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Lecture 23

Introduction to Moments

The tendency of a force to rotate a rigid body
about any defined axis is called the Moment
of the force about the axis

MOMENT OF A FORCE - SCALAR FORMULATION

, M, of a force about a point provides a measure of the tendency for

(somelumes called a orgue).

M=F*d »




Units of a Moment

e The units of a Moment are:
e N-min the Sl system
o ft-Ibs or in-Ibs in the US Customary system

Introductionfte Moments
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Moment caused by a Force

e The Moment of Force (F) about an axis
through Point (A) or for short, the Moment of
F about A, is the product of the magnitude of
the force and the perpendicular distance
between Point (A) and the line of action of
Force (F)

o M, = Fd




APPLICATIONS

Beams are often used to bridge gaps in walls. We have to
know what the effect of the force on the beam will have on

the beam supports.
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Properties of a Moment

e Moments not only have
a magnitude, they also
have a sense to them.

e The sense of a moment
is clockwise or counter-
clockwise depending on
which way it will tend to
make the object rotate

() Mp=-Fd
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Properties of a Moment

e The sense of a Moment is defined by the
direction it is acting on the Axis and can be
found using Right Hand Rule.

Moment axis

(@ Sense of rotation
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MOMENT OF A FORCE - SCALAR FORMULATION (continued) :9 e
In the 2-D case, the magnitude of the momentis M,=Fd
Sense of rotation
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As shown, d is the perpendicular distance from point O to the line of action of
the force.
In 2-D, the direction of Mg is either clockwise or

counter-clockwise, depending on the tendency for rotation.




Moments @

The moment of a force is a measure of the force’s capacity
to rotate an object around a fixed point (pivot) or axis.

Moment = Force x Perpendicular distance

=% 7

‘Perpendicular W .
distance’ refers to T v
the perpendicular R
distance between
the line of action
of the force and

the centre of the e E
rotation. e =0

The moment of a force is measured

@ in Newton-metres (Nm). @\

Adding and subtracting moments @

Moments can act in a clockwise or anti-clockwise direction.
L is used to represent clockwise and U, anti-clockwise.
If two or more moments are acting on an object, the
overall moment is the difference between the total
clockwise moment and the total anti-clockwise moment.
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Calculating moments

Calculate the moment about A for each of the following forces:

3N
%A

Moment =3Nx5m

=15 Nm??

e

5N

——

Ay

The moment is zero since
the perpendicular distance

is zero.

Calculating moments

works

Calculate the sum of the moments about A for each diagram.

=3Nx2m
=6 Nm
Omoment =5Nx3m
=15 Nm
Resultant moment
=15 Nm -6 Nm
=9NmOU

U moment

/2 N
6 \\

m-,
x1m
A

4N

Both forces are acting in
a clockwise direction.

Resultant moment
=(2x6)+(4x1)

=16 Nm WV




Non-perpendicular forces

If the distance given is not perpendicular to the force, you can
use trigonometry to work out the perpendicular distance.

The component of force F in the direction AB is equal to
the magnitude of F, multiplied by the cosine of the angle

Force F is not perpendicular to its
given distance to X. The line AB is.
You can work out the component of
F that is exerted in the direction AB.

between the force and the direction AB.

The component of the force in the direction AB = Fcosé.
The component of the force in the direction AC = Fcos(90-6)
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= Fsiné.
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Calculating moments questions

board

For each of the following diagrams, calculate the sum of the
moments about A. Remember to state whether the resulting
moments are acting in a clockwise or anti-clockwise direction.

j X

2.

5N

7N




Calculating moments solutions @

1. The 5 N force is acting in a clockwise direction and the
8 N force is acting in an anti-clockwise direction.

vmoment=5Nx3m=15Nm
dmoment=8Nx4m=32Nm

Resultant moment =32 Nm—-15Nm =17 Nm O

2. The 5 N force is acting in an anti-clockwise direction whilst
the 7 N force is acting in a clockwise direction.

Omoment=5Nx4m=20Nm
U moment =7sin30°Nx 6 m=21Nm

Resultant moment=21 Nm =20 Nm =1 Nm U

e &

Calculating moments questions boged, .




Calculating moments solutions @

3. Both forces are acting in a clockwise direction.
Lmoments =(1TONx2m)+ (8N x2m)=20Nm + 16 Nm

Resultant moment = 36 Nm ©

4. The 9 N and 10 N forces are acting in a clockwise direction.
The 12 N force is acting in an anti-clockwise direction.

vmoments=(9Nx1m)+(1IONx3m)=9Nm+ 30 Nm
=39 Nm
U moment = 12sin50°N x 3 m = 27.6 Nm (to 3 s.f)

Resultant moment = 39 Nm — 27.6 Nm

@ =11.4Nm U (to 3 s.f.) @
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Varignon’s Theorem

* The moment of a force about any point is equal to the sum of the
moments of the components of the force about the same point.
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Figure _b_0 illustrates the usefulness of Varignon’s theorem. The

moment of R about point O is Rd. However, if d is more difficult to
determine than p and ¢, we can resolve R into the components P and
M, =rxR Q, and compute the moment as

rxR=rx®P+Q Mg = Rd = —pP + qQ

where we take the clockwise moment sense to be positive

Mg=rxR=rxP+rxQ




Problem

For the figure shown below, find moment of 400 N force about

point A using:
1. Scalar approach
2. vector approach. y

Scalar Approach

M , =400co0s45° x 6+ 400sin45° x 3
= M , =2545.2 N.m (Counterclock wise) Ans.




Vector Approach

F =400c0s45°(—1)+400sin 45° (- j) = —282.81 —282.8 ]
F=(x,—x) + (3, - 3)j = (-3-0)i +(0-(-6))j =-3i +6]

i ik
M,=FxF=| -3 6  0/=25452k N.m Ans.
—-282.8 -2828 0
8 PROBLEM
VALY A force of 500 N acts on a bracket as shown. Determine the moment of
T == the force about B.
160 mm

T .

SOLUTION
The moment My of the force F about B is obtained by forming the vector
product

Mg=ryg X F

where ryp is the vector drawn from B to A. Resolving ryp and F into

rectangular components, we have

ryp = —(02 m)i + (0.16 m)j
N I F = (800 N) cos 60°i + (800 N) sin 60°j
LA = (400 N)i + (693 N)j
.60 B .
/1 Recalling the relations (3.7) for the cross products of unit vectors (Sec. 3.5),
N IF, = (400 N we obtain
\‘/
N Mg = ryp X F = [—(0.2 m)i + (0.16 m)j] X [(400 N)i + (693 N)j]
\ = —(1386 N - m)k — (640N - m)k

= —(202.6 N - m)k M; 203N - m )

The moment Mg is a vector perpendicular to the plane of the figure and
pointing info the paper.




Alternative Solution (Using Varignon’s Theorem):

Assuming that the counterclockwise moment is positive; | W.B
Mg = - F,.(0.16m) - F,.(0.2m) ‘ f\/w): g
where F,=400 N and F,=693 N

Mz = -400N(0.16m)-693N(0.2m) = -202.6 N.m

We can say Mg =-203 N.m -

Since we assumed that {he counterclockwise moment is positive and we
obtained a negative moment value, this implies that the direction of Mg is
actually clockwise.

So; the result is exactly the same as before, i.e.

The Cross Product

Cross product of two vectors




“TFhe Cross Product

Given two nonzero vectors a = (a,, a,, a;) and
b = (b, b,, by), it is very useful to be able to find a nonzero
vector c that is perpendicular to both a and b.

If ¢ = {c4, ¢y, C5) is such a vector, then a -.¢c = 0 and
b-c=0andso

a,C, +a,c, +asc;=0

2]

bscq + byCy + b3c3 =0

““Fhe Cross Product

To eliminate ¢; we multiply [1] by b; and [2] by a; and
subtract:

(@1b3 — asbq)c; + (ab; — ash,)c, = 0

Equation 3 has the form pc, + gc, = 0, for which an obvious
solution is ¢; = q and ¢, = —p. So a solution of [3] is

C1 - 82b3 = a3b2 C2 - 33!31 s a1b3




“TFhe Cross Product

Substituting these values into [1] and [2], we then get

C; = a.b, — a,b;,
This means that a vector perpendicular to both a and b is
(Cy, Co, C3) = (@sb3 — @3b,, @by — @1b3, 810, — @b4)

The resulting vector is called the cross product of a and b
and is denoted by a x b.

““Fhe Cross Product

If a = {a\, a>, a;) and b = (b, b, b), then the cross product of
a and b 1s the vector

a X b = (a:b; — asb», asky — a\bs, a\b, — axby)

Notice that the cross product a x b of two vectors a and b,
unlike the dot product, is a vector. For this reason it is also
called the vector product.

Note that a x b is defined only when a and b are
three-dimensional vectors.




“Fhe Cross Product

In order to make Definition easier to remember, we use the
notation of determinants.

A determinant of order 2 is defined by

Ya b
] = ad — bc
c d

For example,

““Fhe Cross Product

A determinant of order 3 can be defined in terms of
second-order determinants as follows:

a d» ds
[

b, b, .':J;.

Ci C2 3

b| !33 ‘

i

b: b;

Cz2 €3

h| ])3

Cj G3

= da — > 1 3

Observe that each term on the right side of Equation 5
involves a number g; in the first row of the determinant, and
a; is multiplied by the second-order determinant obtained
from the left side by deleting the row and column in which a;
appears.




“TFhe Cross Product

Notice also the minus sign in the second term. For
example,

L =
= O ™
\

PO e

= o

\
wn W

““Fhe Cross Product

If we now rewrite Definition using second-order
determinants and the standard basis vectors i, j, and k, we
see that the cross product of the vectors

a=a i+a,j+akandb=b,i+bh,j+bskis

a das

"Jj /1‘.

a s

. a, da:
i— &
I.)| b;

bl l’)j

axXb= jt k




“TFhe Cross Product

In view of the similarity between Equations 5 and 6, we
often write

i j k
a h a

by by b;

Although the first row of the symbolic determinant in
Equation 7 consists of vectors, if we expand it as if it were
an ordinary determinant using the rule in Equation 5, we
obtain Equation 6.

The symbolic formula in Equation 7 is probably the easiest
way of remembering and computing cross products.
10

“Example 1

Ifa=(1 3,4)and b =2, 7,-5), then
i k
3 4
7 =5

i
axXb=

o —

1 -
2 =5

(8]
N

sl il
1712 4

= (15— 28)i — (-5 — 8)j + (7 - 6)k

=-43i+13j +k
11
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iNet Moment

= The net moment is the sum of all
the moments produced by all the
forces
= Remember to account for the
direction of the tendency for rotation
= Counterclockwise moments are positive
= Clockwise moments are negative

i Moment and Equilibrium

= First Condition of Equilibrium
= The net external force must be zero

SF=0or
>F =0 and XF, =0

« This is a necessary, but not sufficient,
condition to ensure that an object is in
complete mechanical equilibrium

= This is a statement of translational
equilibrium




Moment and Equilibrium,
cont.

= To ensure mechanical equilibrium,
you need to ensure rotational
equilibrium as well as translational

= The Second Condition of
Equilibrium states
= The net Moment must be zero
IM; =0
Total Clockwise Moments=total Anti-
clockwise moments

Rods @ @

e If a rod is uniform, then its weight can be taken to act
at the mid-point of the rod.

e If arod is pivoted at a point, then there will be a
reaction force at this point.

e If arod is resting on two or more supports, then there will
be reaction forces (not necessarily equal) at these points.

\\;-../‘ ==
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Light uniform rods %

A light rod may have a mass so small compared to the
masses acting on it, that its own mass can be ignored.

Moments of {uniform rod about a point

0:00:58
o) B

Light uniform rods éﬁ%%@

A light rod may have a mass so small compared to the
masses acting on it, that its own mass can be ignored.

1. The light rod shown below is in equilibrium.
Calculate the size of the force X and the value of d.

Resolving forces vertically:
9 X+6=9

2 E] ’ s0, X=3
B

Taking moments about C
9x1=3(d+1)
9-3=3d

2=d

Oy e——-L
O

x




Uniform rod questions @
2. A uniform rod AB has mass of 6 kg and is pivoted at C.
The length of the rod is 10 m and distance AC =4 m.

Calculate the mass of the weight that must be attached
at A to keep the rod in equilibrium.

R Taking moments about C:
‘ mx4=6x1
A—7—%& z B 4m=6
\ ¢ J m=15
mgN 6g N

Therefore, the mass of the weight that must be
attached at A is 1.5 kg.»

=) &
Uniform rod questions @

3. A uniform rod AB has length of 6 m and mass of 12 kg.
A weight of mass 8 kg is attached at A and a weight of
mass 10 kg is attached at B. The beam is pivoted at C
and is in equilibrium. Find the distance AC.

R Taking moments about C:
U moment
=10%x(3-4d)
A‘ 3 ldé 3-d JB =30-10d
O moment
8g N 129N 10g N —8x(3+d)+12d
=24 +8d+12d
So, 30 -10d = 24 + 20d =24 + 20d
6 = 30d

@ d=02m - The distance AC=3.2m @




Uniform rod questions @

4. A uniform beam AB of mass 10 kg is 8 m long and is resting
on two supports at A and B. A mass of 20 kg is placed on
the beam 1 m from A. A mass of 15 kg is placed on the
beam 2 m from B. Calculate the reaction forces at A and B.

R, R, -
Resolving forces

AL l 3 l 2 l 2 AB vertically:
20g N 10gN 15gN F\’1 +R2=459N

Taking moments about A:
20x1+10x4+15x6=R, %8
150 = 8R,
R, =18.75g N (183.75 N)

So,R,=45—R,=45—-18.75
=) = 26.25g N (257.25 N) &

Lecture 26

Non-uniform rod questions @

The centre of mass of a non-uniform rod is not necessarily
at the rod’s mid-point. :

1. Anon-uniform beam AB of length 6 m and mass 5 kg rests
on a pivot at the mid-point C. When a mass of 2 kg rests on
the beam 1.5 m from B, the system is in equilibrium. Find
the distance between A and the centre of mass of the beam.

R Taking moments about C:
‘ 9% (3-d)=29x15
= 15-5d=3
ATd { 3-d 8 1.5J 15 S0, 50 = 12
59N 29N d=24m

Therefore, the centre of mass of the beam is 2.4 m from A.

e &




Non-uniform rod questions @

2. A non-uniform rod AB has length 8 m and mass 5 kg.
It is resting on two supports at C and D, where Cis 1 m
from A and D is 2 m from B. The reaction force at C is a
third of that at D. Calculate the distance between A and
the centre of mass of the rod.

Resolving vertically:
4R =5gN
R=1.25gN

Taking moments about D:
5R =5g(5-d)
6.259 = g(25 - 5d)
6.25=25-5d
So, the centre of mass 5d=18.75

@ is 4.75 m from A. d=3.75m @
Non-uniform rod questions @

3. A non-uniform rod AB of length 6 m and mass 3 kg, has
its centre of mass 2 m from A. It is suspended from the
ceiling by two vertical strings attached at C and D, where
Cis 0.5 mfrom Aand Dis 1.5 m from B.

Calculate the tension in the strings at C and D.

3R

Or—2

= A
Al dlSdDZB

5g N

T, 5 Resolving forces
c D vertically:
AD5 15 { 25 15 B T,+T,=3gN
3N Taking moments about C:
3gx1.5=T,x 4
So, the tension in the string 4T, =4.59
at Cis 1.875g N (18.375 N) 7,=1.125g N
and the tension in the string So, T;=1.875g N

@ at D is 1.125g N (11.025 N) @




Question @

1. A footbridge across a stream consists of a tree trunk of
length 6 m and mass 100 kg, supported at the ends A and
B.

A child of mass 40 kg is standing at a point C on the
footbridge.

Given that the magnitude of the force exerted by the
support at A is two thirds of the magnitude of the force
exerted by the support at B, calculate;

a) the magnitude, in Newtons of the force exerted by
the support at A,

b) the distance AC.

=) &
Solution @

2
3R R
A] cC NB
& 3 1 d lg,-d‘
100gN  40g N




Solution Goaed)

% R a) Resolving forces vertically:
i T SR =140g N
c B
‘s 3 l d [3d% R=84g N
100gN  40g N Force at A= 2x84g N

So, the force exerted by the support at A = 56g N
56 x 9.8 =548.8 N

b) Taking moments about A: (100 x 3) +40(3 +d) =84 x 6
300 + 120 + 40d = 504
40d = 84
d=21m
@ Therefore the distance AC is 5.1m.

=4
Example @

A non-uniform rod AB has length 4 m and weight 100
N. The rod rests horizontally on two supports C and D,
where Cis 1 m from A and D is 0.5 m from B. The
centre of mass of the rod is d m from A.

An object of weight W Newtons is placed at B.
The magnitude of the reaction force on the rod
at D is now 150 N.

a) Show that 100d + 3W =475

The object is now moved from B and placed at A.
The rod remains in equilibrium and the magnitude
of the reaction force at D is now 60 N.

b) Write another equation connecting W and d,
and hence calculate Wand d.




Solution Gosed)

B 1510 2 a) Taking moments about C:
p l +23 o 100 x (d-=1)+3W=150x%x 2.5
& J & l 100d — 100 + 3W = 375
152 il So, 100d + 3W = 475
R, 60 N b) Taking moments about C:
I [0,5 100 x (d—1)=1W+60x 25
A A A B
j c D 100d — 100 = W + 150
w 100 N So, 100d - W= 250
Solving simultaneously: 100d +3W =475 -
-100d -W =250
4w =225
@ W=56.25 N and d = 3.06 m (3 s.f.). @

Lecture 27




Example @

A heavy uniform steel rod AB has length 12 m. A particle
of weight 100 N is placed at A and a particle of weight
200 N is placed at B. ’

The rod is attached to the ceiling by two steel cables at
Cand Dwhere Cis2 mfrom A and D is 3.5 m from B.
The tension in the cable at D is twice the tension in the
cable at C.

a) Calculate the tension in the cable at C and state
any assumptions that you have made.

b) Calculate the weight of the steel rod.

= S
Solution @

a) Taking moments about the

T Tzr centre of the rod:
2 4 25135 p | 2Tx25+100x6=Tx4+200x6
5T+600=4T+ 1200

So, T=600 N
Therefore, the tension in the cable at C is 600 N.

It was assumed that the steel cables were light and
inextensible.

100 N W 200N

b) Resolving forces vertically: 600 + 1200 = 100 + W+ 200
1800 = 300 + W
So, W=1500 N

@ Therefore the steel rod has a weight of 1500 N. @
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e A 100-Ib vertical force is applied to
the end of a lever which is attached
to a shaft at O.
e Determine:
a) Moment about O,
b) Horizontal force at A which
creates the same moment,
c) Smallest force at A which
produces the same moment,

d) Location for a 240-lb vertical
force to produce the same
moment,

e) Whether any of the forces from b,
¢, and d is equivalent to the
original force.

100 Ib
|

cee
® e

oe000
®

o000

a) Moment about O is equal to the product of the
force and the perpendicular distance between the
line of action of the force and O. Since the force
tends to rotate the lever clockwise, the moment
vector is into the plane of the paper.

Mg =Fd
d =(24in.)cos 60° =12 in.
My =(1001b)12in.)

M5 =12001b-in




b) Horizontal force at 4 that produces the same
moment,

d =(241in.)sin 60° = 20.8in.
My =Fd
12001b-in. = F(20.8in.)
Fo 120011). -1n.
20.81n.

F=5771b

¢) The smallest force at 4 to produce the same
moment occurs when the perpendicular distance is
a maximum or when F is perpendicular to OA.

M, =Fd
12001b-in. = F(241in.)
1200 Ib- in.

24in.

F=501b

F =




d) To determine the point of application of a 240 1b
force to produce the same moment,
My =Fd
12001b-in. = (240 1b)d
_12001b-in. _
© 240
OBcos60° =51n.

5in

OB =101n.

¢) Although each of the forces in parts b), ¢), and d)
produces the same moment as the 100 Ib force, none
are of the same magnitude and sense, or on the same

line of action. None of the forces is equivalent to the
100 1b force.




Example

80 mm 300 mm

SOLUTION:
240 mm
The moment M, of the force F exerted

by the wire 1s obtained by evaluating
the vector product,

80 mm l

240 mm

M, =7, xF

The rectangular plate 1s supported by
the brackets at 4 and B and by a wire
CD. Knowing that the tension in the
wire 1s 200 N, determine the moment
about 4 of the force exerted by the

wire at C.
Example
SOLUTION:
M 4= fcl x F
Frpy =T —F, =(0.3m)i +(0.08 m)j

F=Fi=(200N)22
Yeip
—(03m)i +(0.24m); —(0.32m)k
0.5m

=—(120N)i +(96 N)j —(128 N)k

=(200N)

i ] k
- (7.68 Nem)i Y M,=/03 0 008
-120 96 -128

> F =(200 N)A
(28.8 N-m)k |

M, =—(768N-m)7 +(28.8N-m)j +(28.8 N-m)k|




Example
A beam AB has length 6 m and weight 200 N. The beam rests in a
horizontal position on two supports at the points C and D, where AC =
1 m and DB = 1 m. Two children, Sophie and Tom, each of weight 500
N, stand on the beam with Sophie standing twice as far from the end B
as Tom. The beam remains horizontal and in equilibrium and the
magnitude of the reaction at D is three times the magnitude of the
reaction at C'. By modelling the beam as a uniform rod and the two éw_\
. " _ . . 3 é’—— _—
children as particles, find how far Tom is standing from the end B. - l 3
—
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Moment of a Couple

Two forces F and -F having the same magnitude,
parallel lines of action, and opposite sense are said
to form a couple.

Moment of the couple,

The moment vector of the couple is
independent of the choice of the origin of the
coordinate axes, 1.e., 1t 1s a free vector that can
be applied at any point with the same effect.

Moment of a Couple

Two couples will have equal moments if
» Fd = F%a“2
* the two couples lie in parallel planes, and

* the two couples have the same sense or
the tendency to cause rotation in the same
direction.




Addition of Couples

* Consider two intersecting planes P, and F,
P, with each containing a couple

M, =¥ x F, in plane P,
M, =7 x F, in plane P,

* Resultants of the vectors also form a
couple

.{W=I:XR=I:X(FI+F2)

* By Varigon’s theorem
M =¥x
=N

Iy

+7 %

i,

(S

+

* Sum of two couples is also a couple that is equal
to the vector sum of the two couples

Couples Can Be Représented by Vectors

Yy

|
—

* A couple can be represented by a vector with magnitude
and direction equal to the moment of the couple.

» Couple vectors obey the law of addition of vectors.

» Couple vectors are free vectors, 1.e., the point of application
1s not significant.

» Couple vectors may be resolved into component vectors.




Resolution of a Force Into a Force at O and a Couple

+ Force vector F can not be simply moved to O without modifying its
action on the body.

+ Attaching equal and opposite force vectors at O produces no net
effect on the body.

+ The three forces may be replaced by an equivalent force vector and
couple vector, 1.e, a force-couple system.

Resolution of a Force Into a Force at O and a Couple

* Moving F from A4 to a different point O’ requires the
addition of a different couple vector M.

MU, =F'xF

* The moments of F about O and O’ are related,
M, =#xF o(F+5)xF =FxF +5xF
= Mo +§xF

+ Moving the force-couple system from O to O’ requires the
addition of the moment of the force at O about O".




Example

Determine the Resultant couple moment of three couples acting on
the plate as shown in fig.

5.

C)

— Hiz=loap - tun| == b
a\‘ - \*{VV\ Fi=200N] F; =300 sy
Ml -~ _Fld'l
= —2myl,
= —89%GNnm,
(:-‘_2 F?_t L'I.S-C'N Olj_: 2 WA
ML~
= —o%dNm
@ FZ: L'lfbl\l C?lj_: D wa

MR’

M= 4+Fad,- \4§0% 3on

Fz = 200

— | AT angm

G{j’: Swvn

Iy R W

= —3¢0 k¥

= — &00—+
= — Y50

|50 N

1350 — 1 Sov
N w~
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Example

shown in the fig. o2m
Fy = Fsing
= 6605 in?
= F ¢
T b0 Cys g,
Mo = M, KM= 6003 woZ — (o Snxd0
= 03.9 _6o= 43 qnw

Lo .
Determine the magnitude and the direction W f‘ﬂ N
of Couple moment acting on the gear as

/ "N Given: A 2-D force system
- with geometry as shown.

‘M Find: The equivalent resultant

—> 50N force and couple
moment acting at A and
then the equivalent

150 by single force location

measured from A.

Plan:
1) Sum all the x and y components of the forces to find Fy,.

2) Find and sum all the moments resulting from moving each
force component to A.

3) Shift F, to a distance d such that d = Mg, /Fy,




(continued)

LN SF, = 150 (3/5) + 50 100 (4/5)

=60N

{ A ' L ZFg, = 150 (4/5) + 100 (3/5)

'_.-_-" 1ol 50N =180 N

N an—\sn— [ Mg, =100 (4/5) 1 —100 (3/5) 6
\ —150(4/5)3 =

Fp=(602+1802)12 =
0 = tan’! ( 180/60) =

The equivalent single force Fy can be located at a distance d
measured from A.

d = Mga/Fg, = 640/180 =

Example
MY

+ Replace the forces acting on the brace shown in Figure
by an equivalent resultant and couple moment acting
at point A.

100 N
-

400 N

A il

600 N (@) .\\




Mg, =551N-m

\

A
o >
66.6°
Fr=962 NE& 4

o

& T =

(b)
+ Fp, = 2ZF,; Fg,=-100 N-400 cos 45° =-382.8 N =

+ Fgy =3F,; Fp,=-600 N - 400 sin 45° =-882.8 N =
882.8 N

Fr has a magnitude of

R = (R.)7 + () =(382.8) +(882.8) =962 N

F 882.8)
8- tan’| RV]—T { - 66.6°
R, )" (3828 J

and a direction of

. \\

+ The resultant couple moment Mg, is determined by
summing the moments of the forces about point A.
Assuming that positive moments act clockwise, we

have
—_——
+ Mgy = XM,

Mg,= 100 N (0) + 600 N (0.4m) + (400 sin 45°) (0.8 m)
+ (400 gos 45°) (0.3 m)

=551 Nm

. \\
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Example

Replace the three forces shown with an equivalent force-couple
system at A.

400N | 4
Fy iy

160 mm

0 }( !
A N
To find the equivalent set of P .
forces at A. A—
3 160 mm 750N 100N
6 =tan"' [—] =36.87°
4 , £ _
Rx — Z P:{ o }- 360 mm — — _-;«; B p
=—400 N+750 Ncos(36.87°)
=200 N

R, =Y F, =750 Nsin(36.87°) +100 N
=550 N

R=+/200% + 5507 =585N a = mn"(%) =70°

‘\\ \‘l




Find the moments about point A.

The force at O can be broken up into its two components in the x and
y direction

F, =750 Ncos(36.87°)

=600 N o 450
: 1(~.H.|nm J!
F, =750 Nsin(36.87°) | |
=450 N I E e re—_—
600N

. i s 7 ~ X ; \ |
Using the line of action for each component, their moment contribution can

be determined.

W\ \I

Find the moments about point A.

Using the line of action for F, component d is 160 mm.

‘Mz = ‘f;)x- d
600 N (160 mm) 1
= 96000 N-mm —_—'

Fy component is 0 since in line with A. I
y p 160 mm !

Jii

M,=> M, e
=M, +M,+M, SR "
=36000 N-mm + 96000 N-mm +0 N-mm L
= 132000 N-mm =132N-m




Example

150 N 600 N 100 N )N
1

N S —
Ll.ﬁm‘l-—].:?m—l;ivm——l

Example

150 j 600 100 ]
4

A S
161

— 28i

(1880 N-m) k




(] \:j

(1880 N-m) k

—:Hl)ﬂ\\j

y
')

(2880 N+m)

(1880 N+m) k

- (600 N) j

— !)

(1000 N=m) k

75 mm 1000 N

"

100 mm

.
E(130 mm, -30 mm, 100 mm)
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Bmm g5

Example

‘|

(1765 N=m) j _t‘;




Tilting

If a rod is resting on two supports at A and B and is on the
point of tilting about A, then the reaction force at B is 0.

T49.éN

TSO.SN

A

A

100N

&V

Tilting questions

mass of the rod is 3 kg. A

1. A9 m uniform rod AB is resting on two supports at C and
D, where Cis 1.5 mfrom A and D is 3.5 m from B. The

rod so that the rod is on the point of tilting about D. Find
the distance from A where this mass should be placed.

mass of 1 kg is attached to the

When the rod is about to tilt:
R, R, R,=0
[ B | Taking moments about D:
158 3 18 d [3.5d 3gx1=1gxd
3gN 1g N 3=1d
d=3m
Therefore the 1 kg mass should be placed 8.5 m from A.

&




Tilting questions

2. A uniform rod AB of length 10 m and weight 3 N rests on
two supports at B and C, where Cis 1 m from A. A weight
of 5 N is attached to the rod 2 m from A. Given that when
a load is attached 0.5 m from A, the rod is on the point of
tilting about C, find the weight of this load in Newtons.

R R. | Taking moments about C:
] } 05W=5x1+3x4
A0.50.561 { 3 5 AP 0.5W=17
W=34N
W 5N 3N

Therefore the load must have a weight of 34 N.

Tilting questions

3. A non-uniform rod AB of length 6 m and mass 4 kg is resting
on two supports C and D, where Cis 1 mfromAand D is 2
m from B. When a mass of 5 kg is attached at a point 0.8 m
from B, the rod is on the point of tilting about D. Calculate
the distance between A and the centre of mass of the rod.

R, R, Taking moments about D:
[ ‘ 4gx d=5gx 1.2
ATA 34 d  Ai12[08° 4d=6
= \ 2 d=15m
4g N 1 5g N

Therefore the centre of mass of the rod is 2.5 m from A.




Example

Alog AB of length 10 m is placed on two smooth supports
at C arid D where Cis 1 m from A and D is 2 m from B.
When a force of 600 N is applied to the log vertically
upwards at A, the log is on the point of tilting about D.

Initially, the log is modelled as a uniform rod.
a) Calculate an estimate of the weight of the log.

The force at A is now removed and a force of 750 N is
applied to the log vertically upwards at B. The log is now
on the point of tilting about C.

Solution

Taking moments about D: Remember: R, =0
600 x 8 = 3W
3W = 4800
W=1600 N

Therefore an estimate of the weight of the log is 1600 N.




Solution

Ry R, 750N
] l | | Taking moments about C:
ATEdl 7-d & 28| Wxd=750x9
\ ? Wd = 6750
w
600 N R, R,
I ] Taking moments about D:
A1A d| 7-d & 2 B 600 x 8 = W x (7 —d)
’ L = 7W - Wd = 4800
%
Solution

Solving simultaneously gives:

TW — Wd = 4800
Wd = 6750

W =11550

So, W=1650

Therefore, a revised estimate of the weight of
the log is 1650 N.




Example
A uniform bar AB of length 6 m and weight 40 N is
resting in a horizontal position on supports at

points C and D where AC=2 mand AD=5m. = Hwn ﬁ\
When a particle of weight 30 N is attached to the 2 qu Tl L
bar at point E the bar is on the point of tilting <Y ) r—

about C. Calculate the distance AE. A t J’ I ) E)
L/E_I_ 3 oN YN

Qj_: O {GHHMK\-pﬁhJ) e ae—ai

Mwn-/ljé?/bw%c

——Z‘O (2——d) = g(|)
66254~ qur> ZQJ:SID:)O"—%—
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Example

A uniform rod AB has length 4 m and mass 8 kg. It is resting in a
horizontal position on supports at points C and D were

AC = 1m and 4D = 2.5m. A particle of mass m kg is placed at
point £ where AE = 3.3m. Given that rod is about to tilt

about D, calculate the value of m.

Solution ~
If the rod is about to turn about D then the reaction ‘
at C is zero.

Taking moments about point D:

8gx05 =m gx08

1m C1mO05m D08mEOTm
JAN T B

=>m =5 4+

b 4

8g mg
Question:

A plank 4B of mass 12 kg and length 3 m 1s i equilibrium 1 a horizontal position resting on supports at C and D where
AC=0.7mand DB = 1.1 m. A boy of mass 32 kg stands on the plank at point E. The plank is about to tilt about D. By
modelling the plank as a uniform rod and the boy as a particle, calculate the distance 4E.

Solution:

A
=)

Let the distance AF be x m.
If the plank is about to tilt about D then R - = 0.

Taking moments about D:

—

b
op——

07m | 08m 0.4m/_\ 1.1m 8 12 x 04=32gx (x—1.9)
o IE 12x04=32x-32x19
32x=4.8 +60.8 = 65.6
12 329 > x=656+32=205m
Eis2.05m from 4
< ?

XxXm




Question:

A uniform rod 4B has length 5 m and weight 20 N. The rod is resting on supports at points C and D where AC = 2m and
BD=1m.

a Find the magnitudes of the reactions at C and D.

A particle of weight 12 N is placed on the rod at point 4.

b Show that this causes the rod to tilt about C.

A second particle of weight 12 N 1s placed on the rod at E to hold 1t in equilibrium.

¢ How far must E be from 4?7

Solution:
a
Re Rp R(T)
I y—
Re+ R, =20
Taking moments about C:
A 2m 05m 1.5mA1m B ZOXO_S:RDX2~RD=5N
C D R =15N
N R-+Rp=120
Taking moments about C:
A 2m 05m 1.5mA1m B ZOXO-SZRsz-RL):SN
C D R, =15N
20N
b Adding the weight of 12 N:
Re Rp Taking moments about C:
20% 05 =12x2+Rpx2
t =24+ 2R
2m |05m 15m 1m 10 D
Al A AN 8 = R}, is negative, which is impossible, therefore
C D : ’ .
J there is an anticlockwise moment about C — the rod
12N will tilt.

¢ Adding the second particle:




12N

J

20N

¢ Adding the second particle:

will tilt.

Let the distance AE be x m.
If the system is just about to tilt about C, taking
moments about C and R e 0

Re Rp 12x (x—2) +20x05 =12x2
12x — 24 + 10 =24
12x =38
2m 05m 15m 1m
A FAN = AN = x =38+12=3.17
l ¢ o The second particle needs to be 3.17 m from A4 to
12N 20N prevent tilting.
12N
¢ L -3
Question:

A non-uniform rod 4B of length 5 m and mass 15 kg rests horizontally suspended from the ceiling by two vertical strings
attached to C and D, where AC = Im and 4D = 3.5m.

a Given that the centre of mass 1s at £ where AE = 3 m. find the magnitudes of the tensions in the strings.

When a particle of mass 10 kg is attached to the rod at F the rod is just about to rotate about D.

b Find the distance AF.

Solution:

Te

1m 2m

O

Tp
05m| 15m ‘
E D
~
159

Taking moments about C:
T, x25 =15g %2

25T, =30g
=T, =12g=118N@3sf)
R(T)

Te+T,=15g, T.=3g=294N




C E D
W
15g
b
Te Tp
A 1rn/|\ 2m OASmI 1.5m B
c £ D lF
W
15g 10g
xm
¢« A >

=Ty =122=118N@3sf)

R(T)
T.+T,=15¢, To=3g=294N

With the particle attached at F, T is zero because

the rod 1s about to rotate about D.

Let the distance AF = x m.

Taking moments about D:

15gx05 =10gx (x— (1+2+035) )
=10gx (x—35)

7.5¢ = 10gx — 35¢
42.5 = 10x
> X =4.25

The distance 4F is 4.25 m
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Friction

Friction 1s a force that opposes motion and occurs when two
surfaces are in contact.

*‘ Friction

[

It will therefore act in the opposite direction to motion.




What is Friction

Friction is a force

A frictional force can exist when two
substances contact each other.

The molecules of each surface interact
according to Newton’s Laws of Motion.
Friction always opposes motion, i.e., itis
opposite to the direction of velocity.

If there is no motion, then friction opposes
the sum of all the other forces which are
parallel to the surfaces in contact.

Types of Friction

Dry Friction Fluid Friction
Occurs between the non-lubricated Occurs with fluids,or
surfaces of solid objects lubricated surfaces

Static Friction Dynamic Friction
When dry friction acts between > When dry friction acts
two surfaces that are not between two surfaces that are
moving relative to each other moving relative to each other




Laws of Friction

» When two surfaces are in contact, the force of friction opposes the
motion.

> If two surfaces are in equilibrium, the force of friction is just
sufficient to prevent motion and can be found by resolving the
forces parallel to the surface.

» Friction force will not be larger than necessary to prevent motion.
S

» The size of friction force 1s limited. Once the limited friction is
reached and the acting force is great enough to overcome friction
then motion will occur. At such point equilibrium is broken. That is
when:

Limiting Friction f = pR

Contact Force

Force that occurs between objects
that are in contact with each other.

Contact forces can be resolved into
components that are perpendicular
and parallel to the surfaces in contact.

The perpendicular component is called
the normal force.

The parallel component is called
friction.




Contact Force in Running

Friction Force
Normal Force

During the push off phase in running, the normal force acts
upward on the runner, while the friction force acts forward on
the runner. The friction force is the only force capable of
moving the runner horizontally down the track. The normal
force can only accelerate the runner upwards.

Friction and the Normal Force

* The maximum frictional force is
proportional to the normal contact
force.

* An increase in the normal force results
in an increase in the maximum friction.

* This is because the molecules on the
two surfaces are pushed together more,
thus increasing their interactions.




The maximum value of friction is calculated by using the formula:

fmax = p R

Reaction
Coefficient of friction
dependant upon the material of the surface and object.

The friction acting on the particle is Fmax when :
1. The particle is in ‘limiting equilibrium’ (on the point of slipping).

2. The particle is moving.

The following equation 1s used for friction when an object
1s at rest and 1s not moving,.

f<puR

NOTE : Friction can be less than or equal to 1t’s maximum
value. '




The magnitude of the frictional force can change to
ensure equilibrium.

Friction

As the force pulling the sleigh increases, so will the
friction to ensure equilibrium.
If the force increases to a greater magnitude than the

maximum value of friction then the sleigh will move.
(limiting friction)

Friction On A Surface

Reaction

Tension

Weight

»Resolving Vertically, R = mg. Where g = 9.8 m/s?
»Resolving Horizontally, f =T for equilibrium at rest.

»If T>f there will be a resultant force, which will produce an
acceleration in the positive direction.

—>Force =ma =T — f according to Newton’s Second Law of
Motion. Where = pR.




Friction On A Surface

R
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Angle of Friction

Angle of limiting friction is defined as the angle between the
resultant reaction (of limiting friction and normal reaction)
and the normal to the plane on which the motion of the body
1s impending.

Angle of Friction

FaN
W

Frax = BN

R

Where F,,,. = Limiting Friction

max

N= Normal Reaction between the

dimiting friction) °OMtact surfaces

¢ p =Coefficient of friction
R

Fmax




Angle of Friction

The angle between N & R

depends on the value of F. This

angle 0, between the resultant

R and the normal reaction N is

termed as angle of friction. As

F increases, 0 also increases Fmax

and will reach to a maximum (limfting friction)
value of ¢ when F is F
(limiting friction)

ie.tangp=(F, .. )/N=npn

max R

Angle ¢ 1s known as Angle of limiting Friction.

P

Example :

A horizontal rope is attached to a crate of mass 70 kg at rest on
a flat surface. The coefficient of friction between the floor and
the crate is 0.6. Find the maximum force that the rope can exert
on the crate without moving it.




Solution: Reaction

Given:

m=70kgand u=0.6

F<uR and R=mg Friction
Find:

F=? R="7?

R=mg Weight
R=70x9.8= 686N

F<uR

F<0.6 x 686

F<411.6 N

Fmax=411.6

Rope

Example :

A block of mgss 15 kg rests on a rough horizontal surface. Coefficient of
friction between block and the plane is 0.25. Calculate the friction force
acting on the block when a horizontal force of 50 N acts on the block.
State whether the block will move.

R




Solution:

Given: m =15 kg and p = 0.25 with Horizontal Force =50 N

R

Using: R=mg
R=15x9.8

=147 N
Using: F = uR

=0.25x147

=36.75N Since F < 50N So Ehe block moves.

Example :

A horizontal rope is attached to a crate of mass 50 kg at rest on
a flat surface. The coefficient of friction between the floor and
the crate is 0.4. Tension in the rope is 100N. Find the frictional
force exerted on the crate.

Iy

S




Solution: Reaction

Given:
m=50kgand u=0.4
R=mg Friction Rope
Find:
F=? R=7?
Let T be the tension in the rope Weight
T=100N
R=mg

R=50x9.8= 490N
MR=0.4 x 490=196
Frictional force f=T=100Q N

Example

0
A block of mass 400 kg rests in limiting equilibrium 1070 51
on horizontal ground. A force of magnitude 2000N
acts at angle of 15 degrees to the upward vertical. Find 3 A
the coefficient of friction between the block and the \? o

ground, correct to 2 significant figures. 0
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Example

Two light strings are attached to a block of mass 20kg.

The block is in equilibrium on a horizontal surface AB

with the string taught. The strings make angles of 60 and

30 degrees with the horizontal, on either side of the block,

and the tensions in the strings are TN and 75N resp. as

shown in the diagram.

(i) Given that the surface is smooth, find the value of T

and the magnitude of the contact force acting on the block.

(11) It is given instead that the surface is rough and block is

on the point of slipping. The friction force on the block .
has magnitude 25 N and acts towards A. Find the N

Jof

“Zlo(e)z 2N

on the pomnt of shppmg. I'he Iriction force on the block
has magnitude 25 N and acts towards A. Find the
coefficient of friction between the block and the surface.
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Example

A particle of mass 2 kg is resting on a rough horizontal
surface. The coefficient of friction between the particle and
the surface is 0.1. A light inextensible string is attached to the
right of the particle at an angle of 30° to the horizontal.

If the particle is on the point of moving to the right, find the
tension in the string.

Solution
R
T
E l 50°
2g
Resolving vertically: R + T'cos60° = 2¢g

Resolving horizontally: F = Tcos30°

F=uR
-.17c0s30° =0.1 x (2g — 7'cos60°)

. T(cos30° + 0.1 cos60°) = 0.2g
~T=214 (o 3sf)

Therefore the tension in the string is 2.14 N.




Example

Forces of magnitude X N and 40 N act on a block B of mass 15 kg, which
is in equilibrium in contact with a horizontal surface between points A
and C on the surface. The forces act in the same vertical plane and in the
directions shown in the diagram.

(i) Given that the surface is smooth, find the value of X.

(i) It is given instead that the surface is rough and that the block is in

limiting equilibrium. The frictional force acting on the block has [/i D N
magnitude 10 N in the direction towards A. Find the coefficient of .
friction between the block and the surface. l_f UAI\" 65

Sol

]

: "V\__'gléﬁ Ao \‘é/bu
\/\[:Mﬂ L4 ydﬂgd)
-2 |f6‘ n

Friction Example 8
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Example

A box of mass 2 kg is placed on a plane which is inclined
at an angle of 30degrees with the horizontal. The plane
is rough and the coefficient of friction between the box
and the plane is 0.5. The box is kept in equilibrium by

applying a horizontal force P Newton to it as shown in '!k P
the diagram. Find the least and maximum value of the
force P which enable the box to remain in equilibrium.
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Example

A block of mass 2.5 kg is placed on a plane which is
inclined at angle of 30 degrees to the horizonta. The
block is kept in equilibrium by a light string making an
angle of 20 degree above a line of greatest slope. The
tension in the string is T N, as shown in the diagram.
The coefficient of friction between the block and the
plane is 1/4. The block is in limiting equilibrium and is
about to move up the plane. Find the value of T.

S,

= = l-SKd TN
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T = 1 T.y3
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T = 1.5

Condition of Equilibrium for a particle on a rough inclined plane
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Sliding of Particle

An object will slide down a plane if the component of its weight acting
down the plane is larger than the maximum friction.
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Least force to Slide a particle on a rough Horizontal
plane

Let P be the magnitude of the force to drag a particle on a

rough horizontal plane and let it make an angle theta with {Q
the plane as shown in the fig. Other forces are: y P
weight of the particle acting downward ke e
Normal reaction R of the plane acting vertically upward d‘ I’S1nh8
friction of the plane acting along the plane $ =7 R ~ il
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Least force to slide a particle on rough inclined plane
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Example

A particle of mass 1.7 kg rests on a rough plane inclined at
an angle of 20° to the horizontal. A horizontal force, H, is
applied to the particle. The coefficient of friction between the
particle and the plane is 0.15.

Find H if
a) The particle is on the point of sliding down the plane.
b) The particle is on the point of sliding up the plane.

Solution

(a) Resolving perpendicular to the
plane:

R=1.7gco0s20° + Hcos70°
Resolving parallel to the plane:

F + Hcos20° = 1.7gcos70°
- F=1.7gcos70° — Hcos20°

- 1.7gcos70° — Hcos20° = 0.15(1.7gcos20° + Hcos70°)
-.0.15Hcos70° + Hcos20° = 1.7gcos70° — 0.15 x 1.7gcos20°
~.H(0.15c0s70° + c0s20°) = 1.7gcos70° — 0.15 x 1.7gcos20°

pr— 17808100151\ 7gC08207_ 5 5g i 5 o 3

0.15¢c0s870° +co0s20°

Therefore the horizontal force is &3@ N.




Solution

R (b)Resolving perpendicular to the
plane:

R =1.7gc0s20° + Hcos70°
Resolving parallel to the plane:

F +1.7gcos70° = Hcos20°
~.F = Hcos20° — 1.7gcos70°

-.Hc0s20° — 1.7gcos70° = 0.15(1.7gcos20° + Hcos70°)
-.Hcos20° — 0.15Hcos70° = 0.15 x 1.7gc0s20° + 1.7gcos70°
-.H(cos20° — 0.15c0s70°) = 0.15 x 1.7gcos20° + 1.7gcos70°

o 0.15x1.7gc0s20° +1.7 gcos70°
B c0s20° - 0.15c0s70°

Therefore the horizontal force is 9.06 N.

=9.06(to 3 s.f)

Sliding of a particle Example

A particle of mass 10 kg is held in equilibrium on a smooth

plane inclined at an angle of 30° to the horizontal by means

of a light inextensible string acting at an angle of 10° to the

plane.

a) Draw a diagram showing all the forces acting on the
particle.

b) Calculate the tension in the string.

A horizontal force of 30 N is applied to the particle to try to
make it slide up the slope. The tension in the string is
adjusted so that the particle remains in equilibrium.

c) Calculate the new tension in the string.




Solution

a)

b) Resolving parallel to the plane:
Tcos10° = 10gcos60°

7=10gC0860° - 49 8 (to 35f)
cos10°

Therefore the tension in the string is 49.8 N.

Solution

?)‘Dflyf]/ 0 10g \O?SS‘.V&:,
204538

c) Resolving parallel to the plane:
Tcos10° + 30cos30° = 10gcos60°

_ 10gcos60° — 30cos30°

cos10°
=234 (to 3s.f)

T

Therefore the tension in the string is 23.4 N.




Sliding of a particle Example

A particle of mass m kg lies on a rough plane inclined at an
angle of & to the horizontal. The particle is held in
equilibrium by means of a light inextensible string held at an
angle of 30° to the plane.

The coefficient of friction between the plane and the particle
is 0.25 and the,particle is about to slide up the plane.

il
Show that the tension in the string is 2mg| €0S0+4sing.
443+1 7

Solution

Resolving perpendicular to the plane,
R + T cos60 = mgcosé

R= mgcosﬂ—% 7
Using F = uR, F=%mgCOSt9— %T
Resolving parallel to the plane,
F + mgcos(90 — @) = Tcos30

%mgCOSH— T +mgsing =Tcos30

N :(4J§+1JT
8

lmgcosé’—T+mgsin6’=—T+~T
4 2 8

: 1‘:2mg[wj as required
43 +1 i




Example

A particle of mass mkg is resting on a rough plane

inclined at 30 degrees to the horizontal. A force of

magnitude 10 N applied to the particle up a line of

greatest slope of the plane us just sufficient to stop the

particle sliding down the plane. When a force of 75 N is

applied to the particle up a line of greatest slope of the

plane, the particle is on the point of sliding up the plane.

Find m and the coefficient of friction between the particle Q.
and the plane.

N

>t R=wg oy )

£ tlo- Mh CinYe

‘f“ MD() f\'»ﬂ"b—lo \__(3)

— L]

i+W\ﬂ 'j‘ﬂ"qba :7\_
{< 7s e frngae ()
wﬁ Swyi—lo ¢ -vng Sin}

Ang CPTo o Ty 410
“Yme 8T

)




VY 8‘5 l(@
R = J‘"o&(ﬂ’iu‘

= 8‘7‘!1:}(\[%_
= 1341

t - g im0
- Sf"ryluy_\i_ o
B

'ﬁ? MR

D
A < 1%.6

il

G.Y}(lo\f\[%
= 1341
:@ = ]"'\ﬁSih}uo-_\a

- S"Ty In\_"j_ _ l‘“

= s
- MR
-~ = ’gl_s\
s e 7%.6\
AN =04y

Lecture 39




Example

A particle of mass 2kg is placed on a rough inclined plane which is at an

angle of 30 derees with the horizontal. The coefficient of friction between the

particle and the plane is 0.5. Determine whether the particle will slide or not. UR
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Example

A paricle is placed on a rough inclined plane whichis at angle of 30
degrees with the horizontal. Find the set of values of coefficient of Q
friction for the particle to slide. H
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Example

A rough inclined plane is inclined at an angle x to
the horizontal, where tanx =2.4. A small block of
mass 0.6kg is held at rest on the plane by a
horizontal force of magnitude P N. This force
acts in a vertical plane through a line of greatest
slope as shown in the diagram.

The coefficient of friction between the block
and the plane is 0.4. The block is on the point of
sliding down the plane. By resolving force
parallel to and perpendicular to the inclined
plane, or otherwise, find the value of P.
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Example
A block of mass 400kg rests in limiting equilibrium on horizontal ground. A
force of magnitude 2000N acts on the block at an angle of 15 degrees to the |% 10 ol

upward vertical. Find the coefficient of friction between the block and the

ground, correct to 2 significant figures. 1 I h
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Angle of friction

Example
A particle of mass 2 kg is placed on a rough horizontal plane whose
coefficient of friction is 0.4. Find the angle of friction. ﬂ{\/
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Work Done by a Constant Force

>

Definition of Work done

The work done by a constant force acting on an object is equal to the
displacement times the component of the force parallel to the
displacement.

Force I points in the same direction as the resulting displacement s

=Fs

{ - 4 / /
ad/ / ¢’
o4 / ’ /
p W v / (4
& o s
& ) Pl Pt
0 (il ()=t Fcosd [5) »'Fcos §

(@) (0]
* The work done on an object by an
external constant force:

W=Fscos @

* Oisthe angle between the
displacement, s, and the force F.




Products of two Vectors A and B

* Dot Product:
— A-B=ABcos @& Scalar

* Cross Product:
— AxB=AB sin & Vector

Work is a dot product

* Work is the dot product of Force and
displacement.

W= F-s




Units of Work

Is a scalar quantity.
Unit:Joule 1J= 1Nm
James Prescott Joule, English, 19thCentury

Other units of work:
= British system:
= foot-pound
= cgs system:
= erg=dyne :cm
" Sub-atomic level:
= electron-Volt (eV)

Meaning of Sign of Work

* When the force is in the direction of the
displacement, 6=0°:
cos0=1 => W=Fs and work is positive




When the force acts opposite to the direction of
the displacement, 6=180°:
cos 180° =-1=> W=Fs and work is negative
When the force acts perpendicular to the
displacement,
then the work done by that force is zero.

Work done by Resultant

W=W, + W+ W,

Wnet = Z Wby individual forces

Since work is a scalar, the net work done by
a resultant force is equal to the sum of the
individual works done by each individual
force acting on the object.




Work is the area under
an F vs d graph.

()

Lf. =
3 -
3_ —
s N




Example

How much work was done by the R G
30N applied tension force to

move the 6kg box along the floor }@
by 20m?

Work done=(30c0s60)*20=300)
How much work did the weight
do in the same case?

Work=6*10*c0s90=0
If u=0.2, how much work did the
friction do?

displacement

Example Pulling a Suitcase-on-
Wheels

F F
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Find the work done by a 45.0 N force in
pulling the suitcase at an angle g — 5() ()° for
a distance s=75.0 m :

W = (F cos8)s = (45.0N)cos 50.0°(75.0m) = 2170.J

No work done due to Fsin g

F and s in the same direction ___, positive work

F and s in the opposite direction —. negative work

2

Example Bench-Pressing

—_—
-
4‘—-
e

The weight lifter is bench-pressing a barbell whose
weight is 710N. In part (b) of the figure, he raises
the barbell a distance of 0.65m above his chest, and
in part (c) he lowers it the same distance.




The weight is raised and lowered at a constant
velocity. Determine the work done on the
barbell by the weight lifter during (a) the
lifting phase and (b) the lowering phase.

(@) W = (F cos 8)s = (710N)cos 0°(0.65m) = 460.J
(b) W = (F cos@)s = (710N)cos 180°(0.65m) = —460.]

cos180°=-1

Example Work as dot product of
vectors

A particle is pushed by a constant force of
F=(4i +5j)N and undergoes a displacement of
Ar= (3i+ 2j)m.
Find the work done by the force.
W=F. Ar

= (4i +5j)N *(3i+ 2j)m=(4*3+5*2)Nm

=(12 +10)J= 22J (Scalar Quantity)




Work Done by a Variable Force

* For a small
displacement, Ax,
W ~ FAX T

* Over the total
displacement:

L
W~ FAx
N — —
Xi Ax
(a)

Work Done by a Variable Force
1i xf xf
wnod FAx = (" Fd

F

X

Xf .//4;7/,;' —
W = j F;C N ,,.;;:37/'://"
Xi ,-/,:::;’?5""

Work

* The work done is

equal to the area
under the curve. (b)
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Example —Work by a Variable
Force

The force acting on a particle is F(x)= (9x2 +3) N.
Find the work done by the force on the particle
as it moves it from x, =1.5m to x ,=4m.
3 4
4 Ox
W= [ (9x* +3) = - +3x| = ‘3x3+3x
1.5

15

= (192+12) - (10.125+4.5) = 204~ 14.625 = 189.375/

4

1.5




Work of a Force




Types of forces
Internal Forces




External Forces

Forces of Constraint




Applied Force

Virtual displacement and Virtual Work




Virtual displacement

Types of Virtual displacement

L§




Workless Constraints

Workless Constraints




Examples of Workless Constraints

Examples of Workless Constraints

Examples of Workless Constraints




Examples of Workless Constraints

Examples of Workless Constraints
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Important points about the Virtual Work Method




Principle of Virtual Work

Principle of Virtual Work




Principle of Virtual Work |
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Example

A particle of mass 20kg is supported on a smooth plane inclined at 60 degrees
to the horizontal by a force of magnitude X Newton which makes an angle of

30 degrees with the plane. Find X and also the reaction of the plane on the
particle.
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Example
A light thin rod, 12m long, can turn in a vertical plane about one of its points
which is attached to a pivot. If wights of 3N and 4N are suspended from its

ends; it rests in a horizontal position. Find the position of the pivot and its
reaction on the rod.
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Example

Rod 4B is attached to a block
at 4 that can slide freely in

the vertical slot shown.
Neglecting the effect of friction
and the weights of the rods,
determine the value of &
corresponding to equilibrium.




L -160 N Solution

Rod 4B is attached to a block
at 4 that can slide freely in
the vertical slot shown.
Neglecting the effect of friction
and the weights of the rods,
determine the value of 4
corresponding to equilibrium.

100 mm

1. Apply the principle of virtual work. If a system of connected
rigid bodies is in equilibrium, the total virtual work of the external
forces applied to the system is zero for any virtual displacement
of the system.

1a. Define a virtual displacement. By using a single variable,
define a virtual displacement of all the forces that do work.

Solution.

Rod 4B is attached to a block
at 4 that can slide freely in
the vertical slot shown.
Neglecting the effect of friction
and the weights of the rods,
determine the value of 4
corresponding to equilibrium.

— 160 N

100 mm
1b. Express the total virtual work done by the forces and
couples during the virtual displacement.
SU=F-8r and dU=M360
where U is the virtual work, F is a force undergoing a virtual
displacement 8 r, and M is a couple undergoing a virtual
rotation 36.

4
|

c. Set the virtual work to zero and solve for the variable.




—160 N
Define a virtual displacement.

100 mm 160 N
v,=400sin @
200 sin &
Sy, =400 cos 686 B{ _ Ya
200 sin &
xp =100 cos & C 800 N
T | D
oxp =-100sin 860 X "
Solution

Express the total virtual

B
00 sin & Vi work done by the forces.

200 sin 6

Set the virtual work to

800 N i
e zero and solve for the
D variable.

Virtual work: 85U =-( 160 N ) & ), - (800 N ) 8x, =0

- (160 )( 400 cos 88 ) - (800)(- 100 sin@88) = 0

sin §

S5 =08; tang=08
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Example

30 mm
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0.12m
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Solution

irtual Work:

oU

Example

0:

(80N)dy, + (18 N-m)dd + Péy, =0

805y, +18| ?5)-,1 y + P[ﬁ %5_\'%‘ =0

y.
80+100+§P=0

P=-270N

Determine the force P required to maintain the equilibrium of the
linkage shown. All members are of the same length and the wheels
at A and B roll freely on the horizontal rod.
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Solution

Yo =2Yc Oyp =20y,

Vi =3yc Oyr =30y,

de]

Yo =Yn =4¥c

Oy; =0y, =40y,

—

OU = (400 N)oy. + (100 N)Sy;, — Py, + (75 N)Sy; +(1S0N)Syy, =0
4008y, +100(28y,.) - P(38y,.) + (75 +150)(4dy,) =0

3P =400+ 200+900 R=+500 N




