively as shown in

PU, 1999 (B.A./B.Sc.)

Fig.1.48. Resolving all the forces at 5 3;;: c

A, we note that the forces P, _

(8¥2)P, 2P, 3P, (8J2)P, and 4P | (842)B |

make angles 0° 45°, 90°, 135;, 4Py 4op

180°, 270° with positive X-axis. .lf : _ |

Y are the resolved parts of the single _ 8J2)P

force and G is the moment of the G

couple, then we haye . o
X = Poos0o+(8V2)Pcosds® - . . A L p B

+2Pc0s90° +(8+2)Pc0s135° | Fig.1.48

+3Pcos180° + 4P cos270°



— ..

e 1 1
_ P4 (82)P| == |+0+ BJE)P(———J-FSP-L
X Pl(BJ)(ﬁ) ( 7 (-1)+0

X =P +8P—-8P-3P

X =-2P

Similarly, .
v = Psin0°+ (8v2)Psin45° + 2P sin90° + (8v2)P sin135°

+3Psin180° +4Psin270°

Y=0+ (8J§ )P(71_2—J +2P(1)+(8+2 )P(71_2—) +0+4P(-1)
Y =8P +2P +8P —-4P

Y =14P
Hence magnitude of the resultant is

R=vX2+Y?
= J(C2P)? +(14P)? = J4P? +196P*

—J200P% =1042P

G = Sum of the moments of the forces about A

= (8J§ )P.% +2P.a+3P.a

=8Pa +2Pa +3Pa

=13Pa
The equation of the line of action of the resultant is
G-xY+yX =0
13aP —14Px-2Py =0 +G=13aP, X=-2P,Y =14P
14x+2y —13a=0 . (1)
The perpendicular distance of line of action of resultant from A is

|-134) 132 _ 13a _ 13a

Jaay@+2?  J19%6+4 200 1042

Now

Examle-29: Forces Py, P,, Ps, P, Ps, Ps act along the sides of a regular hexagon
taken in order. Show that they will be in equilibrium if : |
>P=0andPi—P4=P3—Ps=Ps—P; '
m Take the centre of the hexagon as origin O and axes Ox, Oy as shown in
a:?g:e:go W:Oreciuzce the system of forces at O. The forces Py, Pz, Ps, Ps, Ps: Pe maki
°, 60°, 120°, 180°, 240°, 300° wi itive x-axi d parts 0
all forces along x-axis is with positive x-axis. Sum of resql\(ed P

X =P, c0s0°+ P, cos60° + P, cos120° + P, cos180° + P, cos240° + P; cos300°
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Couples :

1, 1 L
x=Pi+5Pa =3P ~h 23 t5"
X—-P1—P4+—(P2'P3—P5+P6) (1)
y
P4
P5 P3
--“10 X
P>
>
P4
Fig.1.49

Similarly, the sum of resolved parts of all forces along y-axis is
Y = P;sin0°+ P, sin60° + P; sin120° + P, sin180° + P, sin 240° + P, sin300°

yo0:+Bp 33 V3, 3

+—P;+0——P;, ——
5 275 3t 2P5 2P6
3 ‘
Y= (P, +P-Py =) @)

If dis perpendicular distance of all the forces from O as shown in Fig.1.46, then
G = Sum of the moments of all the forces about O
G =P,d +P,d +Pd + P,d + Psd + Pyd

G=(P,+P, +P; +P, +P; +P;)d ' -(3)
The forces are in equilibrium if G=0,X=0,Y=0
G =0 gives .
(P1+P2+P3+P4+.P5+P6)d=0
=P +P,+P3+Py +Ps+Ps =0 =d =0
=YP=0 |
Now Y = 0 gives : Shat 11
iz—?-(Pz+P3—P5—Ps)='0

=>.P2+P3—P5“"P6 =0
=>P,-FPy=F;-F, «(4)
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Similarly, X = 0 gives "
P—Fs+- (P-F; —FPs +F)=0
<

P —Py+3(2R, -2P5)=0 (using(4))
P-P,+P,-P, =0
=P -F,=F-F,
ining (4) and (5), we have
Combining (4) and (5) P =Py =Py P, =p, _ P, (5)
Hence the system is in equilibrium if
>P=0 andP1 —P4 =P3_P6 =P5~P2

BN EEIE Prove that any sygtem of forces in g plane s gqy;i
suitably chosen forces X, Y, Z acting along the sides BC, caA, A %‘;’Valent 0 thre,

in the plane. Prove that if the system s equivalent to a couple @ thena Qiven triang)q
X_Y z ¢ ’

= —_———

BC CA AB 2p°
where A is the area of the triangle ABC.

We reduce the given system of forces at
the point A (Fig.1.50). Let R be the single force and
G4 the moment of the couple. We replace the
couple by a force X along BC and an equal and
opposite force at A. If h, is the perpendicular from

A to BC, the force X is determined from
XhA = GA
The two forces R and X acting at A are equivalent
, to a single force P at A. Let the line of action of P
cut BCin D. Then we can choose A and M so that

= => Fig.1.50
P =(1+u)AD (1)

— — —
But by the (4, ) theorem we can replace (A+ u)AD by forces AAB and UAC

provided we choose the ratio 1 : 4 such that ~
ABD = uDC ' ---(?)
Equations (1) and (2) determine the scalars A, 4. Thus the given force system is
replaced by three forces X along BC, Y( = uCA) along CA and Z( = AAB) alor:g /é)?ihe
If the given system is equivalent to a couple, the sum of the r.norlne\z:eSge
forces about any point is G. By taking moments about A, B, C respectively 9
Xha =G, Yhg =G, Zhc=G 5
where hy, hg, hc are the altitudes of the triangle through A, B, C resp
BC.ha = 2A, CA.hg = 2A, AB.h¢ =2A
vidi ' by (4), we have
Dividing equations (3) by (4) .

ctively. But
.(4)



JEERKH Copliarne 16 (3¢ , ,
EKN‘” L] Coplanar fores (X,,v, ) aof o Polits (x4, ), r =4, 7,
forve s rotated about iy point of application iotgh an anighs 1, s/ 1isal 1%
rosultant passes thiough o lixed point, for af vitues of 4 o -
T P11, Joa Ly Rl 2l
Lol the syslom reduce (o 4 single | Al
force (X, Y) al the origin O logother willi A /

couple ol momaont G, Thon ;
X=X Xy YeLY, Ge 24 (X, Yf"',VIXI) il

when oach fqrcu I::. lurnod through gy angle 0 \ d

as shown In FIg. 151, the rosolved parts of (e

force (X,,Y;) along Ox, Oy aro //,

X, cos =Y, sin0 and X, sno 1Y, cosy ( ‘1’ )
After rotation, let tho systom roduce o force ¥
(X,Y') at O and a couplo of momont @', Thern () —%
X' = 2U(X, cos0 Y, sino) FigA.61

=Co80%, X, ~sin0y. Y,
= Xcos0-Ysing XY, =Y,

Y'=3(X, 8in04Y, cos)
=S8N0 X, 1-cosly) Y,
= Xsin0+Ycos0 “Xa¥Y X, ¥Y=FY,
G'=2[x, (X, sin0+Y, cos0)~y,(X, cosd Y, sinv))
G'=%(x, X, sin0+x,Y,cos0~y,X, cosl+y,Y,sino)
G'=3(x, Y, cos0-y, X, cos0+x,X,8in0+y,Y,sind)
G'=3[(x.Y, -y, X, )cos0+(x,X,+y,Y,)sin0]
G'=cosO0y(x, Y, -y, X, )+8in0X(x, X, +y,Y,)
G'=cost0G+sin0y(x, X, +y,Y,) ~“GC=3(xY,~y,X%,)
G'=Gcos0+Vsind |
Where V =¥(x,X, +y, Y,) is called the Virial of the force system.
The equation of line of action of the new resultant of the system is
G'+yX'—=xY'=0
= GcosO+Vsind+y(XcosO0-Ysind)—x(Xsind+Ycos6)=0
= GcosO+ yX cosO—-xYcosO+Vsind—yY sind-xXsing=0
= (G + yX — xY)cos0+(V —yY —xX)sin0=0 ...(1)
This shows that whatever be the value of g, the resultant passes through the point
Whose coordinates satisfy the equations
G+yX-xY=0  ..(2), V-yY-xX=0 ...{3)
M”“iplying (2) by Y and (3) by X, we have
GY +yXY —xY? =0 ..(4), WX —yXY —xX? =0 ...(5)
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GY =+ yXY —xY*=0

VX — XY —xX* =0

WX <GY—-x(X2+Y?*)=0

x(X3+Y?)=VX+GY

WX +GY

X21Y?

Wiuiohving (2) by X and (3) by Y, we have

T GXeXP-xXY =0 ..(6), VY —yY2 - xXY =0 oD

Subiracting (7) from (€), we have
GX+yX?—xXY =0

VY —yYZ—xXY =0
GX-VY +y(X?+Y?)=0
y(X?+Y?)=VY -GX
VY -GX
T XZiy?

X =

This shows that the resultant passes through a fixed point ( X +GY VY -6X )' for

X?+Y?' X2 1y?
zll values of 4. This point is called the asfatic centre.

eI Forces P, Q, R act along the sides BC, CA, AB of a triangle ABC. Find
the condition that their resultant is parallel to BC and determine its magnitude.,

m Forces P, Q, R acting along the sides BC, CA, AB of a triangle ABC are
shown in Fig.1.52(a). Taking BC along x-axis and resolving forces P, Q, R at B as

shown in Fig.1.52(b), we note that the forces P, Q, R make angles 0°, 180°-C,
180°+B respectively with positive x-axis.

Fig.1.52(a)

Fig.1.52(b)
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Composifticn of Forces

Sum of resolved parts of the forces P, Q, R along x-axis is
X =Pcos0°+Qcos(180° —C) + Rcos(180° +B)
X =P -QcosC-RcosB ..(1)
©d parts of the forces P, Q, R along y-axis is
Y =Psin0° +Qsin(180°-C) + Rsin(180° + B)
» Y =QsinC-RsinB ..(2)
The condition that the resuitant is parallel to BC is that

Sum of resoly

Y=0
:>QSinC"RSinB=0 a£=£ ,b = _C (k2w of she)
= QsInC =Rsinp Q g sinB  sinC
G .
== Q =i_ RZ—F ..(3)
SinB  sinc |

Magnitude of the resuiltant js given by

R'=JIXx2:y2 _[x2 g =X =P-QcosC—-RcosB

R’=P-Qco'sC—%cosB '-'R=E
| g °
5' R':P—%(bcosC+ccosB) ..(4)
Using law of cosines, we have
20 B2 o 2 o2 . P
bcosC =2 il =C ; ccosB=2_*2 b
2a 2a

Putting these in (4), we have

R,_P_g(az+b2—cz+cz+a2—b2
- b\ 2a 2a
(A2 2 _ .2 2 252 2
=P—9- a“+b”-c"+c"+a"-b =P—9 2a‘ =P—@
b\ 2a b\ 2a b

—) -
If forces pA—é qC—J-é, r C—J_b sAD acting along the sides of a plane quadrilatera are in
equilibrium, show that pr=gs.

esultant of N
PR By (4, 4) theorem, the res o it
Y —

c
is (p+S)AE , where
forces pAB a_‘“d .ts:\D s AD E qCB
Edivides DBIN T, (1) i
EB S t o Ny

in by (4, #) theerem the FosAE: pAB

Once agal Ry AF ,
f qu and rCD 18 (@*7)

of forces
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here F divides DB in ratio DF _49
FE r
Since the given forces are in equilibrium, which is only possitle i F oo -42)
from (2), we have e f F coincides =
DE ¢ e 57
. EE r ’
: P aq 4%)
’ Equating (1) and (3), we have . S A
r
= pr =gs

uilateral triangle of side a; C is the midpoint cf C4 ¢
“ O

.' 04 is an €q
4P, P and P act along the sides OB, BA and AO respectively. If OA and O Tze
to BC) are taken as x- and y-axes, prove that the resultant of the forces is ,‘_gfga‘;::j

equation of its line of action is

X

3y=«/§(3x+a)

m Since OAB is an equilateral triangle of .

side a, sO [OA’ :[05 = [AB[ —a. y-axis
3

a.

in 5OCB, d =|BC| =[0Bsin60° ==

whabaleabulb Al R

Resolving forces along x-axis and y-axis, we have =
X =Pcos180°+4PcosGO°+P0053()0° .
X=P(—1)+4P(21)+P(§1)=~P+2P+%P=—~;’-P om ﬂPL - 4
Y=Psin180°+4Psin 60° + Psin300°-

Y=P(0)+4P(—2@)+P(——2@) _oJap-Lp=2LP

Magnitude of the resultant is
RoXZ 1Y = JCLPY +(3P) = [ZP?+5P° _ [=p? =Vop? =3P
Taking moments about O, we not that the P and 4P pass through O, so0 ther
moments about O are zero, the other force P tends to rotate the body clockwise, SO

its moment is negative, i.e.
G=0+0-P __Y3ap '-'d=[§2
Equati ' i ; :
log of line of action of resultant is
\-/_XY+yX=o _,/53—3\/5)(*3}’:0
_V3a 3
TP"X(_é@PJH’@P]:o 3y =33x 1%
3y = \/5(3X s a) ‘
H es ABI

EE“”-'I[EH Forrae D 27D 2D e o g Si
o £ mnrt 4D act respectively 019 2 o pein
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Resolving sj
forces 7P, 7P and 7gP rl::gic:irces at point O, we note that these are equivalent 0
N9 angles 0°, 120°, 240° respectively with positive X-

three
axis.

E 6P D

P
A P B X-axis

Sum of resolved parts along x-axis and y-axis are given below:
X =7Pcos0° + 7P cos120° + 7P cos 240°

X =TP +7P(-1)+P(-1)=7P-%P -1IP=0
Y = 7Psin0° + 7P sin120° + 7P sin240°
Y =7P(L)+7P(-2)=0

S R=vX2+Y2 =0
Since the given forces are equivalent to a singe force R at O along with a couple,
R =0 shows that the given forces are equivalent to a couple.

NI A system of forces acts on a plate in the form of an equilateral trian
of side 2a. The moments of the forces about the three vertices are G,, G,

respectively. Find the magnitude of the resultant.
mﬁm L et forces be of magnitudes Py, Pa, P

acting along the sides BC, CA, AB re:_;pectively.
Since ABC is an equilateral triangle of side 2a, so

oA =|o8 =|AB|=2a.In AABD,

J3
d = |AD| =|AB|sin60° = (2a) %" = J3a
Since G4, G2, G are moments of forces about vertices, so

G1 - P1d = P1(\‘33)| GZ =PGZd N P2(J3a)' GS = PBd = P3(“3a)
G, P. w il G
P =—_--' z -— ' P —— 3
= I -\[53 3a 3a

Considering BC as positive x-axis, the resolved parts of the forces along x-axi
‘y-axis are.
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x:_G1_.,.._G:z_ __1 G, 1
3a \/—a
X~£~—- G2 G,

J3a 2J—a 2\/—a 2\f—a (26,6, ~Gs)

Y =Psin0°+ P, §in120° + P, sin240°

G
Y = 2 (‘\/ZEJ-*_ Ga {— '\/3_J=GZ -Gg =2i'(GZ_GS)
‘ a

J3a J3al 2 2a 2a

2 2
2 _ 2,2 1 1
R =X +Y =(H§;(2G1—GZ—G3)] +(Z(GZ_G3))

12 —— (26,6, -G, )? + ;2 (6, -G,)*
=121a [(2G, -G, -G, )% +3(G, - G, )?]
12& 7 (4G +G; +GJ —4G,G, +26,G, - 4G,G, +3G? +3G2 ~66,G,)
= 1—21?(4612 +4G] +4G} -4G,G, - 4G,G, - 4G,G,)
= 124;2 (Gf +Gf +G2 ~GiG; - G,G; - G,G,)
R \/Gf +6; + G5 -G,G, - G,G, - G,G,
3a? :

A rAtinlA e o . -~
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" (b
sooréinzies of the midpoint M are M(—z-,o) X

; =P =20 (3)
— oy TROTETIE =2 L wes -
ur DO A we Bave
5= D
=T J Q
- _ D)= QAD)+ R0)= QAE =
Wi=—= S ETOTTENIE M wiich - “
AT = ABsinds

oy Ins v=ive of AT i [€), we ha 2 i i
N &)L, wshave G= Qi = Q=- 2G . Putting this value of

V2 a
0. in {Z) ana 2, h=ve T raouired forces 2G J2G VJ2G
a' a a
—E LTS f D o= oy S -
Soolaoes ~ = 3= 30y Iwo pomis in a lamina, on which a system of forces

sopETE wimLa=E asfing, and whan the forces are reduced to a single force at each
5 TEsE JONE 272 2 coupis, The momenis of the couples are G, and G, respectively.
=y 5= whan the reduciion is made to a force at the midpoint of AB and a couple,

) . .1
s st of the couple s —{G, +G,)- 4
B 2 a b

e | =t P, bes the system of forces
zming = pons A (% ¥) s shown in the
=dpining figurs. i points A and B have |-ttt

coordinziz A0, 0) and 8(b,-0), then the

Now G. i the sum of moments of the .

resolved parts of forces P about A, SO
(1)

G, = >(xY; —yiX;)
Simizrdy, G, is the sum of moments of the resolved parts of forces P; about B, so

G, =X [(x; —b)Y; —y: Xi1=Z(XY; —bY,—y; X;)=2(x;Y; —y; X;) - bLY,
G, =G, -bY G, =T~y X\ Y, =Y

byzea __Gb ---(2) ‘
The sum of moments of the I esolved parts of forces P; about M is

b b
G=z[(x, R -y,-x,] A X |= 300 -y X)- B3

A(0,0) M(2.0) B, (;)

1

G:Ga__éby:Ga——;-(Ga—-Gb) G, = XY =V XiW XY, =Y, bY =G, -G,

G=ZGa —Ga +Gb =1(Ga +Gb)
2 2
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Beoiaies - _
— P — resented in an
= xamphk Show that a system of coplanar forces ma}’hfg ;irfgd points in their
infinie number of ways by (wo forces, one throudh gach ©
s A; (X, ¥i) @S shown
of forces.

fane.
Let P, be the system of cop

in the adjoining figure. Let A, B be any

lanar forces

two fixed points in the

Y P,

Afxi, Y1) X;

e force R (resultant of forces

A, we have a sing|
ouple by another equivalent

t we replace this C
o and Q pass through the points A and B

_Q) and Q through A and

n is made at point
le (F,—F).- Nex
ai the forces —
have two forces P=R+(
be replaced by an equivalent couple in an infinite
be done by an infinite number of ways.

When the reductio
p)atAanda coup
couple (é,—f?) such th
respectively. Consequently we

B. Since the couple (F,—F) can
number of ways, so the above reduction can

the resultant passes through the circumcentre of the triangle
BENGU. 2011: 2000 (B.A/B.Sc.)
011; 2000 (B.A./B.Sc.
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(g given thal Moo A | Qoon

R I oong ) (0, i (1) Pl I

G oAy -0
ntof the Toniin
2 of the

Bm h“‘: lhree lorces P, W, N ae sirles .
”:QE{.‘ v-’\-,‘:'\.‘t ‘! ‘“\\‘{_\ ”“”’ it B \EIN| H'HHU H!H ,;hh“ “(" (‘Al

SeC A 4 () Bwoo o ' Ga0 (O -
of the resURan passes through, the ' I ba0 = (), |

orthocentio of the lianglo,
Enmmmmmnzmen-.mm!mmnirm
m Let O be the Othocentre

7 ot the AABC, 1.0, ho point s
the AAEC et as shown in the flgure, AL BM, ON aro altitude
clear from vgure that ABOL is

(hiz shows that the mome Dbl O fn 2o, B
vl W the clrcumeeny, |

Wanglo A

S Aright trianglo n which
QL
o AR0T - Q)
=0y = 8t catc ()
AABL s &is0 & right tiangle in which
Bl N
— — =CosB
'l»;‘\.':.‘! R
= |Bl|=ccosB - AB =
~ Y PR 90° - C
Putting this valus of 3L i (1), we have B -
IOL = ccosBcomC (2)

IOM = a2cosCoot A .(3) and |OM=bcos
If G is the moma~r o T2 =sui=== zbout O, then

e

G =PiOL +~ QoM ~ 20N

=Plccos=2co T ~ T zzoeCoot A)+ R(bcosAcotB)



v o t O is zero, so the resultant Passes
il mom bou '
' t of the resultant a : |
his shows that the momen

through O, the orthocentre of the triangle ABC.

. CA, AB of triangle ABC.
forces, P, Q, R, act along s/de_s g Ct’hen line of action passes
Examle-42 ;‘hree corze+, Q'coéec B + cosec C = 0,
Prove that if P cose

through centroid of triangle ;45.53-0f the AABC, i.e. the point where the medians of the
mm%m Let O be the centroi

iangle ABC as shown in the
dians of the triang : gi
. D, BE, CF be the me C. Since AD is median, gsq o)
AABC intersect. LeérAendiCu'ars from O and A or’1 B d AGLD are similar triangles,
figure. We drtahw p ﬁg'AO‘ OD =2:1. Since AAL'D an
divides AD in the ra : ' :

SO '

oy M
jon] ~ Jap]

=0 = ’—.Ay’ﬂ (1)~ |oD|=1]AD| =3

AAL'B is aright triangle in which
’f[_—,’ =SsinB
48]
ALl=csing .. |AB|=c

Putting this value of [AL in (1), we have

csinB
o] = g

Similarly, using éyclic order, we have

3 3
Gis the moment of the resultant aboy O, then .- 7
¢sinB) (&sinc bsinA ‘
G=pf EsinB asinC | -
3 )+Q 3 )+R(\3 ) / i /
=§(PsmCsmB+QsinAsinC+RsinBsinA) L o SIZB = SIZC
a
1.
=§smAsinCsinB(_\P_+i+i
1 SINA ~ sing sinC
~ 38N AsinCsin B(Pcosecq .. Qcosecs 4 ReosecC)
=C0SAcq
. sBcosC(O) " Pcosecy 4 QcosecB + ReosecC =0
his show that ¢

e
(hr OUgh O, the centré?c;) r;et?,fﬁff_“_e resultant ahri ~ -
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IThree forces p, @ R T W A b

T - act al y
1o ABC. If their resultant touches o 9 the sidos BC, A, AB rospoctivoly ol @

- a e gl ) !{u) Inscribod circlo, prove that
== A2 cos?B\2 cos?eyo
p R t———2% .0
Q R '

ﬁm}:@ Let S be the resultant of ) PU, 2001 (B.A/B 8¢,
=n in the Fig.1.53(a). Taking BC ¢ forces p, @, R touching the inscribed circle as

Sho along pOSItIVO -axis ¢ © 1 “Q
oA B we note th:.t these forces make angles Q° 1gof:)fl_°éj n1d Bg(iafl}gng't{orc(;:}ul;%
s 85 shown in Fig.1.53(b). ' , with pos
A
') P A
B — —p-
/ P

Fig.1.53(a) Fig.1.53(b)
sum of resolved parts of forces P, Q, R along and perpendicular to x-axis are:
X =P cos0°+Qcos(180°-C)+ Rcos(180° + B)
X =P-QcosC-RcosB
Y = Psin0° + Qsin(180° - C)+ Rsin(180° + B)
Y =QsinC—-RsinB '
S? = X2 4+Y? = (P -QcosC - RcosB)? +(QsinC - RsinB)*
=P? +(QcosC)* +(R cosB)? —2PQcosC — 2PR cos B + 2QRcosBcosC
+(QsinC)? +(RsinB)? —2QRsinBsinC ;.
— P2 4 Q2 cos? C + R? cos*B—2PQcosC —~2PRcosB+2QRcosBcosC
+Q?sin? C2 + R? sin? B—2QRsinBsinC |
— P2 4+ Q?cos?C +Q? sin? C +R? cos? B+R?sin? B-2PQcosC
_2PR cos B+ 2QRcosBcosC —2QRsinBsinG
_p2 f_Qz_(COS?_b'T+=Sin2 C)+R?(cos’ B +8in%B)-2PQcosC
_2PR cosB-+ 2QR(cosBcosC —sinB sinG)--
_p? Q2 +R2= 2PQ cosC —2PR cosB+2QRcos(B+C)
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¥ 4 » Y8 .., ?co B\
& ' 3 4 4 /"/ . £ 2 ' S + N .. \
ﬁ,‘,‘;’ f"z‘;f“,l),f/;({ < 7 /fﬁf;’.}‘jc 2PR ZQRCOS(180 _A) : A+B+C=1809
' Y e 4 e CosB-2QRcosA

W6 cifgis 4 , Dot s 16 Inscripg 0SB {1
fr N;J;ﬂ’é’)’;’?%’:s about O.CLié have oM 300U O, the Centre(oz

Gap, Q+R
l"u!llnu thig valuf:n: a ) =P eateRe "R 2R 20k

A (1), we have

PP Q* 4 R? L opg y opp s 2QR=P* +Q + R? —2PQ o5

—2PRcosB - 2QRcosA

2PQ +2PR 1+ 2QR = ~2PQcosC -2PRcosB — 2QRcosA

2(PQ + PR + QR)=-2(PQcosC + PR cosB + QRcos A)

PQ+PR + QR+PQcosC+PRcosB+QRcosA =0

PQ+PR + QR+ PQcosC +PRcosB+QRcosA =0

QR(1+cosA)+PR(1+cosB)+PQ(1+cosC) =0
2QR cos? g + 2PR cos? §+ 2PQ cos? g =0

“A\2' 2PRcos?B\2  2PQcos?
2QRcos? A R cos® B\ +2PQcos*Crz (dividing by 2pQR)

2PQR " 2pP0R 2PQR
cosZ’A\2+ coszB\Z+ cos®C\ 2 e
2 Q R
Exercise 1

Multiple Choice Questions (MCQs

. ircke |
Four options are given in each of the following questions, fill the circ® |

in front of that choice which you think is corr
more circles is not allowed:

Q.1 '
() The quantity of matter in 4 body is called its ) tension
(@) acceleration (b) velocity (c) mass @( ©® 0 @
(i) A body of negligible small dimensions is termed as (d) none ofthes@‘-’
() heavy body  (b) small body (c) particle Qﬂew
. ents a g€ _
(iii)  The concept of a particle is an ideal one and repres

which posses mass.
(a) ellipse . (b) triangle

. int
(c) circle (@ &SI
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(iv)

v)

(vi)

il

(i)

(ix]

ixi

T ——

A body may be regarded as an aggregate of

(a) ellipses (b) triangles (c) circles (d) %rﬁcle@S

A body is said to be a rigjg body if the distance betv%en any two of its
particles by any means.

(a) changes _ (b) remains unchanged

(c) remains variable (d) none of these @ ® © O
A body is said to the rigid body if it its shape in any way.
(a) changes (b) does not change

(c) changes rapidly (d) none of these @ ® © ©

A body is said to be in motion if jt
surroundings in the course of time.
(a) does not change (b) changes

(c) never changes (d) none of these @ ® © ©
A body is said to at rest if it its position with respect to

its surroundings in the course of time.

its position with respect to its

(a) does not change (b) changes

(c) rapidly changes (d) none of these @ ® © @
Rest and motion of g body are concepts.

(2) absolute (b) not relative (c) relative (d) none of these

® © @
The physical quantity which changes or tends to change the state of rest or
motion of a body is called '
(a) force (b) acceleration (c) velocity (d) none of these

©

The line passing through the point of application in the direction of the force is
czlled the S of actinn nf fareca
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(xiv) If force System s €quivalent tq 2 single =
of the system 71e force R then R ¢
(a) resultant CoOmponent () resolveq bt Allegy b |
Non }
(xv)  The branch of mechanics Which deals with bodies atr @ ® ; %thes@ ?
(a) dynamics (b) staticg c Statisti:s estis © ‘g
!
(xvi) The branch of

, : Ne of
mechanics which deals with bodies jn m ® ® s
(a) dynamics (b) statics

(c) Statisticg

. theg
(xvii) . treats, of the geometry of motion of odie(s@withq)) © @e) i
account their masses or the forceg acting on them. Out taking int
: (a) Kinematics (b) Kinetics (c) Statistics (@)
" None %thESe
(xviii) ) ) _ is concerneg with the relations between - ©
| bodies and the resulting motion_ the forces acting qp
\ (a) Kinematics (b) Kinetics (c) Statisticg @(d) NONe of fheg,
s (xix) Classical mechanics s glsg known as Mechanics © @
. _\. .
‘:‘ (a) Fluid (b) Quantum (c) Newtonian (d) none of these
Q (xx) ] mechanics js based on Newton's [aws of motion 0
| (a) Fluid (b) Quantum (c) Classicg] (d) none of these
|
Q.2 o :
(i) In Newtonian mechanics, Space time andg mass are concepts
. \
independent of each other.
(a) relative (b) absolute

(¢) not absolyte (d) none of these
(ii) Newton’s

law of motion states that a bod
rest and g body moving with uniform

velocity will continue to do so, unless
acted on by some unbalanced external force,
(a) first (b) second (c) third (d) none of these

(iii) Newton’s
produces acceleration jn |

0)

law of motion states that a force applied on a body

ts own direction which is proportional to the applied
force ang inversely Proportional to the mass of the body.
(a) first second (c) third (d) none of these
i1
. ) |
(V) Newton's law of motion states that action and reaction are equal |
and Opposite. . 2
(a) first (b) second (c) third (a)(d) gne % thes
V) The Product of the mass of the object and velocity is called its
(a) Velocity

(c) acceleration  (d) none of these

y at rest will remain at

—

Lt oo
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menturm

i)
(vii)
(viii)
(ix)

(x)

| (xi)

(xii)

(xiii)

If a partj . o T o
is icle of mass m is moving with a velocity v , then its linear M

(a) ma (b) m?5 2y (d) mv
Mathematical for " e i d@ © N ©
(@) m3 m Ozbh;ervr:ign’s second Ia(\;v orfnrzn‘?otion is F =(d) -

The forces passing th ' _ ) , @ @forgczs, @
(a) parallel (g‘)"ég:cif,‘;‘ﬁ:e pOI(r;t) i?n?sgsgu—rre'ngmne of e
(Tah)en?r:?sg;?g:grin th(cte) )s;r)r:)clea;:]lspe are cetlgi @____,._(?)rﬁi?‘-e of these
Forces F,,F, and F, are forces.

(a) parallel (b) concurrent (c) non-concurrent(d) none of these

Forces P and Q have_ of action.

(a) same direction (b) different lines  (c) same line (d) none of these

tion of a given force system on a body ® ® ?w @
The/gt Ki ct from them another force sys.tem in equilibrium. e add
to or subtrd (b) remains unchanged

(a) is chand® (d) none of these

(c)is changeé

@ ® © @

f a force acting on a rigid body
be

: jcation O ,
The point Of @PPIC2 o baint of the body lying on the line action of fig o
Oorce

transferred toad its effect.
thout changding cannot ;
with (b) (d) none of these

(a) can © >

d rapidly

(c) can never




. 7 ight of the particle can e
: nitude w of the ’wug AN DG it
(xiv) ;rff e , where m is the mass of the particls ang ,'.“ .
= S g e

i Yt
gravitational acceleration. ) ? hes
(a) mJg (b) mg (c) m~g (d) mg

@ ® () @

(xv) When two forces P and.Q acton a particle their resultant 12 js found ty .
(a) Newton’s first law,of motion  (b) Newton's second law of motigy, Y ihe
(c) Newton'’s third law of motion (d) parallelogram law of forces
. , _ @ ® @ g4
(xvi) If aforce R makes an angle 0 with x-axis, then the resolved part of 1 al
Xx-axis is ' along
(a) Rcoto (b) Rtano (c) Rsing (d) Reogg
(xvii) If aforce R makes an angle 0 with x-axis, then the resolved part of R gl
y-axis is’ g
' (a) Rcotd (b) Rtano (c) Rsing (d) Reosg
{ - J
- (xviii) The resolved part of R along x-axis is ® © @
( (@) R-i (b) Rxi () R-j @)(d)(%x}
(xix) The resolved part of R along y-axis is © @
(a) R-i (b) Rxi (c)R-j Rxj

(d) Rxj
@ ® © 0

(xx) The magnitude R of the resultant of forces P and Q acting at an angle « is
(a) VP2 +Q? +2PQtana (b) VP2 +Q? +2PQcota
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v)

(vi)

(vii)

(viii)

(ix)

(xi)

" The resultant of two concurrent forces AOA and uOB is

tan™’ | ‘
(8} ten (Q) (b) tan 1( Qsin J

Py Qeos (,,

- Psing
c) tan™| - —
( [Q-I-Pcosaj (d) tan "(O_J
P . _
If two forces P ang Q act — ~ Gy @ @ G
with @ is ngle «, then the angle of their resultzant
‘tan ™" P
(a) an ’6 (b) tan"(-.pmn"’q
. = i'Qr;OSaJ
- SN ,
+A9) fan 1(0 +Pcos ] (d) tan"(gJ
+ o
P - - ﬂ‘ (()'\
The resultant of two forces of eqiial rme i . @ B O @
between them. $ of equal magnitude will the angle
(8) ot Risgot (b) trisect (c) bisect (d) none of theze

| ® © O
Two forces_ of magnitudes 7 and 4 units act at an angle 60°, the angle of their
resultant with the force of magnitude 7 is

J243 ‘ 7
(a) tan™'| == (b) tan™ —\/—i (c) tan*’(zj (d) none of thesz
° 5 Y @ ® ® ®
Two forces of magnitudes 7 and 4 units act at an angle 60°, the angle of their
resultant with the force of magnitude 4 is

(a) tan*{ﬁJ : :‘(b)‘ tén"(.%] (c) tan"’[%) (d) none of thesé
° ®® © ©

The magnitude of the resultant of forces P and Q acting perpendicularly is

JP2-Q? b) P2 -Q (c) P2+Q*  (d) yP#+Q"
(a) ( ‘ ® ® © ©

where C divides AB such that AC:CB=pu:4.

> Y/ 5C (d) #OC
a) (A+4)0C  (b) (A-w)OC  (©) 40 -
@) (4+p) (b) ( ® 6 © ©
: ' Itant is R. If any transversal cuts
Forc act at a point O and their result _
ther I?r?e? o(? action ol? the forces in the points A, B, C respectively, then

P.a_
OA OB | 5

R2 R (c) 0o (d) none of these
(a) (b) oC R ®@ ® ©® @

oc
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- 2 - - B G,
the action of the forces P,,P,,..., P, is that r)f"r? $ored iy n
o i (C) K d)o
(@) i (b) J | ) Iﬂ:)/ © .
icle is in equilibrium under the action of theee for0e, bon 7
(xiii) :;aznﬁidg gf each force is proportional 1o the — _dfthe angie D::‘féd
the other two. _ i | )
(a) cosine (b) sine (¢) cosecant (\(q) 560N
(xiv) If the particle is in equilibrium under the action of forces in e ‘:QJ-“::(
figure,
then
(@) 2 -89 - R
cota tane  tap f tany
P Q R
(C) (d) LTS e, ——
Cosa cosf cosy Sina  sing siny
(xv)  The tendency of a force to turn gz body about g point is caligd 1
of that forge,
(a) magnitude (b) direction (c) moment (d) none oftha%
(xvi) If 7 is the position vector of the point of application A of the force £ fromz
fixed point O, then the moment of the force F about O js M=
@r-F (b) FxF (c) F +F (d) é—F@ 0
(xvii)  The moment of g force F

_ about a point O |s | fo the pia
containing O ang £
(a) not perpendicylar

(xviii) Th

(b) parallel (¢) perpendicular (d) none of thesé

S

s oqual 01
® moment of the resultant of concurrant forces about a point s 64
——— of moments of the forces about that point,

(a) difference

o of thest
(b) sum (c) product (d)%" 0 0
(xix)  The moment of a force is

If the rotation Is anticlockwiée: ({59
(a) zero T e »

neo
() positive (c) negatlve @(d)&% o 0
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RSP O et e a—

P

Q.4
(i)
(ii)
(iii)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)

(xiii)
(xiv)
(xv)
(xvi)
(xvii)
(xviii)

(xix)

(xx)

The moment of a force is if the rotation is clockwise.

(a) zero (b) positive (c) negative (d) none of these
@ ® © @

The necessary and sufficient condition for the equilibrium of a system of

coplanar couples is that the algebraic sum of their moments is

(a) zero (b) positive (c) negative (d) none of these
® ® © @

If forces are completely represented by the sides of a plane polygon taken in

order, then they are equivalent to a couple whose moment is represented by

_____the area of the polygon.

(a) half of (b) twice (c) negative (d) none of these

@ ® © ©
|

Solve / write answers of the following short questions:

Define the following:

(a) Body (b) Mass (c) Particle

Define the concept of rigid body. -

Define the concept of force.

State Newton's First Law of Motion.

State Newton's Second Law of Motion.

When forces are in equilibrium?

State Newton’s Third Law of Motion.

State parallelogram of forces.

State equilibriuim law.

State law of superposition.

State principle of transmissibility of forces.

A force of 10 N is acting at an angle 30° with x-axis. Find its resolved parts
along x-axis and y-axis.

A force of 10 N is acting at an angle 30° with y-axis. Find its resolved parts
along x-axis and y-axis.

Forces of 8 N and 7 N are acting at an angle 60°. Find the magnitude of the
resultant.

Forces of 12 N and 10 N act at an angle 30°. Find the magnitude of the
resultant.

Forces of 8 N and 7 N act at an angle 60°. Find the angle which the resultan
makes with force 8 N. :

Forces of 8 N and 7 N act at an angle 60°. Find the angle which the resultan
makes with force 7 N.

Find the greatest and the least resultants of the forces of 8 N and 7 N.

The greatest and least resultants of two forces acting at an angle 60° are o

;gfgnitudes P and Q respectively. Find the magnitude of the resultant of th
ces.

What are concurrent forces?
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Solve / write answers of the following short questions:
Forces P, Q, R act at a point parallel to the sides of an €quilatera| ¢
al triap
gle

ABC taken in the same order. Find the magnitude of the resultant

State of (4, ) theorem.

and g?

20N

Two  light inextensi
nsible  strin
igspend a particle of weight 78 ?\IS
e ang!e between each string anci
(tjl,?:gr;ert:c\:;l is 42° ag shown in
m: : g
Sty hat is the tension in each

B
- Lﬁ/

e -

The three forces in the diagram are in equilibrium. What are the yg
Values of
B

Scanned with CamScanner



RNy F

o)
n #
| iR 4!
2 ¢S 30- I P
_+ Find the moment of the force about point O in the figure.
(ix) 3t #I
; 'v‘.‘ . e e
d © : J
|/ 1ft e 1 .8in 45 ft
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(x)  Find the moment of the force about point O in the figure.

|—2m—|

%‘:1

"

. 0 b
(xi)  State and prove Varignon's Theorem.

PU, 2011; 2010 (RS Mathk AR 20k B BSC
Long Quostions

Q6  Find the resultant of all the forcos shown In flgure below:
400 N
f 20
“(,“ -AM;},,W 3

T

600 N

Scanned with CamScanner



Q.15

W1 Wate ang ove

B2 . Jntrodwetion o MoghaNIcs b . .
() 7 Find the resultant of all the forces shown in figure below:
o 80 N,

e 50N

30°

100 N
459

60 N
—-)
Q.8  The resolved part of the resultant R of two coplanar forces

-»
at a point O in the direction of Q is of magnitude P. Show that the angle
between tho forces is 2sin™! 5% .
Y

Q9 Lot R bo tho resultant of two coplanar forces ;’ and

PU. 2003 (B.A/B.Sc.
Q10 The resultant of two forces P & Q is R ifQis double R s treble, if Q is
roversed Ris again treble, show that p2 'Q*:R?:21:4:1.

Q11 The resultant of two forces P and Q acting at an angle 0 is equal to
Bma1)/p? :

when they act at an angle 90°-0, the resultant is
Bm-1VP? 1 Q% |, prove that tang = SM-2
3m+2

act at a point and « s the angle between them. Find
diraction of the resultant.

Q12 Two forces and Q
e magnitude and the

, 2014 (BA/B.Se)

)
Q13 Two forces 1

Y ) ) 3
THQ and PQ make an angle 2a with one another and their
resullant makes an angle 45° with the bisegtor of the angle between them.
Show that P e Qlana \

Q4 Dofine a auple and its moment

(N A 08, are aquivalent to
mament is the SUM Of monk

and prove that coplanar couples of moments
A Single couple Mg in the same plane, whose
s of all the couples.

Sate and prove Lammis theoram,

(A Thearem,
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Qtr The ‘::no-rf\vl boom lift is extended into the position shown. If the worker
weighs 180 Ib, determine the moment of this force about the connection at A,
w
AL

Vi

SummARY

> Space, time and matter are the fundamental concepts.

> Matter which occupies a limited portion of space is called a body.

> The quantity of matter in a body is called its mass.

> A body of negligibly small dimensions is termed a particle.

> A body is said to be a rigid body if the distance between any two particles
of the body remains unchanged so that that the body does not expand or
contract or change its shape in any way.

> Force is defined as a measure of push or pull on an object.

> The point of body where the force acts is called its point of application.

» The line passing through the point of application in the direction of the
force is called its line of action.

> - Aset of forces acting on a particle or rigid body is called a force system.

» ~ Two force systems are said to be equivalent if one system can be
replaced by the other system without disturbing the instantaneous state of
rest or motion of a body.

> Mechanics deals with the action of forces on bodies which we encounter
in nature and technology. .

> Branch of mechanics which deals with bodies at rest is known as statics.

» The branch of mechanics which deals with bodies in motion is known as
dynamics.

> The branch of dynamics which treats of the geometry of motion of bodies,

without taking into account their masses or the forces acting on them is

known as kinematics.
> The branch of dynamics which is concerned with the relations between

the forces acting on bodies and the resulting motion is known as kinetics.
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Inertia is a property of matter that resists changes in motion, g

The linear momentum of a particle is the vector p = mv , where mis

e

mass of the particle and v its velocity relative to a reference system

The forces acting on a particle are said to be in equilicrium if these' 0
change the state of rest or character of motion of the particle. In thjg canot
the state of the particle is referred to as an equilibrium state. A

A given force R can be replaced by an infinite number of pairs of POSSip|

components. e
If the two components of a force are mutually perpendicular, th
components are called the resolved parts of the given force,

Scalar component of R along vector i is the dot product R. g .

Forces whose lines of action intersect at one point are called concurrep
forces. i

The resultant of two forces bisects the angle between them if the forces

have equal magnitudes.
The magnitude R of the resultant of two forces P and Q acting at g

n such

angle « is given by R=+/P? + Q2 + 2PQcosg .

Magnitude of the resultant of the forces P, Q, R acting at a point parallgl

to the sides of a triangle ABC taken in the same order js
. 1

(P? +Q% + R? —2QRcos A — 2RP¢os B— 2PQ cosC)2,

A particle is in equilibrium if the resultant of all forces acting on the

particle is equal to zero.
If a particle is in equilibrium under the action of three coplanar forces,

each force has a magnitude proportional to the sine of the angle between |

the other two.

The tendency of a force to turn a body about a point is called the moment

of that force.

The perpendicular distance from the point of rotation to the line of action |

of the force is known as arm of the force.

The moment about a point O of the resultant.of a system of concurrent
forces is equal to the sum of the moments of the various forces about the j

Same point O.

A couple is defined as two parallel forces with the same magnitude bu

opposite in direction separated by a perpendicular distance d.

Any system of coplanar forces acting on a rigid body can be reduced_w;’1
Single force at g|| arbitrary point in the plane of the forces together with

couple.

: el
A system of coplanar forges s in equilibrium if the algebraic sum O;rt:ic i

resolved parts of th

e forces in an irections is zero and the alge
Sum of the moment digd

s of all the forces about an arbitrary point is zero.

*dkekkk
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