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Mth401 Midterm quiz

Lecture 11 to 20 Quiz 2

ORANGE MONKEY TEAM

1. The input function g(x) can have one of the forms A constant function k
A polynomial function

All options are correct...confirm

The form of g(x):The input function g(x) has to have one of the following forms:

1 A constant function k .

a A polynomial function
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% Otherwise, we cannot apply the method of undetermined coefficients. Q
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2. How are frequency and period related in simple harmonic motion?

They are inversely related.....confirm

How are They are inversely related
frequency and

period related

in simple

harmonic

motion?

3. The displacement measured below the equilibrium position are

Positive....confirm
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4. If the auxiliary equation am? + bm + ¢ = 0 has two unequal real roots
m1 and m2 then the solutions of the differential equation ay + by + cy =0
could be

iy x 4 X
¥1 =8 | and V2= =
veeeccOnfirm

5. If the auxiliary equation m® + m = 0 has roots m = 0, m = +1 then the
complementary function is

Yc= C1C0SX + CosinX.....confirm

m- +l=0=>m==i
The roots of the auxiliary equation are complex. Therefore, the GOmplementary ffiction
1

Ve =C]COSX+Cp SINY

6. What is annihilator operator of the function g(x) = 8e*

D-3

Its annihilator operator is D?

8. The auxiliary equation of the differential equation y’>> + 2y’ -3y =0 is

m3+2m?-3=0.....confirm

9. The hook’s law states that the force F is proportional to the

Elongation.....confirm
The Hook's law states that the BSRSENE is proportional to the elongation 5. i.e

F =ks
Where & 15 constant of proportionality, and is called spring constant.

10.The solution of the auxiliary equation determines the of the
differential equation

Solutions....confirm
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g 7. Ify =2 + x then which of the following is true for it? g
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This algebraic equaton is known as the Auxiliary equation (AE). The solution of the
mmlmjrequxm determines the solutions of the differential equation.

11.The gravitational force exerted by the earth on a body of mass m is
called of the body

Weight....confirm
12.An annihilator operator L for the function f(x) = e3> is L =

D-3....confirm

13.1f y=eM2X(cscos (root(3)/2)x + czsin (root(3)/2)x) is the complementary
solution of y’> —y’ + y = 2 sin 3x then the general form of its particular
solution is yp

A c0s3x + B sin3x

14.The roots of the auxiliary equation, m®>—10m + 25 = (m -5)?=0 for a
differential equation is

Mi=m2=5

15.The roots of the auxiliary equation, 2m?-5m-3=(2m +1) (m-3)=0
for a differential equation is

Mi1=-% m2=3

16.The polynomial linear differential operators with constant coefficients

Commute.....confirm

a The factors of a linear differential operator with constant coefficients Commute.
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17.1f the auxiliary equation am? + bm + ¢ = 0 has the complex roots, m: = a
+ iB and m; = a-iB where a and B > 0 are real and i? = -1. then the
solution of the differential equation ay’’+ by’+cy=0 could be

y = {.lfm +ifi )1 1_{.:’_,m: =i[3 )x
...... confirm

18.The periodic time is given by

....confirm

19.The annihilator operator for the function g(x) = 5x is

D+5....confirm

20.Wronskian, W(X, -3x)= .

Y Y
Y Y
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Y v
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Y v
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: :
% 0....confirm %
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21.Vibration of an object an equilibrium point is called simple harmonic
motion when the restoring force is proportional to

Displacement....... confirm

Vibration of an Displacement
object about an

equilibrium point is

called simple

harmonic motion

when the restoring

force Is

proportional to...?

22.The velocity of a particle moving with simple harmonic motion is
of the mean position

23.The derivatives ui’,uz’...... un’ of the unknown functions ui, ua,...... un
are find by using.

w’k = Wi /W, K-1,2....n.....confirm

Step § Next we find the derivatives uj,ub, ..., up of the iNKROWRJURCHONS 1], 42 ... ly
through the relations

W
Wp = — k=1,2.....n
(-

24.The equation of free un-damped motion is

N
_ T _x=0
di- m

eeeeccOnfirm
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25.What is annihilator operator of the function g(x) = 4 sinx
(D? +1).....confirm

26.1n the method of variations of parameter, the derivative of the function
uz=

W2/W.....confirm
27.What is annihilator operator of the function g(x) = x*+5
D°.....confirm

28.1f the auxiliary equation has complex roots a + iB of a differential
equation then the general solution is

y = ELE.__M +ifipr . 0 —ifi )x
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g ...... confirm g
% 29.The combinational of the newton’s second law and the Hook’s law could %
% lead to a differential equation governing to the motion of a mass Q
% attached tospringi.e __ motion @
g Simple harmonic...confirm ;
% 30.The annihilator operator for the function g(x) = 2e™ is Q
g D+1....confirm 3
g 31.The annihilator operator for the function g(x) = e¥ is 3
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

D-3....confirm

32.1f y=c1e* + coe** is the complementary solution of y’’> — 5y’+4y=8e¢* then
the general form of its particular solution is y,

Ae*...confirm
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33.The auxiliary equation of the differential equation, 3y + 5y’’+10y’-
4y=0is

3m3+5m?+10m-4=0....confirm

34.The derivatives ui’,u2’....un’ of the unknown functions ul, u2.....un are
find by using

Un’=W/W, k=1,2,...,n....confirm

35.The differential operator L is called an annihilator operator of the
function f if

All options....confirm

36.The differential operator D transforms a function into another
function.
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g Differentiable....confirm 3
¥ 37.For a second order linear ODE if y1 aand y: are its solutions and further ¥
g W(y1,y2) = -2 W1=e*/x then u’1= : g
q (€*/2x).....confirm q
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38.For a second order linear ODE if y1 aand y: are its solutions and further
W(y1,y2) = 2 Wi=e”/x then u’1=

e*/2x.....confirm

39.We can derive a differential equation governing the motion of a mass
attached to spring when the newtons’s second law combined with

Hook’s law...confirm

40.The variation of parameters consists of finding a function u:(x) such
that yp = ui(x) + yi(x) is a solution of the non-homogeneous
differential equation dy/dx + P(x)y =f(x).

Particular.....confirm
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41.Wronskian of the functions yi(x) = 1, y2(x) = sinx, y3(X)=cosX, is
0...not sure

42.1f a force acts upon a body the acceleration is produced in the direction
of the force whose magnitude is proportional to the magnitude of force
is known as the

Newton’s 2" law

43.Following is (are) the form(s) of the general solution of the differential
equation ay’’ + by’ + cy = 0 corresponding to the case(s): -

All options correct...confirm

i my and » njugate complex numbers |« f o

IV) Al (1), (1) and (H) \_/

44 \What is annihilator operator of the function g(x) =5
D+5.....confirm

45.1f y= Cle(-2+6)x + c2e(-2-6)x is the complementary solution of y’’+4y’-
2y=2x%-3x+6 then the general form of its particular solution is yp is

Ax?+Bx+C.....confirm
46.The annihilator operator for the function g(x) = 3 is

D + 3.....confirm
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47.The differential operator D possesses the _ properly.

Linearity,....confirm

o The differential operator ElP8ssesses the property of linearity.

i o are ten differentiahla fiinctinne than

48.The root(s) of the auxiliary equation am? + Bm+ ¢ = 0 for the
differential equation ay’’ + by’ + ¢y = 0 is are

Both 1 and 11 are correct...... confirm

By quadratic formula, the solution GRS auxiliarequ:
. 4+./16-352

7

=2+3i

49.1n differential equations, the symbol D is known as operator.

Differential.....confirm

dx
The symbol D is known as differential operator.

Wy ™Y+, ... 4ary’ +aoy = g(X) . if the input function xe® cos4x then the
assumed particular solution yp could be

(A+B)e* cos4dx + (Cx + D)e** sin 4x....... confirm

12 o (AEE B cosdx + (Cx + Dy sindx

51.Consider the non-homogenous linear differential equation amy™ + am-
™Y+, ... 4a1y’ +aoy = g(X) . if the input function e sin4x then the
assumed particular solution y, could be

Ae3*cosdx+Be3*sindx...... confirm

| 10 | & sin dx | A cosdy + B &% sin dx
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% 50.Consider the non-homogenous linear differential equation amy™ + am- %
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52.Consider the non-homogenous linear differential equation amy™ + am.
™Y +......4a1y’ +aoy = g(X) . if the input function x%e>* then the
assumed particular solution y, could be

(Ax? + Bx + C)e* .....confirm

> , ) Sx
9 x2e (Ax? + Bx + Ol

53.Consider the non-homogenous linear differential equation amy™ + am-
™MD+, L +a1y’ +aoy = g(X) . if the input function cos4x then the
assumed particular solution y, could be

Acos4x+Bsindx...... confirm

i f i cosdx i A cosdx + B sin 4x

54.Consider the non-homogenous linear differential equation amy™ + am-
™Y +......4a1y’ +aoy = g(X) . if the input function sin4x then the
assumed particular solution y, could be

sin 4x A cosdx + B sin dx

™

55.Consider the non-homogenous linear differential equation amy™ + am-
™D+ L. +a1y’ +agy = g(X) . if the input function x3 —x + 1then the
assumed particular solution y, could be

Ax+ Bx*+Cx+D...... confirm

4 .1."; —x+1 .J'.\."; - B.\.'z +ix+ D

56.Consider the non-homogenous linear differential equation amy™ + am-
™Y +......4a1y’ +aoy = g(X) . if the input function 3x2 - 2then the
assumed particular solution y, could be

Ax? + Bx + c...... confirm

-. o 3 e
3 - -2 Ax= +Bx+c¢
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% Acos4x + Bsindx....... confirm %
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57.Consider the non-homogenous linear differential equation amy™ + am.
™Y+, +a1y’ +aoy = g(X) . if the input function 5x + 7then the
assumed particular solution y, could be
Ax+b.....confirm
[2 | 5x+7 | Ax+B

58.Consider the non-homogenous linear differential equation amy™ + am-

™MD+, L +a1y’ +agy = g(X) . if the input function any constant e.g 1
then the assumed particular solution yp could be
A.....confirm

! ] ! .’_uw constant e.g. 1 ! 4

59.Consider the non-homogenous linear differential equation any™ + an.
Wy D+ L. Aary’ +acy = g(X) . if the input function g(x) = % then the
assumed particular solution yp could be

Ae>%....confirm

f cosdx Acosdx + B sin dx

7 ES.T 4%

60.If the auxiliary equation am? + bm + ¢ = 0 has repeated real root with
my = m; then the solution of the differential equation ay’’+ by’+cy=0
could be

Yo=eMX 4 gm2x confirm

X mx mx
y=cje +caxe  =(c) +cax)e
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61.Consider the non-homogenous linear differential equation any™ + an-
"D+ L. +a1y’ +aoy = g(x) . if the input function g(x) = (9x-2)e>* then
the assumed particular solution yp could be

(Ax + B) e>...... confirm

6 cosdx A cosdx + B sin 4x

- 5x Sx
! % Ae”

8 (9x — 2)e* (Ax + B)e>*

Q 2 Sy .t R,

62.Consider the non-homogenous linear differential equation amy™ + am-
MY+, L +a1y’ +aoy = g(x) . if the input function g(x) = 5x? sin 4x then
the assumed particular solution yp could be

(A1x? +B1x + C1) cos 4X + (A2x? + B2x + Cy) sin4x....confirm

| 11 | 5_-{3 sin dx | .[_,Irrz+.B'rr+{‘"._f|cas-4x-i.fi:.r2+ B.x+C)sindx
| 1 1

63.1f 3,3 are real roots of a differential equation then the general solution is

64.1f y = e then which of the following is true for it?
Its annihilator operator is (D-5).....confirm

65.For non-homogenous differential equations, the form of the particular
solution yp = Yp1+ Yp2 + ..... +ym'is a linear combination of all the
linearly functions generated by repeated differentiation of the
input function g(x)

Independent.....confirm

Then the particular solution of the given non-homogeneous differential equation is
Yp=Y¥p, +¥p, ++¥p,
In other words, the form of y pis a linear combination of all the linearly independent

functions generated by repeated differentiation of the input function g(x).
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¥ y = c1 €% + coe*.....confirm ¥
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66.For homogenous differential equations, the form of the particular
solution yp = yp1+ Yp2 + ..... +ypm is a linear combination of all the
linearly functions generated by repeated differentiation of the
input function g(x)

Dependent....confirm
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MTH401 (lec 9 to 15)
Quiz 1 Fall 2022

Junaid+handouts merged

ORANGE MONKEY TEAM

1. A set of n functions {f1(x), f 2 (x),..., fn} is if at}(x)
least one of them can be expressed as a linear combination of the
remaining.

2. The two function u(v) and v(y) are linearly independent if wronskian
W(u,v) is

Equal to zero
3. The wronskian of two functions f(x) and g(x) is
F(x)g"* (x)-f**(x)g(x)

4. If an(x)=0 in the differential equation an(x)d"y/dx"+an1d™/dx™
Lt....Fai(X)dy/dx+ao(x)y=g(x) for some x<1 then solution of initial value
problem may not be

unique
5. If wronskian W(h,z)(x)=0 then

h(x)andz(x) are linearly dependent.....confirm

ORANGE MONKEYTEAM Page 1
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g Linealy dependent.....confirm g
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6. If we substitute u = y/x in differential equation xdy/dx-y=x3/y(e¥) then
the given differential equation can be simplified to

ue'du=dy

7. When the arbitrary constant of the general solution of a differential
equation takes some unique value, then the solution becomes the of
the equation

Particular solution
8. Subject to the condition y(4)=1/8 and y’(4) = - 3/64 is known as :
Initial value problem

9. In the population growth model the solution of the differential equation
Is given by

Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
z :
¥ A(t)=Acek ¥
g 10.1n the logestic equation 1dP/pdt = a-bp the term —bp? can be interpreted g
Y v
Y Inhibition term....... confirm Y
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
Y v
v v
v v
v v
Y \

11.1n exponential growth for population growth N(t) = Noe™ if m<0 then
lim N(t) =

+infinity
12.The other name of Verhulst pearl is
Logistic model...... confirm

13.A function satisfying the differential equation on the some interval I,
containing a and b, whose graph passes through two points(a, yo) and
(b,y1) is called solution of the value problem .

Boundary.....confirm

ORANGE MONKEYYVEAM Page 2
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14.A function satisfying the differential equation on the interval 1 whose
graph passes through (x0,y0) such that the slope of the curve at the
point is the number y’o is called solution of the value problem

Initial ....confirm

15.Suppose that y1, y2.....yn are n solutions of the homogeneous nth order
differential equation. Then the solution is linearly dependent on an
interval if and only if

W(y1,y2.....yn) = 0.....confirm

16.The differential equation 4x? (d?y/dx? )+ 12x(dy/dx)+3y=0 subject to the
condition y(4) = 1/8 and y’(4) = -3/64 is known as

Initial value problem

17.1F X is the remaining amount of the substance A at any time t then
dX/dt = KX, where K<0 because X is

18.The differential equation y(1+2xy)dx+x(1-2xy)dy=0 is
Separable.....confirm

19.Wronskian W(1,e¥) is

0

20.1f A(t) is the amount of a radioactive substance present at time t, the
rate of change of A(t) with respect to t is given by

DA/dt=KA; K is a constant of proportianlity....confirm

21.The differential equation of orthogonal trajectory to the family of
curves x-2y=c is

Dy/dx= %....confirm

ORANGE MONKEYTEAM Page 3
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22.Two functions f(x) = pi and g(x) sin® + cos?x are

Linealy dependent....confirm
23.The differential equation d?u/dx?-2xu+sinx=0

Linear and homogenous
24.1f wronkian W(h,z)(x)=0 then
h(x) and z(x) are linearly independent...confirm
25.The homogenous linear differential equation process the  solution
Trival....confirm

26.The general solution of non-homogenous equation is

Yo+Ye

27.The logestic equation dP/dt = P(a-bP) can be indentified as a nonlinear
equation that is

Separable
28.Let f1(x)=eM* and f2(x)=e™,* are linearly independent because
cif1(x)-c2f2(X)=0 if
C1= C2=0, m2 £#m>
29.The superposition principle is a properly of linear differential equation
and it does not hold in case of differential equation
nonlinear

30.1f initial amount of a radioactive isotope is 100g. What will be the
amount at the end of 30 days such that K=0.043?

363.297....confirm

ORANGE MONKEYTEAM Page 4
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31.The differential equation dy/dx+ 2/x(dx)=3-6/x has an integrating factor
1/x
32.In first order chemical reaction
None of them

33.For 2" order linear non-homogeneous differential equation
a2(x)d2y/dx?+az(x)dy/dx+ao(x)y=g(x) which of the following is not the
pair of boundary condition

y'(@)=Y’o , y(b)=Yy%....confirm

Possible Boundary Conditions

For a 2* order linear non-ho mogeneous differential equation
d’y dy

——+alx)=—+a,(x)y=pglx

() ay (1Y = 2()

a,(x)

all the possible pairs of boundary conditions are
Wa) =y, y(b) = .
V(@) =y, ¥(b) = 3.
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Q wa)=y, YbY= v %
9 .1' Ea:r}=. 1 i1 {h]—.1'| - %
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v v
v v
v v
\ \

where y,.v,.y, and v, denote the arbitrary constants.

34.1f f(x)=x and g(x)=x2then wronskian of f(x) and g(x) is
2x3

35.1f T be the half-life then solution of the population growth model could
be

Aoekt

36.1n cooling/heating differential dT/dt=K(T-Tm) the term T, represents

Temperature of surrounding environment.....confirm

37.Two functions f(x)=x and g(x)=sin?x+cos?x are

Linearly dependent

ORANGE MONKEYTEAM Page 5
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38.The differential equation d?y/dx?+y?=x* is
Non-homogeneous and non-linear

39.Wronskian W(x,2x) is

0
40.Wronskian of 1 and x2, W(1, x?)
2X

41.A modification of the nonlinear logistic differential equation 1dp/pdt =
a-b Inp has been used in the study of

All options.....confirm
42.The general solution of non-homogenous equation is
Yp+ Ye...... confirm
43.The two families of curves are of the point of intersection.
Orthogonal.....confirm

44.1f an(X)=0 in the differential equation an(x)d"y/dx" + an-1(x)d™1y/dx™
..., +an(X)dy/dx+ao(X)dy/dx+ao(X)y=g(x) for same x<1 than solution of
initial value problem may not be

None of these

45.The family of curve x?>+y?=C? represents a family of circles centered of

(0,0)

46.1n exponential model for the population growth P(t) = Peek If k<0 then
lim P(t) = Poek = if k<0 then lim p(t) =

Infinity only
ORANGE MONKEYVEAM Page 6

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ \
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47.0rthogonal trajectories occur naturally in the area(s) of
(iv) All (i), (ii) and (iii)
48.Wronskian of 1 and x? , W(1, x?) =

0
49.A set of function {f1(x), f2(x), f3(x)....... fn(x)} is said to be on
an interval if there exist constants cl, ¢2, ¢3 ...... cn are all zero such
that c1f1(x) + c2f2(x)....... cnfn(x) =0 Vx<1

Linearly independent.....confirm

50.A set of function {f1(x), f2(x), f3(x)....... fn(x)} is said to be on
an interval if there exist constants cl, ¢2, ¢3 ...... cn are not all zero such
that c1f1(x) + c2f2(x)....... cnfn(x) =0 Vx<1

Linearly independent....confirm

51. If y= c1e02*YOx + c,e(2-V6x js the complementary solution of;

Ax3 + Bx? + Cx + D (Confirm) (100% Sure)

23. If initial amount of radioactive isotope is 100g. What will be the
amount at the end of 30 days such that K=0.043?

363.297 (Confirm Solved) (100% Sure)

If 2,3,5 are real roots of a differential equation, then the general solution is

Ye = C18% + 6% + c3e® (confirm Solved) (100% Sure)

Q4: Wronskian W(x,2x) = :
0 (Confirm Solved) (100% Sure)

Q5: Which of the following is the implicit solution of the differential
equation: Yax = - %,
x2 +y? - 4 =0 (pagel6) (100% Sure)

ORANGE MONKEYTEAM Page 7
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Q6: ydx - y(sinx)dy = 0, is an example of differential equation.
Exact (page33) (100% Sure)

Q7: Which of the following is an example of ordinary differential equation?
(y - x)dx + 4xdy = 0 (pagel5) (100% Sure)

Q8: A differential equation M(x,y)dx + N(x,y)dy = 0 is exact if there exists a
multi-variable function f(x,y) such that :
df(x,y) = of / 0x dx + of / 0y dy (100% Sure)

Q9: Which of the following is an initial value problem (I\VVP)?
d?y/dx?+y =0, y(1) =-2 and y'(1)= -2 (Confirm Solved)

Q10: Which of the following would be a constant solution of the separable
differential equation: % /g = e**Y ?

y =0 (Confirm Solved) (100% Sure)

ORANGE MONKEYTEAM Page 8
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Lecture#1

Background

Linear y=mx+c

Quadratic ax2+bx+c=0

Cubic ax3+bx2+cx+d=0
Systems of Linear equations

ax+by+c=0
Ix+my+n=0

Solution ?
Equation

Differential Operator

Taking anti derivative on both sides
y=In x

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
i v
\ v
\ v
\ v
3 3
% From the past %
g ' B Algebra 3
v CalR v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

Differentiation
Integration

Differentiation
« Algebraic Functions
Trigonometric Functions
Logarithmic Functions
Exponential Functions
Inverse Trigonometric Functions

B More Differentiation
Successive Differentiation
Higher Order
Leibnitz Theorem
B Applications
Maxima and Minima

1
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Equations

« Tangent and Normal
B Partial Derivatives

y=f(x)
f(xy)=0

z=f(x,y)
Integration
B Reverse of Differentiation
B By parts
B By substitution
B By Partial Fractions
B Reduction Formula
Frequently required
B Standard Differentiation formulae
B Standard Integration Formulae
Differential Equations
B Something New
B Mostly old stuff
» Presented differently
« Analyzed differently
« Applied Differently

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
Y v
3 3
v v
% j_y—Sy =il Q
g (y— x)dx+4xdy =0 g
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

d2y dy :
S Y45 _© _4y =X

dx? dx
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Lecture-2:
Fundamentals
% Definition of a differential equation.

% Classification of differential equations.
% Solution of a differential equation.
% Initial value problems associated to DE.

% Existence and uniqueness of solutions
Elements of the Theory
B Applicable to:
e Chemistry
Physics
Engineering
Medicine
Biology
e Anthropology
B Differential Equation — involves an unknown function with one or more of its
derivatives
B Ordinary D.E. — a function where the unknown is dependent upon only one
independent variable

Y Y
Y Y
Y Y
Y v
Y Y
Y Y
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y Y
Y Y
Y Y
@ :
g Examples of DEs Q
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y Y

s
dx
(y—x)dx+4xdy =10
3
d2y (dy\
— L5 —| -4y =e
dx? kdx} %
ou ov
g B
oy Ox
ou ov
X +y =u
ox oy
ou ¢u  ou
___+ —_—
2 2 2 0
ox= ot ot
Specific Examples of ODE’s

y =it

x

3
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%‘ = F(t)G(u), the growth equation;

iif + —sm(ﬂ) = F(t), the pendulum equation;
Ly
at*
L—Q + R + C= E(t), the LCR oscillator equation;
b(i)’

u(t)”

+ s(-y + ]]— +5=0, the van der Pol equation;
g Q

dp
dt

= =2(tlp+—=

—(t), a Riccati equation.

B The order of an equation:
e The order of the highest derivative appearing in the equation

dx? dx

2 64y u
Ao ax"' aX
Ordinary Differential Equation

If an equation contains only ordinary derivatives of one or more dependent variables,
w.r.t a single variable, then it is said to be an Ordinary Differential Equation (ODE). For
example the differential equation

d2y+5 dy 3 4y =e*
dx? dx s =

is an ordinary differential equation.

Partial Differential Equation

v v
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
: . :
ﬂ+5 _y - —eX
¥ ()“ ] ¥
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
¥ v
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guations

Similarly an equation that involves partial derivatives of one or more dependent
variables w.r.t two or more independent variables is called a Partial Differential Equation
(PDE). For example the equation

0 O

a — +—
oxt - ox?

is a partial differential equation.

=0

Results from ODE data
B The solution of a general differential equation:
o fty.y,..., y(n) =0
e isdefined over some interval | having the following properties:
B y(t) and its first n derivatives exist for all t in I so that y(t) and its
first n - 1 derivates must be continuous in |
B y(t) satisfies the differential equation for all t in |

v

v

v

v

v

v

v

v

v

v

v

v

v

v

v

v

v

General Solution — all solutions to the differential equation can be represented in %

this form for all constants %

Pa'r'gicular Sg[ution — contains no arbitrary constants Q

Initial Condltlor} . %
Boundary Condition

Initial VValue Problem (IVP) %

Boundary Value Problem (BVP) Q

v

v

v

v

v

v

v

v

v

v

v

v

v

v

v

v

v

IVP Examples

B The Logistic Equation
e p’=ap-bp2
e with initial condition p(t0) = p0; for p0O = 10 the solution is:
e p(t)=10a/(10b + (a — 10b)e-a(t-t0))
B The mass-spring system equation
o X+ (a/m)yx +k/m)x=g+(F(t)/ m)
BVP Examples

e Differential equations
By’ + 9y =sin(t)
e with initial conditions y(0) = 1, y’(2p) =-1
o y(t) = (1/8) sin(t) + cos(3t) + sin (3t)
B y’+p2y=0
e with initial conditions y(0) = 2, y(1) = -2
e y(t) = 2cos(pt) + (c)sin(pt)

v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
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Properties of ODE’s
[ | Linear — if the nth-order differential equation can be written:
e an(t)y(n) +an-1(t)y(n-1) + ...+ aly’ + a0(t)y = h(t)

B Nonlinear — not linear
X3(y'’)3-x2y(y’ )2+ 3xy +5y=eX
Superposition
B Superposition — allows us to decompose a problem into smaller, simpler parts and
then combine them to find a solution to the original problem.

Explicit Solution
A solution of a differential equation
( dy d? d2y)
F| X, y1_y1_zl_’...’ _Z_|:O
\ dx dx dx )
that can be written as y = f(x) is known as an explicit solution .
Example: The solution y = xex is an explicit solution of the differential equation

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
| |
\ v
Y d2y Y
\ [ \
g Implicit Solution g
% ﬁnge(l)artlr(r)]g r(:(;(,g%i ésitlér;olm?oisoann Il'mp|ICIt solution of a differential equation, if it defines %
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

Example: The solution x2 + y2 - 4=0 is an implicit solution of the equation y’ = - x/y
as it defines two explicit solutions y=+(4-x2)1/2

6
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Separable Equations

The differential equation of the form

dy
_ = f X’
» x,y)

is called separable if it can be written in the form

&= g ()

To solve a separable equation, we perform the following steps:
1. We solve the equation g(y) =0 to find the constant solutions of the equation.

2. For non-constant solutions we write the equation in the form.

Y _ hxx
g(yl
Then integrate dy="h(x)dx
g(y)

to obtain a solution of the form
G(y)=HX)+C
3. We list the entire constant and the non-constant solutions to avoid repetition..

4. If you are given an IVVP, use the initial condition to find the particular solution.

Note that:
(@) No need to use two constants of integration becauseC; —C, =C..

(b) The constants of integration may be relabeled in a convenient way.
(c) Since a particular solution may coincide with a constant solution, step 3 is
important.

Example 1:

Find the particular solution of
d - |
YV yw=2
dx X

Solution:
1. By solving the equation

y2-1=0

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
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We obtain the constant solutions
y=+1
2. Rewrite the equation as
dy  dx
y2-1 x
Resolving into partial fractions and integ{at'rpg, we qbtain
11 - dy=| Lax
2)|y-1 vy Ux

Integration of rational functioni, WT getlI
In'Y

v v
i Y
Y Y
v v
Y Y
Y v
3 3
Y v
Y v
v v
=In|x|+C

3 2 Tyl 3
3. The solutions to the given differential eq_uation are

v Y= 0 xj+c v
¥ 4. Since the constant solutions do r{ot satisfy the initial condition, we plug in the ¥
Q COI’]dItI_OI’] . i A _ _ : Q
% y =2 When x=1 inthe so Uil(l)rl']](fi)k{l(icl:n step 2 to find the value of C . Q
\ 5 3 v
% The above implicit solution car21 be(riévritten in an explicit form as: %
\ v
A v
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

3+ x2

34X 2

Example 2:
Solve the differential equation

ﬂ =1+ 1_
dt y?
Solution:

1. We find roots of the equation to find constant solutions
1
1+ =0

2

y

No constant solutions exist because the equation has no real roots.

2. For non-constant solutions,(,we saayarate thg variables and integrate
= .at

J1+1/y2 I

8
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1 y? 1 1
1+1/y?2  y2+1 y2 +1

Since

Thus [ dy =y—tan’(y)
1+1/y?

So that y—tant(y)=t+C
It is not easy to find the solution in an explicit form i.e. Y as a function of t.

3. Since 3 no constant solutions, all solutions are given by the implicit equation
found
in step 2.

Example 3:
Solve the initial value problem y
y
SO =T+ t? 4+ y? +t2y2, y(0)=1
dt
Solution:

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
¥ 1. Since IRty et v > = (1+t%)(a%y ) ¥
Q The equation is separable & has no constant solutions because 3 no real roots of Q
¥ 1+y? =0, ¥
% 2. For non-constant solutions we separate the variables and integrate. Q
¥ B (1+t2at ¥
v il v
v (dy =[(1+t2)dt ¥
¥ 1+ 1y2 s ¥
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

tan (y)='[+§+C

Which can be written as

y=tan(t+E+C)
L\ 3 )

3. Sinced no constant solutions, all solutions are given by the implicit or explicit
equation.

4. The initial condition y(0) =1 gives

C =tant(1) = T
4

The particular solution to the initial value problem is

9
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_ tS T
tan (W) =t+_+_
3.4
(13 n)
or in the explicit form y= tan| t + E + Z)

Example 4:

Solve
(1+x)dy - ydx =0

Solution:

Dividing with (1+ x)y , we can write the given equation as
dy _y
dx (1+x)

1. The only constant solutionis Yy = 0

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
i v
z z
g 2. For non-constant solution we separate the variables g
dy dx
\ Yy 1+x v
Integrating both sides, we have
g T (dy _ ( dx g
A v
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

N L
Iny| = InfL+ x|+ c,

y= eIn|1+x|+cl - eIn|1+x|.ecl

o y = |1+ x| e% ::iecl(1+x)
c

y=C(1+x), C=zxe!
If we use In | C | instead of Cj then the solution can be written as
In|yl=In|1l+x]|+In|c]|
or In|y=Ink(1+x)

So that y= C(1+ X).
3. The solutions to the given equation are

y =c¢(1+x)
y =20

10
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3 3
v v
v v
; Example 5 g
% Solve %
v v
g Xy *dx + (y2 + Z)e—3xdy =08 g
% Solution: %
% The differential equation can bg Q/v:ri}'te_nxis3 XJ(L\ %
% 1 Since Yo = = b Y y=0 %
% 2 y 0. Therefore, the only constant solution is %
\ Y v
% 2. We separate the varie;bles Q
¥ xe¥dx + 3 :rzdy =0 or xe¥dx+ (y‘2 +2y~° )dy:O ¥
% Integrating, with use integraiti)(:(r;?f()y_p_air;s3 )E)y_ p;rtls Sn _tr;ezirit (t:frm, yields %
Y 33x(3 f)_ 9 6 Y
v e (3X - _§+F+C where 9c, =c ¥
@ 3. All the solutions are @
g e3x(3x—1)=g+ ig+c g
i o v
v S v
g Example 6: g
g Solve thg) initial value problems ; g
y @) d—i=(y—1)2, yo)y=1 (b %=(y—1)2, y(0) = 1.01 y
Q and compare the solutions. Q
3 I s
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Solutions:
1. Since (y —1)> = 0=y =1. Therefore, the only constant solutionis y =0.
2. We separate the variables

dy -2
—2—=dx or(y-1)dy = dx
(y-1f
Integrating both sides we have
[(y=1)"dy = J.dx

(y _1)— 2+1
-2+1

=X+C

or — L =X+C
y=1
3. All the solutions of the equation are
1
_VtI:X+C
y =1
4. We plug in the conditions to find particular solutions of both the problems

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
| |
v v
v v
v v
v v
¥ (a) y(O)=1:>y=1whenx=O.Sovx1e have ¥
1
g ; | I_l_—}__OJr_C:)C__a:)C__OO g
% e particu arlso ution is %
% _ﬁ == Yy-1=0 %
% So that the solution is Y = 1, which is same as constant solution. %
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ \

(b) y(0)=1.01= y =1.01 when x =0. So we have

=0+c=c=-100

1.01-1
So that solution of the problem is
_— Xx-=100=y=1+
y—1 100 - x
5. Comparison: A radical change in the solutions of the differential equation has
Occurred corresponding to a very small change in the condition!!

Example 7:
Solve the initial value problems

2 d 2
(a) a;=(y—D +0.0L  y(0) =1 m)a§=(y—ﬂ -0.01,  y(0) =1.

12
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Solution:

(a) First consider the problem

d
v _ (y-1)° +0.01, y(0) =1
dx

We separate the variables to find the non-constant solutions
dy
(Vo.01f +(y-1y
Integrate both sides

[ dly-1) dx
J(\/m)2+(y—1)2 '[

=dx

1 ey —1

So that tan =X+C
+/0.01 +/0.01
tan-! —+0.01(x+c
L #o = } V0.01(x +c)
_L%Oll: tan[ 0.01(x + c)]
or y =1++/0.01 tan[\/0.01(x + c)]
Applying y(0)=1=y=1 when x=0, we have

tan*(0) = +/0.01(0+¢)=0=c

Thus the solution of the problem is

y=1+ J/0.01 tan(\/0.0l x)

(b) Now consider the problem

d
Y =(y-17-001  yo)=1.
dx
We separate the variables to find the non-constant solutions

13
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v v
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v v
v v
v v
v v
v v
v v
v v
v v
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v v
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v v
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dy
(y-1)° —(voo1)

 d(y-1)

|
) (y-1)*~(~Vo.01)
1 ly=1-+0.01]
2/0.01 |y-1+4/0.01
Applying the condition y(0)=1= y =1 whenx =0
1 |=+oor _
2,001 | /0.01 |

Ny =1=v00L _, 501 x
y—1++0.01

=dx

2:jdx

=X+C

c=>c=0

7 T

T PR

: Y
: Y
: Y
: v
: v
: v
: v
: v
: Y
: v
: v
: v
: v
: Y
: v
: v
: v
3 :
% Simplification: %
g By using the property a_c¢_, a+b c+d g
v y—1-40.01+y—1+ QOl_eZﬂﬂﬁX+1 v
g y-1-4001-y+1-+/0.01 20.0IX _4 g
: v
: v
: v
: v
: v
: v
: v
: Y
: v
: v
: v
: v
: v
: v
' v

2 e
-2./0.01 e2\/0.01 1
e2v0.01 4

_y-1
—40.01 2001 4

2 + 1\
€-10.01
y-1=- 001 |

|\ 624001 _1)|
2./0.01

yl_\/e—_ef(e_+1]

L e250.01 _
Comparison:
The solutions of both the problems are
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(@y=  1+0.01 tan(,/0.01 x)
by =1- ﬁ%reﬁu]

L 27001 _ 4
Again a radical change has occurred corresponding to a very small in the differential
equation!
Exercise:

Solve the given differential equation by separation of variables.

dy 2y+BW2
dx l4x+5)

1.

2. sec? xdy + csc ydx = 0
3. e sin2xdx +cosx(e2 — y)dy =0

4 ﬂ: Xy+3x—-y-3
dx Xxy—-2x+4y-8

5. d_y= Xy+2y—X—2
dx xy—-3y+x-3

6. y(4— xz)%dy = (4+ yz)zldx
7. (x+ \/7)?[ =y+Jy
X

Solve the given differential equation subject to the indicated initial condition.
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8. (e +1)sinxdx = (1+cosx)dy, y(0)=0

9. (1+ x4)dy+x(1+ 4y2)dx: 0, y(1)=0

10.  ydy ( Ax y }- 1 1dx : y(0)=1
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Lecture 4

Homogeneous Differential Equations

A differential equation of the form

dy
— = f (X,
i (X, y)

Is said to be homogeneous if the function f (x,y) is homogeneous, which means

f (tX,tY) =t"f (X, Y) For some real number n, for any numbert.

Determine whether the following functions are homogeneous

Jf(X,Y):Xﬁ)iLyz—

g(x,y) = In(—3x2y/(x3 +4xy2))

The functions T (X, ¥) is homogeneous because

Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
¥ t2xy Xy
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y

f(tx, ty) = =
) t2(x2 +y?) x*+y?
Similarly, for the function g((x, y) We35e2e that ,
ity |~ i Vs 1= atcy
\ s 1o g

Therefore, the second function is also homogeneous.
Hence the differential equations

g(tx,ty) = In

dy
J%— f(x,y)
L&=g(x, y)

Are homogeneous differential equations
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Method of Solution:

To solve the homogeneous differential equation

dy
=L = f(x,
™ x, y)

We use the substitution

V="
X

If f (x,y)is homogeneous of degree zero, then we have

F(xy) = f(L,v)=F(v)

Since y' = xv' + v, the differential equation becomes

XdV+V—
V=)

This is a separable equation. We solve and go back to old variable y through Y = XV,

Summary:
1. Identify the equation as homogeneous by checking f (tx,ty) =t" f (X, y);
2. Write out the substitutionv = ;

X

3. Through easy differentiation, find the new equation satisfied by the new functionv ;

- dv
X—+v="1(1,v):
- dx
4. Solve the new equation (whichis always separable) to find V;
5. Go back to the old function y through the substitution Y = VX;

6. If we have an IVVP, we need to use the initial condition to find the constant of
integration.

Caution:
o Since we have to solve a separable equation, we must be careful about the
constant solutions.

o Ifthe substitution y =vx does not reduce the equation to separable form then the
equation is not homogeneous or something is wrong along the way.
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............................

d_y:—2x+5y
dx 2X+ Yy

2x+5y

:f(x V)= 2X+Yy

—2x+5xv —2+5v§
2X + XV 2+V -

ng +V =

which gives

Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
: :
dv 1(-2+5v
g dx ;( 2+V _V) g
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y v
Y Y
Y Y
z :
Y Y

...................

—4In]y-2x|+3In|y—-x| = C:
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y X In|x|+c
X

y ZX +3In

5—4 In
: X

§y2x|
x|

|y - 29
x4

y—x| =Inx+Incy, c=InC1§
X |

+In ;3)( %—

=Inc,x

-2)7* (y-x)®
: (yx4) fyxs)|=mc¢

=20 (y-%° ¢y
:ox* X3 !

§ﬂy—2m4(y—m3=0ﬁ
(y-29"(y- %" =

‘Note that the |mpI|C|t equatlon can be rewrltten as

(Y =p0f= Coy=2x)":
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Eguations reducible to homogenous form

The differential equation

d_y_ auyX+by+c,

dx  a,x+hb,y+c,
is not homogenous. However, it can be reduced to a homogenous form as detailed below

éCase 1: a_lz b,

a, bz

equation in the variables X and Z. Solving the resulting separable equation and
replacing z witha,x + b,y , we obtain the solution of the given differential equation.

éCase 2: a_li b_l
? a b,

Where h and K are constants to be determined. Then the equation becomes

dY  aX+bYtahtbktc, -
dX a,X +bY +ah+bk+c,:

We choose hand k such that

ah+bk+c =0
§a2h+b2k+cz =0

dY _aX+bY:
X @, X +h,Y:

Which is homogenous differential equation in X andY , and can be solved accordingly.
After having solved the last equation we come back to the old variables X andy .
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; Y
. Y
. Y
. v
. v
. v
. v
. v
! Y
. v
. v
! v
! v
! Y
! v
: v
: v
! v
; 3
Q In this case we substitute %
: v
: v
! v
: v
! v
! v
: v
: v
! v
! v
: v
: Y
: v
: v
: v
: v
: v
: v
! v
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Solve the differential equation

dy  2x+3y-1:
dx 22X+ 3y + 2

_a b, - _
Since — =1= —, we substitute z = 2x + 3y, so that
8, 5

dy 1fdz )
a3

Thus the equation becomes

ie. — =

( il )dz:dxé
;—Z+7

Integrating both sides we get

—7-9In(z-7)=x+A

Simplifying and replacing zwith2X + 3y, we obtain
—In(2x+3y-7) =3x+3y+ A

or §(2x+3y—7)’9 = cedt), C:eAg
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% This is a variable separable form, and can be written as %
v v
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v



g g ng?erentleq atio nsiM?HEl)g @ @ g % % % % % % % % % ?/ % % %

Example 4

Solve the differential equatlon

_y §x+2y—4[

dx 2X+y-5:

Solution:

By substitution
x S y Y + k
The given differential equation reduces to
dY _(X+2Y)+(h+2k-4)
dX (2X +Y)+(2h+k -5):
We choose h and k such that
h+2k-4=0, 2h+k-5=0
Solving these equations we have: h 2 k 1 Therefore, we have
dY X+ 2Y
dX  2X +Y°
This is a homogenous equatlon We substltute Y =VX to obtain
v 1-v? [2 +V ] dx
X or

Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y ax
¥ dX  2+V
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y

Resolving into partial fractlons and mtegratlng both S|des we obtain
J dX
2(1 v) 2(1+v)

——ln(l V)+= In(1+V) InX+InA

or

Simplifying and removing (In) from both sides, we get

(1—v) /(1+v) cx 2-(: A— :
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;——In(l V)+= In(1+V) InX+InA

:In(l V) /+In(1+V)4/ In XA
InA-V) 7 (1+V)* = In XA
(A-V) 7 (1+V)” = xA

gtaking power "— 2 "on both sides
(L-V)(1+V) " = X 2A7

: Y
=putV:_
X

e
;(XXYM )Z iy

(XYY

NS

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
i v
3 3
% ;say,c= A %
Q put X=x-2Y=y-1 Q
Q (x+y 1)3/x+y SEIG : Q
A v
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

.(X y 1) /(X+y 3)=C§

This is solution of the given differential equation, an implicit one.

Exercise
Solve the following Differential Equations
10!+ y ')k -2 ydy = 0.

24

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY




ARSERERAX S AARRARAARERREARRAR

2.dy Y X +1
dx x y*

3. ;{xzex + y2j|dx = xydyg

4, ydx+(ycos_—x)dy O
| A

.........................................................

Solve the initial value problems

SO TR E RS

o fur g Yo =0y

d
0. @_ X_coshy y(1)=0
dx X X
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Lecture 5

Exact Differential Equations
Let us first rewrite the given differential equation

dy
— = f(x,
> x,y)

into the alternativ_e form

EM(x y)dx + N(x y)dy = 0 where f(x,y)=-

M (x y).
N (x, y) -

This equation is an exact differential equatlon if the following condition is satisfied
oM _ON:

an X -

This condition of exactness insures the eX|stence of a function F (x, y) such that

Method of Solutlon
If the given equation is exact then the solution procedure consists of the following steps:

------------------- :aM_aN;

Y Y
Y Y
Y Y
Y v
Y Y
Y Y
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y Y
Y Y
Y Y
Y Y
3 3
”””””””””” —_=MKY), _=N(x,y)§
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y Y

7777777777777777777 ax oy

5§t§9”§7.; Integrate either the 1° equatlon w. r. to X or 2" w. r. to . If we choose the 1%
equation then

F(,y) = [Mx y)dx+0(y)

The function 0 (y) is an arbitrary function of Y , integration w.r.to X; Y being
constant
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@ = 3)(2 @ = 3)(2

oy " OX
. oM N
l.e. - =

.............................

Hence the equation is exact. The LHS of the equation must be an exact differential i.e. 3

a function f (x, y) such that

ﬂ=3x2y+2=M
OX

ﬂ:x3+y=N
oy

Integrating 1% of these equations w. r. t. x, have

F0Y) = Ry 20+ (),
where h(y) is the constant of integration. Differentiating the above equation w. r. t. y and
using 2nd, we obtain

o
—=x+h(y)=x+y=N
o0y

Comparing h(y) = y is independent of x.

or.

2:
h(y)=Y_
e
y2
Thus f(x, y)=x3y+2x+7§

Hence the general solution of the given equation is given by
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Differentia Equatlons (M?Hil)

: )
ie. §x3y+2x+y_:c§
2

Note that we could start with the 2" equation

o —=x3+y= N
ay :

to reach on the above solution of the given equation!

Solve the initial value problem
(2ysinxoosxc+y?sin )b+ (sn? x—2ycos )ty =0,

‘M = 2ysin xcosx + y2sin x_

oM
oy

= 2sin xcosx + 2ysin x

ﬂ = 2sin XCOS X + 2ysin x

OX

This implies bk =_

Thus given equation is exact.

Hence there exists a function f (x, y) such that

i: 2ysin Xxcos X + y2sinx =M
: OX

éﬂ:sin2 X—2yCOSX = N
oy

Integrating 1% of these w. r. t. x, we have
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3 3
and ‘N =sin? x—2ycos x:
Y Y
Y Y
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Differenti

00 y) = ysin? x—y2 cosx-+h(y),
Differentiating this equation w. r. t. y substituting in Z—f =N
y

(=0 or h(y)=c:

Hence the general solution of the given equation is

Le. x =0,y =23, we have
Applying the initial condition that when

SIPEic
since y2cosx—ysin2x=9

is the required solution.

Solve the DE ;(eZy — yCos xy)dx+(2xe2y — XCOSXY + 2y)dy -0

Solution:
The equation is neither separable nor homogenous.

M (x,y) = e - ycosxy ]
N(x y) = 2xe?¥ — xcos xy + 2yJ

Since,

and

§a|v|
- oy
Hence the given equatlon is exact and a function f (x, y) exist for which

M(x y)_ _x and N(x, y)__y:

= 26%Y + Xy sin Xy — COS Xy = @
OX

which means that

gi:ezy—ycosxy and ﬂ:2xe2y—xcosxy+2y§
10X oy

Let us start with the second equatlon i.e.
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Integrating both sides w.r.to y, we obtain

f(xy)= 2xIe2ydy — xJ cos xydy + 2[ ydy
Note that while integrating w.r.to y, X is treated as constant. Therefore

(X, y)=xe? —sinxy +y? +h(x)

h is an arbitrary function of x . From this equation we obtain Zf_ and equate it to M
X

Z—f = e?Y — ycosxy + h'(x) =e? — ycos xy

So that hN(x)=0=hx)=C

Hence a one-parameter family of solution is given by

xe? —sinxy+y2+c=0

...............................................................................................

Sohe 2yt (x2 -1)dy =0

Clearly M(x,y)=2xy and N(xy)=x*-1

oM _

oM _, N
oy

2X = —
OX :

Therefore

The equation is exact and 3 a function f(x,y) such that

of E -
— =2xy and —=x*-1
“OX = oy

We integrate first of these equations to obtain.

f(x,y) = x2y +g(y):

. of
Here g(y) is an arbitrary function ¥ - We find > and equate it to N(x, y)
y

of
—=x2+g(y)=x*-1
0y
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gW=1=9=-y
Constant of integration need not to be included as the solution is given by

Hence a one-parameter family of solutions is given by

xXPy-y=c

Example 5

Solve the initial value problem

(emasinx 7)o y(1-x )y -0.y(0) =2

M(x y) COS X.Sin X — - X ym-
N(X o y(l x2)

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v M N \
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v

and i——=2XY =

- oy X

Therefore the equation is exact and 3 afunctlon f(x,y) such that

; - 2 af
X oy

Now integrating 2™ of these equatlons w.rtty” keepmg X ’constant, we obtain

(X -1 (1 X )+ h(><)

Differentiate w.r.t. < X’ and equate the Tesult to M(x y)

i = —xy? + I'(x) = cos xsin X—xy?
OX

The last equation implies that. _
h'(x) = cos xsin x-
Integrating w.r.to X we obtain

h(x) j(cosx)( sin x)dx_— cos? X
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quations (M

Thus a one parameter family solutions of the given differential equation is
i H

y (1—x2)—£coszx=cl§

-2 2

or

%yz(l—xz)— COs2X=C

where 2C1 has been replaced by C. The initial condition y =2 when x =0 demand, that
4(1)-cos?(0) = cso that ¢ = 3. Thus the solution of the initial value problem is

y2(1-x? )= cos? x = 3
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Differentia Equatlons (M?Hil)

Determine whether the given equations is exact. If so, please solve.

1. (siny - ysin x)dx + (cosx + xcos y)dy = 0:

2. (1+Inx+_}j =(1- Inx)dy

3. %(Y|ny—e‘XY>jX+(l+|n y\dyzog
\y )

1 \dy |y 3 _
. 2y—-Z—+cos3X |-—+ = -4 3ysin3 :O;
) é(y xJr XJdXer2 b "

5. (1+—— 2y 2)dx+(yey Wdy O
\x Yeda X s ) X X2 +y) :

Solve the given differential equations subject to indicated initial conditions.

6. i(ex+y)dx+(2+x+ yey)dyzo, y(0)=1§

y?-x*\dy x _
7. ( vE de 2y =0, y(l)_lé

5. {2
\1+y

9. Find the value of k, so that the given differential equatlon is exact.
(2xy y sin xy + ky* )dx (20x + Xsin xy)dy 0

5 +cosx—2xy}%: y(y +sinx), y(O)zlg

10. §(6Xy +C0s y)dx—(kxzy2 —Xxsin y)dy = og
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Lecture - 6

Integrating Factor Technique

If the equation

M (x, y)dx + N(x, y)dy =0
Is not exact, then we must have
8M 6N

8y 6x
Therefore, we look for a functlon u (x y) such that the equation

u(x y)M (X, y)dx+u(x y)N(x y)dy 0E

and it satisfies the equation due to the condition of exactness.

My N auN_

oy oy OX OX

This is a partial differential equation and is very difficult to solve. Consequently, the
determination of the integrating factor is extremely difficult except for some special

Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
% cases: Q
Y B Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y v
Y Y
Y Y
Y v
Y Y
¥ Y

ww%@@if&wmwmmmmmmmMmmhﬁf;wﬁmﬁhé
and then solve the equation.

Solution: Since M=x*+y>-x, N=-y

oM
Therefore o2y, N _g
oy OX

oM  ON
—_— i —_
oy  oX

and the equation is not exact. However, if the equation is multiplied by 1/(x2+y2)then

So that

the equation becomes:

II ;

2

(l_ \dx — : |

S
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and N=- y
X2 +y? X2 +y

Now M=1-

2

2 ON
Therefore oM = aid =

oy (x2+y2)2 8_X

So that this new equation is exact. The equation can be solved. However, it is simpler to
observe that the given equation can also written

or d| x - -0

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
3 3
Hence, by integration, we have

¥ -Xadnpgly ~k : ¥
Y Case 1: Y
Q When3an integrating factor u (x), a function of X only. This happens if the expression Q
v M _oN v
v oy x v
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
\ v

is a function of x only.
Then the integrating factor u(x, y) is given by

(B A )

U = ex | JM dx |
T N
Case 2:

When 3 an integrating factor u(y), a function of y only. This happens if the expression

is a function of Y only. Then IF u(x, y) is given by

35
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oN_oM )
ox oy |
u= expLJ dy |§

Case 3

If the given equation is homogeneous and

XM + yN ;t 0
" D !
Then XM +yN

Case 4:
If the given equation is of the form

Y (xy)dx + xg(xy)dy =0
and XM —yN =0

Then u =

Once the IF is found, we multiply the old equation by u to get a new one, which is exact.
:Solve the exact equation and write the solution.:

§Advice: If possible, we should check whether or not the new equation is exact?é

M (X, y)dx + N(x, y)dy = 0

prowded the equation is not already i in this form and determlne M and N .

oM _ ON
oy  OX
Step3 (a) If the equation is notexactthenevaluate
g&M oN
oy oX
_______________ N
- If this expression is a function of X only, tﬁen
- [ M _oN )
[ oy x|

| | :
u(x) expi | 7 ""dx'j
e
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Otherwise, evaluate
aN aM
ax ay
Z M Z
If this expression is a function of y only, P‘ne

aN anvl Y
uy) = eXpl |— |
S
{In the absence of these 2 possibilities, better use some other techniqueE However, we
could also try cases 3 and 4 |n step 4 and 5

yf (xy)dx + xg(xy)dy = 0
and whether xM . yN A O

v
\
\
|
\
\
\
|
v
|
|
v
v
v
v
\
\
\
\
: \
1 Q
v
v
\
\
v
v
\
v
\
\
\
v
v
v
v
v
\
v
v

xM —yN§

Solution:
1. The given differential equatlon can be written in form

(3xy + y2)dx + (x* + xy)dy = O

Therefore

37

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY

Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
v
Y
Y
Y
Y
% If yes then i =
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
Y
v



g g ng?erentla Equatio nsiM?HEl)g @ @ g % % % % % % % % % QVUQ % %

§N(x y) = x? +xy§

2. Now aM — =3X+2y, _N_2x+y
8y ax
oM _ ON:
- £

8y8x

oM N

oy ox 1

which is a function of xonly.
4.Therefore, an IF u (x) exists and is given by

rfdx
M@*“mmwﬁﬁ

5. Multiplying the given equatlon with the IF, we obtain

which is exact. (Please check!)
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Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
| |
6. This step consists of solving this last exact differential equation.
% p g q Q
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
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Solution of new exact equation:-

1. Since:élvI =3x2 +2xy = N -  the equation is exact.
i oy o

2. We f|nd F (x, y) by solving the system
[ OF _ g0 :
- XY+ xy 2

e = x%+x2y.
ley

3. We integrate the first equatlon to get
2

F(x y) = x° y+x—y +9(y)

Ny &
— =X 4 x2y+0'(y) = X +x2y.

obtam

5. Integrating the last equation to obta|n9 C . Therefore, the function - F(X y) is

= 'l
Y '
Y '
= '
Y '
Y '
= '
= '
S Y
= '
= Y
S Y
¥ Y
S Y
S Y
¥ Y
Y Y
Y Y
Y Y
Y Y
% ....................... ; ......................... Q
Y Y
Y Y
Y Y
¥ Y
¥ Y
¥ Y
¥ Y
¥ Y
¥ Y
¥ Y
¥ Y
v Y
¥ Y
v Y
v Y
Y Y
v Y
¥ Y
= '

F(x )i y+ . y:

We don't have to keep the constant C, see next step.
6. All the solutions are given by the implicit equation F (X, y)=Cie.

is another integrating factor for the same equation as the new equatlon

1 1
(3xy +y )dx +
2xy(2x +Y) 2Xy(2x +Y)

is exact. This means that we may not have uniqueness of the integrating factor.

(x + xy)dy =0
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Here et

Therefore, I.F. is given by

o LFisx.

Multiplying the equation by x, we have
(0 -2¢ + 207 Joc 2x?yay = 0

This equation is exact. The required Solution is

X :
é———+X2 2 C
3 Y2 = o

3X8X+12XV=C
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Solve ;dX+(i—sin y\dyzo
. \y )

Solution: Here

The equation is not exact.
Now

1

MMy, v 1
M 1y

Multiplying the equation by y, we have

ydx + (x — ysin y)dy =0:

or “ydx + xdy — ysin ydy =0

or d(xy) - ysinydy =0

Integrating, we have

Xy +ycosy—siny=c:

Which is the required solution.-

41

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY

v v
v v
v v
v v
v v
\ v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
\ \
\ \
g ; : ; g
Therefore, the IF is uy) =exp[Y =y
; e ;
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v



g g ng?erentla Equatio nsiM?HEl)g @ @ g % % % % % % % % % QVUQ % %

Example 4 .
Solve (x y- 2xy)d (3 3x y)dy O

Solution: Comparing with

“Mdx + Ndy =0

we see that

e y— 2xy and N——(x ~ 38 y)
Since both M and N are homogeneous. Therefore, the given equation is homogeneous.
Now

Hence, the factor uis given by

1 1
.
X2 y XM +yN

Multiplying the given equatlon with the integrating factor u,we obtain.

Now

and therefore

Therefore, the new equation is exact and solution of this new equation is given by

;——2In|x|+3|n|y| C;
'y

Example 5

Solve gy(xy+zx2y2)dx+X(Xy_xzyz)dy:Og
Solution:
The given equation is of the form

yf (xy)dx + xg(xy)dy = 0

Now comparing with
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:Mdx + Ndy = 0:

We see that

M :y(xy+2x2y2) and N:x(xy—xzyz)g_

Further

XM — yN = x2y2 + 2x3y3 —x2y2 4 x3y3
= 3%y 2 0
Therefore, the integrating factor u is

1 1 ;
S : U= ;
: 3x3y% XM — yN

Now multiplying the given equatlon by the integrating factor, we obtain

UL, 221 gy o
3y x) 3l y) ;
Therefore, solutions of the given differential equation are given by

~ 1 omx-m)yc
Xy

where 3Co=C

43

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v



ARSERERAX S AARRARAARERRART AR

Exercise
Solve by finding an I.F

1

2. dy+ Y Mgy =0
X

: (y4 - 2y)dx+ (xy3 +2y* —4x)dy =0

. (x2 + yz)dx+2xydy - 0

: §(3x2y4 - 2xy)dx - (2x3y3 )dy _ ()
dy

3
4
5. (4x +3y? )dx + 2xydy = 0-
6
7

=¥ +y—1§
dx =

8. (3xy +y? )dx + (x2 + xy)dy = 0
9. gydx £ (2xy —e )dy =0

10. (x + 2)sin ydx + xcos ydy = 0
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Lecture 7

First Order Linear Equations:

The differential equation of the form

a(x) — + b(x) y = c(x)

is a linear differential equation of first order ‘The equation can be rewritten in the
following famous form.

j—y+ p(X)Y = ()
X

where p(x) and g(X) are continuous functions.

Method of solution:
The general solution of the first order linear differential equatron is given by

_ [u)a(x)dx +C
u(x) :

Where u(x) = exp([ p(x)dx)
The function U(X) is called the integrating factor. If it is an I\VP then use it to find the

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
v v
% constant C. Q
v v
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

Summary:

1. Identify that the equation is 1* order linear equation. Rewrite it in the form

f‘;—+ pX) Y = q(x)

if the equation is not already in this form.
2. Find the integrating factor

() =l

3. Write down the general solution

J. u(x)q(x)dx + C
u(x) :

4. If you are given an IVP, use the initiai condition to find the constant C.

5. Plug in the calculated value to write the particular solution of the problem.
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Example 1:

Solve the initial value problem

Solution:

1.The equation is already in the standard form

;g—+ b9y = q(x)

p(x) tan x
Lq(x) cos

2. Since

Jtan xdx = —Incos x = Insec x

Therefore, the integrating facyor is given by
u(x) = o/tan x dx

= secx

Isecxcoszxdx J.cosxdx smx

So that the general solutlon is glven by

4. We use the initial condition y(O) 2 to find the value of the constant C
(0) C 2

5. Therefore the solution of the initial value problem is
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dy 2t 2
- - = : 0)=0.4"
Example 2: Solve the IVP TG y 112 y(0)

Solution:
1.The given equation is a 1% order linear and is already in the requisite form

%X+NMV—M@;
:0X :

with
§%w= 2
: TU:

2. Since J(— l jdt——ln|l+t2 |E
1+t :

mo—eJHt —a+ﬁ)

3. Hence, the generalsolutlonlsglvenby

Jua@ydt +

: :
: :
: :
: :
: :
: :
: :
: :
y y
: :
: :
y y
y y
y y
y :
: :
: :
: :
y W r :
v Xmmwmm““mmtjﬂﬂﬂm v
: - :
: y
: y
: :
: :
: :
: y
: :
: :
: y
: y
y :
y y
y y
y y
y y
y y
y y
: :

Now P o=

. @+t ) @ty

The first integral is clearly tan‘lt For the 2nd we WI|| use mtegratlon by parts

Sy 2 , [t tdt_zf 12_ t
\1+t (1+t ) )

with T as first function and /(1+t 2)?2 as 2" function.

dt=2tanl()+ = —tanl)=tanl()+
(1+12)2 A+t? . \ 1+t2
y=(1+t) tan(t) + +C
The general solution is: 112 J
i +t =

4. The condition y(0) — 0.4 gives C=0.4
5. Therefore, solution to the |n|t|al value problem can be written as:

y=t+(1+t2)tan7t(t) + 0.4(1+1t? )
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Example 3:

Find the solution to the problem

(n

4

Y

cos?tsint.y =—cos*t.y+1, y

Solution:
1. The equation is 1* order linear and is not in the standard form

;g—+ P09y = 600

Therefore we rewrite the equationas
., cos t 1
Yy + S

: sint cos?tsint
2. Hence, the integrating factor is given by

rcostdt
u(t) = eJ sint :eln |sint|

=sint§

3. Therefore, the general solutlon is given by

JSint i - dt+C§
1 cos? tsin t

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v : sin t v
v : | v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\/ \

Since  [EEEEEFERET  GEEERRERS SS

Therefore

tant+C e T
+——=sect+Ccsct:
~sint cost WSingdw =0

(1) The initial condition y(n /4) = 0 implies

V2+C0 =0

which gives C =-1.
(2) Therefore, the particular solution to the initial value problem is
;y—sect—csct
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Example 4

Solve (x+2y3)d—z: y

Solution:
We have

dy_ y

X X+ 2y
This equation is not Imear iny. Letus regard X as dependent variable and y as
independent variable. The equation may be written as

dx x+2y

dy y;

d_x—ix 2y?

dy vy

or

Which is Iinear in X

[ |

)18 i

Multiplying with the IF = i we get

Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y Y
Y Y
Y Y
Y Y
Y L : Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y

Integrating, we have

is the required solution.
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Example 5

Solve

(x —1)3%+ 4(x —1)2 y = x+1
X

Solution:

The equation can be rewritten as

dy 4 Xx+1
e S :
dx x-1 (x—1)3§

4
-1

H P(x)
ere (x) .

Therefore, an integrating factor of the given equation is

IF = exp{J i—d)ﬂ - exp[ln(x —1)4]: (x-1)*

é(x—l)“% +4(x-1)°y=x2 -1
X

or i[y(x—l)“]: x2—1

Integrating both sides, we obtain

50

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY

v v
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v v
\ v
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v v
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\ v
\ v
\ v
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Exercise

Solve the following differential equations

dy (2x+1) o,
1. i—= =e
gdx+( i Jy

2. d_y+3y = 3x2e‘3"§

dx

3. xd_y+(1+ xcotx)y = x
dx

4. H(x +1)d_y— ny = e*(x+1)"
dx

5, (1+x2)d%/+4xy= 2

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y Y
i v
v v
z z
Q (1+ x2)2 Q
% dr %
Q 6. 0 +rsecd = coso Q
v v
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

ﬂ_ky: 1_e_2X

7. X —x £
dx e* +e "

8. dx = (3ey = 2x)dy§

Solve the initial value problems

9. %: 2y + x(e3X —eX ) y(0) = 2

10.:x(2+ x)?+ 2(1+x)y =1+3x%,  y(-1)= 1
X
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Lecture 8

Bernoulli Equations
A differential equation that can be written in the form

Y ooy = q(x)y
EdX ,

is called Bernoulli equation.
Method of solution:

For N = 0,1the equation reduces to 1% order linear DE and can be solved accordingly.

n
For n = 0,1 we divide the equation with Y to write it in the form

. d B
Yy T+ p(X) Y = qx).

and then put
v=y™"

Differentiating w.r.t. ‘x’, we obtam

¥ Y
' Y
Y Y
¥ '
' '
' '
¥ '
¥ '
Y Y
' '
' '
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
: :
v V=(-ny"y v
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y

Therefore the equation becomes

This is a linear equation satisfied by V .Once it is solved, you will obtain the function
: =

y V(l n)
If n>1, then we add the solution y = 0 to the solutlons found the above technique.
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Summary:
1. Identify the equation

d
Y pmy = gy
-dx

as Bernoulli equation.
Find n. If N # 0,1 divide by y"and substitute;

2. Through easy differentiation, find the new equation

W a-npv=(- n)q(x)
dx

3. This is a linear equation. Solve the linear equation to find V.

4. Go back to the old function y through the substitution : y Vy1 n)

6. If n>1, then include y = 0 to in the solution.

Example 1: Solve the equatlon dx - y

Solution:
1. The given differential can be written as
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Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
3 3
7. If you have an IVVP, use the initial condition to find the particular solution.
v ’ i v
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v
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2. Differentiating w.r.t. ‘x” we have

L ady __(dv)
?y dx dx

So that the equation reduces to

Edv+2v_ 2

X
3. This is a linear equation. To solve thls we flnd the mtegratlng factor U(X)

The solution of the linear equatlon IS given by :
Ju(x)q(x)dx +c  [ex(-2)dx+c

V= = g
u(x) 62"

Since [eZX (~2)dx = _e2x§

Therefore, the solution for v is glven b
el . :
] +C =

., -1

4. To go back toy we substitute 3y — y - 2: Therefore the general solution of the given

v v
v v
v v
v v
v v
v v
v V
v v
v v
v V
v V
v v
v v
v v
v v
v V
v v
v v
v v
v 2 v
% DEis Dy v Q
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v

Example 2:

Solve 4+ y Xy
dx X

; : : N 1
Solution: In the given equation we identify ;P(X) = — g(x)=x and n=2.
: X :

Thus the substitution W=y gives

dw 1 :
- TwW=—X,

dx__ X :
The integrating factor for this linear equation is

dx
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Hence

Integrating this latter form ‘we get )
x 1w——x+c or. w——x2 +cx

For n > 0 the trivial solution Y =0 is a solution of the given equation. In this example,
y =0 is a singular solution of the given equation.

Example 3:
Solve: dy Xy L 1)

dx_ 1—><2:Xy2

Solution: Dividing (1) by y2 the given equation becomes

1

Y Y
Y Y
Y Y
Y 'l
Y Y
Y Y
Y '
Y Y
Y Y
Y Y
Y '
Y Y
Y Y
Y Y
Y Y
' '
: ;
Y . Z2dy  x 3 Y
¥ W o 1™ xzyzz)‘? @ ¥
v e 1 AT v
¥ 48y v
' '
'l v
Y Y
Y Y
Y Y
' Y
Y Y
Y Y
Y Y
Y '
' 'l
Y '
' Y
' Y
' '
' '
' Y
Y Y

Put y2=vor = —
“ Y T 2 e ax

Then (2) reduces to

?dv X X'

= = @)
“dx 2‘1 xzi 2

IF = exp [ ( 4dex} = exp [—41"](1_ Xz)—): (1_ Xz);l

This is linear in V.

Multiplying (3) by (1— X 2) 4 we get

(1— X ) dv

: & (1x)5’4 - x)”“
or {(1 X )4 V—‘: 2x(1 x) 1

m_hmmm
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Integrating, we have
v(l— xz)f1 :%(—1_ h 2)4 +C

or §V=C(1—X2\1/4 }—??@

or §V2=C(1—X2\1/4 J_r—??@

is the required solution.
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Exercise

Solve the following differential equations

1 xﬂ+ y:yzlnxg

dx

dy .
2 L+ y=xy*
dx

. —=——Yy=e'y"
’ “dx g d

4. gﬁ = y(xy3 —1)E

5. xd—y— (1+ x)y = xy2
dx

dx

Solve the initial-value problems

dy 1:
o ix2 22— 2xy = 3y*, 1)="
7 o y =9y Y() 5

8. MY 3—y+ y3/2 —1, y(0)=4
X

9, xy(1+ xy® )i{ =1, y(1)= 0

Ly Y X
2= 1)=1
v Cdx xy? ")
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v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
- |
6. X +Yi=Xy
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
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SUBSTITUTIONS

o Sometimes a differential equation can be transformed by means of a substitution
into a form that could then be solved by one of the standard methods i.e. Methods
used to solve separable, homogeneous, exact, linear, and Bernoulli’s differential
equation.

o An equation may look different from any of those that we have studied in the
previous lectures, but through a sensible change of variables perhaps an
apparently difficult problem may be readily solved.

o Although no firm rules can be given on the basis of which these substitution could
be selected, a working axiom might be: Try something! It sometimes pays to be
clever.

Example 1

The differential equation

y(1+ 2xy)dx + x(1-2xy)dy = 0°

is not separable, not homogeneous, not exact, not linear, and not Bernoulli.
However, if we stare at the equation long enough, we might be prompted to try the
substitution

u -
u=2xy or y=—:
2X -

_ Xdu —udxé

Since dy 2

The equation becomes, after we simplify

2u2dx+ (1-u)xdu = 0.

we obtain 2|H\X\—U‘1—In\u\:c§
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X 1
In-j=c+_ "~
2y 2xy-
X
2—_ ~1 0l 2%y

where €° was replaced by C;.We can also replace 2c1by Co if desired

Note that

The differential equation in the example possesses the trivial solution Yy = 0, but then
this function is not included in the one-parameter family of solution.

Example 2
Solve
2xy d_y+ 20— 3x—6.§
dx
Solution:

2y dy U= 2
The presence of the term & prompts us to try U =Y
Since
Loy

Therefore, the equation becomés

Now éxd_u+2u =3x—6§
:dx

or d—U+EU=3—E
dx X X:

This equation has the form of 1% order linear differential equation

Y4 Py =Qw)
dx
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with éP(x) = 2_ and Q(x) =3- —
R X X

Therefore, the integrating factor of the equation is given by

2
J—dx 2 2
1F=€ % _ alnx =X

Multiplying with the IF gives

de [xzu]: 3x? - 6x

Integrating both sides, we obtain

or ix2 y NEN8 232 | ¢

Example 3
Solve

Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
z z
Y Y
¥ Solution: ' ¥
g If we let X g
Y X Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y v
Y Y
Y Y
Y v
Y Y
¥ Y

Then the given differential equation can be simplified to

‘ue” Ydu = dx°
Integrating both sides, we have

é_[ue_ Udu = _[dx

Using the integration by parts on LHS, we have

-Uu_,-u

—ue e Y =x+c:

or

U +1= (C1 - X)eu Where C1:-C§

We then re-substitute
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and simplify to obtain

y+x:x(c1—x)ey/X§

Example 4
Solve

Solution:
If we let

Then

Then, the equation reduces to

Since EU‘l =1/ y’

Therefore === 5 5

or gdy:_
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Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
| |
u_zdu = 2xdx§
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y v
Y Y
Y Y
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Y Y
Y Y
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Exercise

Solve the differential equations by using an appropriate substitution.

1. %ydx+(1+ yeX)dyzoé

2 %(2+e""y)dx+2(1—x/y)dy:0§

3. §2xcsc Zyd_y 2X — In (tan y)

dx

d_y +1=sinx e‘(X’Ly)é

dx

5 %yﬂ+2xlnx xey

~dx

2O|y+2xy x4 y +1

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y Y
Y Y
Y Y
Y Y
v v
Y Y
Y Y
Y Y
y . v
% :dx : Q
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y

. %xey_y—ZeV:xzé
o dx f
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Lecture-09

X2+y2
Xy

2

Solution: o - —
d x Xy

Exam ple 1: y'=

put y=wx then —w+x oW

dw X2+WwW 2x?2 1+w 2
W+X = -
d x X X W W

Integrating

2
=Inx+Inc

2

y
2 X2
y2=2x?In|xc|

=In|xc]|
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dy _ (2:ky-y)
X X

Example 2:

2 3h-
Solution: d_y: @
dx X

put y=wx
Xd_W: (Z\Mx -XW)

dx X
WX dﬂ:z\lﬂ-w
dx

w+

X dﬂ:Z\XAT-ZW
dx

dw _dx

2(/w-w) X
dw . dx
J.Z(\/W-W) J X

put  ~Jw=t

We get J‘ 1—dt= %

1-t X
-In|1-t|=In|x|+In|c|
-In|1-t|=In|xc|
(1-t)t=xc

(1-vw)t=xc
(1-fyix)t=xc
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g q
q v
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. v
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. v
g g
\ v
. v
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g g
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v v
v v
v g
v g
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v v
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v g
g g
g g
g g
g g
g g
g g
g g
q q



ARSERERAX S AARRARAARERRART AR

Example 3: (2y?x-3)dx+(2yx2+4)dy=0
Solution:(2y?x-3)dx+(2yx?+4)dy=0

Here M=(2y?%x-3) and N=(2yx?2+4)
™ = TN

Ty Tx

T =(2y2x-3) and T _=(2yx2+4)

x Ty

Integrate w.r.t. X'

f(x,y)=x2y?-3x+h(y)
D ifferentiate w.r.t. 'y’
qf

Ty
h*(y)=4
Integratew.r.t.'y'
h(y)=4y+c
x?y?-3x+4y=C,

=2x%y+h'(y)=2x2y+4=N

dy 2xyel’
Example 4: —=
dX y2 .|.y2 e(XIY)Z +2X2e(XIY)2

2 1\2 @0y 2 (XIy)?
Solution: dx _y +y’e™™ +2x%e
dy 2xye

put x/y=w
Aftersubsitution

dw A\ 1+eW2

dy 2we"
dy 2we"
y 1+e"’
Integrating

dw

Infy|=In|1+€e" [+Inc
In|y|=Inc(1+e")|
y=c(1+etM’)
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qua

d 3x?
Example 5: R

dx xInx Inx
d 3x2
Solution: _y+ y =__
dx xInx Inx

dx xInx Inx
X2

1
pPX)=—— and g(x)=—
xInx Inx

|.F=exp( j L dx)=Inx
xInx
Multiply both side by Inx
dy 1
Inx—y+— y=3x?
dx X

i (yInx)=3x?
dx
Integrate

I 38
nX=——+C
y 3
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Example 6: (y2eX+2xy)dx-x2dy=0

Solution:Here M=y?e*X+2xy  N=-x?

™ =2ye* +2X, B:-Zx

Ty Tx

Clearly M, IN
Ty  x

The given equation is not exact
divide the equation by y? to make it exact

v Y
Y Y
Y Y
Y v
Y Y
Y Y
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y v
v [« 2x | [ x2 ] v
v Le + —|dx+| - ——|dy=0 v
g y | Tl g
: M _ 2x_ N :
¥ 7 AR | ¥
Y Equation is exact Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y v

Now

if I x 2x| [ B
—:[e +—| Ty

fix y | ]
Integrate w.r.t. 'x’

f(x,y)=ex + "
y
2
e+ —=c
y
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Example 7:

XCOSX g—y +y(xsinx+cosx)=1
X

Solution: xcosx j—y +y(xsinx+cosx)=1
X

d_y by | XSiNX+COSX | _ 1

X | xcosx J' , XCOSX

i +y [tanx+1/x |=

dx XCOSX

l.LF = exp(_[ (tanx+1/x)dx)=xsecx

dx XCOSX

dy 2
xsecx —= +y [ xsecxtanx+secx |=sec? x

dx

a4 ¥ coc?
= [ xysecx |=sec?x

Xysecx=tanx+c
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Example 8: xe? d_y+ezy _ Inx
dx X

dy vy = Inx

dx X

Solution: xe?y

put e¥¥=u

X2 g—u+2xu:2lnx
X

i(xzu):2lnx
dx

Integrate
X 2 u=2[xInx-x]+c

x2e2¥ =2[xInx-x]+c
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d
Example 9: _y+y|ny:yex

dx

. dy ol x
Solution: — +ylny=ye
dx

ldL+ In y=e a
y dX

put Iny=u

du ”
——+u =e
dx

' '
' '
' '
' '
' '
' '
' '
' '
Y Y
' '
' Y
Y Y
Y Y
Y Y
Y Y
Y Y
: z
Y I.F.:ejdxzeX ¥
v d , ) v
v — (e y)=g? v
; X :
y Inte grate v
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
¥ v

2X
e
e .u= ; +C

2X
+C
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dy

dx

Example 10: 2xcsc2y _~ =2x-Intany

dy

Solution:2xcsc2y =2X-Intany

dx
put Intany=u

dy =sinycosy il
dx dx
2xsinycosy du

2sinycosy dx

=2X-U

X d—u=2x—u
dx

du 1
— +_u=2
dx x

v v
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
: :
v |.F :exp(fllxdx):x ¢
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
v v

X d—u+u:2x
dx

d
—(Xu)=2x
dx
XU=X?2 +¢
u=x+cx 1

Intany=x+cx *

71

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY




ARSERERAX S AARRARAARERRART AR

dy

dx

Example 11: +X+y+1=(x+y)2e3

d
Solution :d—y+X+y+1:(x+y)2e3x
X

Put x+y=u

du
dx

—_+u=u’e® (Bernouli's)

I.F:exp(j -dx)=e*

dw 5]
g X -We™ =_p 2X

i(e Xw)=-e
dx
Integrate
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Exam ple 12: j—y:(4x+y+ 1)2
X

. dy
Solution: — =(4x+y+1)?
dx

put 4x+y+1=u
we get

Integrate

1 u
“tant T =x+c

2 2
tan 1 = 2x+c

2 1
u=2tan(2x+c1)
Ax+y+1=2tan(2x+c1)
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dy _ g

Example 13:(x+Yy) i q
Sothn:u+y)21L: g
Y

put x+y=u ¥
u (d_ 1) a2 3
d x ¥
Uzd_u'uzza2 %
d x Y
u? Y

- 2du=dx ¥
u<-+a Q
Integrate ¥
u2+a?-a? Y
RETE du=jdx g

) a’ ¥
[(-jz352)du=[dx v
L u Y
u-atan * = —y 4+ ¢ v
g Y
(x+y)-atant 22 =y 4 v
a Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

e 4 Y
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Example 14: 2y d—y+x 2+y2 +x=0

dx

Solution: 2yd_y+X2 +y2 +x=0
dx

put X2 +y? =u

d—u-2x+u+x:0
dx

du
— +u=X
dx

I.F= Exp(| dx)=e*

. du

e" — +ue* =xe*
dx

i(eX u)=xe*
dx
Integrating

eXu=xe* -e* +c
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Example 15:y +1=e"**¥)sinx
Solution: y +1=e **Y)sjnx
put x+y=u

du _ , .
—=e’!sinx
dx

%du:sinxdx
e

e du=sinxdx
Integrate
eY =-cosx+c

X+y=In|-cosx+c|
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Example 16: x%y2y+x3y3=2x3-3
Solution: x*y?y+x3y3=2x3-3
put x3y3=u
3x 2y3+3x3y2 dy _ du

: : dx dx
3x3y? _y= _u-3x2y3

dx dx

OI—u:6x2 -9/x
dx

Integrate

x3y3=2x3-9lnx+c
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Example 17:cos(x+y)dy=dx
Solution: cos(x+y)dy=dx

put x+y=v or 1+ d_y: d_V we get
dx dx
dv
cosv[ — -1]=1
dx \
dx=_C0SV dv=[1-__ = 1]dv
1+cosv 1+cosv
1 2 V
dx=[1- —sec —]dv
2 2
Integrate
Y
X+c=v-tan —
2

+
x+c:v4an3%fi
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Lecture-10

Applications of First Order Differential Equations:

of equations that describe the system adequately. This set of equations is called a Model
for the phenomenon. The basic steps in building such a model consist of the following
steps:

assumptions should describe the relationships among the quantities to be studied.

?Step 2: §Completely describe the parameters and variables to be used in the modek

?Step 3: Use the assumptions (from Step 1) to derive mathematical equations relating the:
parameters and variables (from Step 2).

The mathematical models for physical phenomenon often lead to a differential equation
or a set of differential equations. The applications of the differential equations we will

Y Y
Y Y
Y Y
Y v
Y Y
Y Y
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y Y
Y Y
Y Y
3 3
Q discuss in next two lectures include: Q
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y Y

Orthogonal Trajectories.
Population dynamics.
Radioactive decay.
Newton’s Law of cooling.
Carbon dating.

Chemical reactions.

O0O0OD0 OO

etc.

§Orthogonal Trajectories?

o We know that that the solutions of a 1t order differential equation, e.g. separable
equations, may be given by an implicit equation

Fluyc)-0

with 1 parameter C, which fépféééﬁfé a family of curves. Member curves
can be obtained by fixing the parameter C. Similarly an n'" order DE will
yields an n-parameter family of curves/solutions.
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F(X, y’ Cl, Cl’“',Cn): 0

a The questlon arises that whether or not we can tum the problem around: Startlng
: with an n-parameter family of curves, can we find an associated n'" order;
differential equation free of parameters and representing the family. The answer :
5 in most cases is yes.
i 0 Let us try to see, with reference to a 1-parameter family of curves, how to proceed :
__ iftheanswer to the questionisyes.

1. Differentiate with respect to x, and get an equatlon mvolvmg X, Y, d_and C.

dx :
: 2. Using the original equation, we may be able to eliminate the parameter C from |
the new equation.
i 3. The next step is doing some algebra to rewrite this equation in an explicit
i form 5

‘o For illustration we consider an example:

Y Y
Y Y
Y Y
Y v
Y Y
Y Y
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
3 3
Y Y
3 IHlustration g
v Example v
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y Y

Find the differential equation satisfied by the family

§x2+y2 =(C x

Solution:

1. We differentiate the equation with respect to x, to get

xnr2yP-c
dx

2. Since we have from the original equation that

X2 +y?

X

then we get

80

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY




ARSERERAX S AARRARAARERRART AR

2 L 2
§2x+2y(—jX::X *y :
g dx X

3. The explicit form of the above differential equation is

dx  2xy

This last equation is the desired DE free of parameters representing the given family.

Let us consider the example of the following two families of curves

[y =m

The first family describes all the straight lines passing through the origin while the
second family describes all the circles centered at the origin

If we draw the two families together on the same graph we get
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v v
v v
v v
Y v
v v
v v
v v
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v v
v v
v v
v v
v v
v v
v v
\ v
\ \
\ \
\ \
% Clearly whenever one line intersects one circle, the tangent line to the circle (at the point %
Q of intersection) and the line are perpendicular i.e. orthogonal to each other. We say that @
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

the two families of curves are orthogonal at the point of intersection.

§Orthoqonal curves:

Any two curves C, and C, are said to be orthogonal if their tangent lines T, and T, at
their point of intersection are perpendicular. This means that slopes are negative
reciprocals of each other, except when T; and T are parallel to the coordinate axes.

Orthogonal Trajectories (OT):

When all curves of a family 31: G(x,y, c1) =0 orthogonally intersect all curves of

another family 3> : H(X, y,c2) =0 then each curve of the families is said to be
orthogonal trajectory of the other
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..........................

Example
As we can see from the previous figure that the family of stralght lines y=mMX and the

famlly of circles X+ y =C? are orthogonal trajectorles

Orthogonal trajectories occur naturally in many areas of:physics, fluid dynamics, in the
study of electricity and magnetism etc. For example the lines of force are perpendicular
to the equipotential curves i.e. curves of constant potential.

Method of finding Orthoqonal Trajectory::

Consider a family of curves 3. Assume that an associated DE may be found, which is
given by:

dy
—=f(Xxy):
“dx ( y)é

_ dy
Smce d_ gives slope of the tangent to a curve of the family 3 through (x,y) .

Therefore, 'the slope of the line orthogonal to this tangent is — So that the

1
f(x,

slope of the line that is tangent to the orthogonal curve through (x, y) is given by

1 -
~ 3 ( i In other words, the family of orthogonal curves are solutions to the:
X,y

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y Y
Y Y
Y Y
Y Y
v v
Y Y
Y Y
3 3
differential equation:
Y | o ; Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y

O S

“dx f (X, y)
The steps can be summarlzed as follows:
Summary:

In order to find Orthogonal Trajectories of a family of curves 3 we perform the
foIIowmg steps

dx

dy 1

dx  f(xy)

Step 4. Solve the new equatlon.: The solutions are exactly the family of orthogonal
curves.
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Step 5.: A specific curve from the orthogonal family: may be required, something like an:

1VP.

Example 1

Find the orthogonal Trajectory to the family of circles
X2 n y2 —C?2

Solution:

The given equation represents a family of concentric circles centered at the origin.
Step 1. We differentiate w.rt. « X " 1to find the DE satisfied by the circles.

Step 3. Next we write down the DE for the orthogonal famlly
dy 1 y.

ax —(xly) x.

Step 4.This is a linear as WeII as a separable DE. Usingithe technique of linear
equation, we find the integrating factor

(1 X
wewt - =
X
which gives the solutlon
Y u() =m
or
Couw

Which represent efamlly of stralght lines through orlgln Hence the family of

straight lines Y = MX and the family of circles X - y — are Orthogonal

Trajectories.
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............................

Flnd the Orthogonal Trajectory to the family of circles

X2 +y?2=2Cx

2. The explicit dlfferentlal equatlon assomated to the famlly of circles is

dy ye —x*
dx 2XY
3. Hence the differential equatlon for the orthogonal family is
dy 2xy
dx X2 - y2

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
3 3
v \
; %dy_xd_erVanOI 22xy2: 2v2 g
Q ~dx dx Xc—ys 1-v Q
v v
v v
v v
v \
v v
v v
v v
v \
v \
v \
v v
v v
v v
v v
v v
v v
v v
v v
\ \

Therefore the homogeneous differential equation in step 3 becomes

_av :
X t+v=_2Y

-~ dx 1-v?
Algebraic manipulations regoce this equation to the separable form:

@ 1[v+v3]-
v ]

The constant solutlons are glven by B

§v+v3 0 = v(1+v?)= O

The only constant solutionis V=0.

To find the non-constant solutlons we separate the variables
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Integrate

1-v?
J d V= fl d x
YERVE
Resolving into partial fractions the integrand on LHS we obtain

1-v2 _ 1-v? 1 _2v

v+v:  ov(@+v?) vV 1+v2
Hence we_have

(12
{1 V3dv=H1— ZVZ}dv:In|v|—In[v2+1]§
V+V vV 1+v

Hence the solution of the separable equation becomes

which is equivalent to

iv2 +1
where C # 0. Hence all the solutions are

-[v HIE ;

We go back to y to get y= 0 and ] = C WhICh is equivalent to
rrrrrrrrrrrrrrrrrrrr LA

ix2+y2 2 my

5. Which is x-axis and a family of circles centered on y -axis. A geometrical
view of both the families is shown in the next slide.
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Some natural questions related to population problems are the following:

o What will the population of a certain country after e.g. ten years?
o How are we protecting the resources from extinction?

The easiest ;population dynamics model is the exponential model. This model is based
on the assumption:

The rate of change of the population is proportional to the existing populatior‘é.
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If P(t) measures the population of a species at any time { then because of the above
mentioned assumption we can write

where the rate K is constant of proportionality. Clearly the above equation is linear as
well as separable. To solve this equation we multiply the equation with the integrating

—kt

factor e to obtain

dlok]_g
%dt[LPe 1_05

Integrating both sides we obtain

Ppe K_c o P=Cekt§

If Po is the initial population then P(0) = Po So that C = P and obtain

v v
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
: = |
Pt)=P, e
v P(t) . y
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
| v

ECIearIy, we must have k>0 for growth and k <O for the decayé
Ilustration

..........................

The populatlon of a certain community is known to increase at a rate proportional to the
number of people present at any time. The population has doubled in 5 years, how lon
would it take to triple?; If |t is known that the populatlon of the communlty is :10, OOC

Solution:

Suppose that P, is initial population of the community and P(t) the population at any
time T then the population grovvth IS governed by the differential equation
dP :
dt

As we know solution of the dlfferentlal equatlon is given by

= kP
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Y : Y
¥ Pt)=P, e ¥
2 Since : P(5) 2Po Therefore, from the last equatlon we have 3
v 2P, =P, e5k 5K -2 §
¥ This means that ¥
: . 0.69315
g 5k=In2=069315 or K= 5 =0.13863: v
Q Therefore, the solution of the equation becorﬁes : g
g If tl is the time t_aken for the population to triple then _ g
% 3P0 Eip! e0.1386t1 N e0.1386t1 _ 3 %
¥ ;tl —~ T 4 7.9265 ~ 8 years ¥
Y T : Y
Q Now using the mformatlon P3)=1 OOOO , We obtain from the solution that Q
v ;10 000 = Py ¢(0-13863)(3) _ p _ 10000 v
Y £0.41589 Y
% Therefore, the |n|t|al pq_p_q_!gf[__l_g_r]__q_f__t_he community was _ %
v Py ~ 6598 v
g Hence solution of the modei i ™ _ Y
! p(t) - 6508 0138631 3
@ So that the populatign in 30 years is given by 1 ; Q
¥ P(30) = 6508e(30)(0-13863) _ grggaaises ¢
¥ or P(30) = (6598)(64.0011) ¥
¥ or P(30) ~ 422279 ¥
Y Y
Y Y
3 3
Y Y
Y Y
Y Y
3 5
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Lecture-11

Radioactive Decay:

In physics a radioactive substance disintegrates or transmutes into the atoms of another

present Therefore if A(t) is the amount ofa radroactrve substance present at time '[
then the rate of change of A(t) with respect to time { is given by

T
- dt :

where Kis a constant of proportronalrty Let the initial amount of the material be Ao

then : A(O) Ao As discussed in the population growth model the solution of the

differential equatron is

A = At

The constant K can be determined using half-life of the radioactive material.

The half-life of a radioactive substance is the time it takes for one-half of the atoms in an
initial amount Ao to disintegrate or transmute into atoms of another element. The half-
life measures stability of a radioactive substance. The longer the half-life of a substance,
the more stable it is. If T denotes the half-llfe then

Ax:
AT)="2
__________________________ 2 ;
Therefore, using this condition anq__the___s_o_l_u_t_ro_n of the model we obtain
A kt
2 =Ae":
2 _AO :
So that KT =-In2:

Therefore, if we know T, we can get K and vice-versa. The half-life of some important
radioactive materials is given in many textbooks of Physics and Chemistry. For example

the half-life of C —14 is 5568 + 30 years.:

Example 1: : . . _
A radioactive isotope has a half-life of 16 days.: We have 30 g at the end of 30 days;
‘How much radioisotope was initially present?:

Solution: Let A(t) be the amount present at time t and Ao the initial amount of the
isotope. Then we have to solve the initial value problem.
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A

kA, A@B0) = 30
dt :

We know that the solution of the VP is given by

At) = Aoektg

if T the half-life then the constant is given K by
In2 In2:
ng:—In2 or k=—_ =—_":

- T 16
Now using the condition : A(30) 30 , We have

0= Aoe30k

So that the initial amount is given by

30In2 ;
A, =30e 30K _30¢ 16 110049

Example 2:

is proportional to the amount remaining.
Solution:

Let A(t) denotes the amount remaining at any time t | then we need to find solution to
the initial value problem

dA

_KA. A(0)=Ao
at © "

which we know is given by

%A(t) - Aoekté

If é.043% disintegration of the atoms of Ao meéns that 99.957% of the substance

A(15) = (0.99957) A -

_ oI5k _ (o 99957)A
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15k = In(0. 99957)

. In(0.99957)
k= IV
or 15

=-0. 00002867

Hence A(t) Aoe 000002867t

'A Abe 000002867 T or _ o— 0.00002867 T

[BEY

2
~0.00002867 T = InL;J ——In2

_ In 2
0.00002867

~ 24,180 yearsé

Newton's Law of Cooling
From experimental observations it is known that the temperature T (t) of an object
changes at a rate proportional to the difference between the temperature in the body and

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
g the temperature Tm of the surrounding environment. This is what is known as Newton's g
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ \

law of cooling.
If initial temperature of the coollng body Is To then we obtaln the initial value problem

T
Ik @-T.) 10 =To

- dt _ _ '
‘where k is constant of proportlonallty. The differential equatloné in the problem is linear:
as well as separable.

Separating the variables and integrating we obtain

JTd_T _jkdt_

[T T, |=kt+C

This means that

T(t) T, + Clekt where C, = eC
Now applying the mltlal condition T(O) T we see that C, =T, T Thus the

solution of the initial value problem is givéri by
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T® =T, +(T,-T,)e"

Hence, Iftemperatures at times t1 and tz are known then we have

ET(tl)_Tm: (TO _Tm)e T(tz) T - (T -T )e

So that we can write

T0)-T, KOGt

This equation provides the value of K if the interval of time ‘tl —t2 ’ is known and vice-

versa.

Example 3:
Suppose that a dead _body was discovered at midnight in a room when its temperature
was 80° F The temperature of the room is kept constant at 60° F Two hours later the

temperature of the body dropped to 75° F . Find the time: of death
Solution:

Assume that the dead person was not sick, then
T(O) 98.6°F = T and T —60°F

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
\ \
3 3
% Therefore, we have to solve the initial value problem _ Q
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

ZTt k(T 60) TO)—986

TE)-T, k(t = 2
T (t2 ) Tm
The observed temperatures of the cooling object, i.e. the dead body, are

T(t, )=80°F and T(t,)=75°F

So that

2
k=2In"=01438

2 3

Now suppose that {; and L, denote the times of death and discovery of the dead body
then

So
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10ns

T(t,)=T(0)=986°F and T(t,)=80°F

For the time of death, we need to determine the interval t, —t, =1, . Now

or

T)-T, :ek(ﬁ‘tz) _ 986-60 _ ki,
TL)-T, 80 — 60 :

¢ -in® e

k 20

Hence the time of death is 7:42 PM.

§Carbon Datingé

a

radlatlon on mtrogen

The ratio of C-14 to ordinary carbon in the atmosphere appears to be constant.

The proportionate amount of the isotope in all living organisms is same as that in
the atmosphere.

When an organism dies, the absorption of C —14 by breathing or eating ceases.
Thus comparison of the proportionate amount of C — 14 present, say, in a fossil
with constant ratio found in the atmosphere provides a reasonable estimate of its
age.

The method has been used to date wooden furniture in Egyptian tombs.

Since the method is based on the knowledge of half-life of the radio active C — 14

(5600 years approximately), the initial value problem discussed in the
radioactivity model governs this analysis.

Example:

the age of the fissile.

Solution:

Let A(t) be the amount present at any time t and Ao the original amount of C-14.

Therefore, the process is governed by the initial value problem.

Al AQ) = A
dt

We know that the solution of the problem is
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Since the half life of the carbon |sotope Is 5600 years. Therefore,
A,

A(5600) =2
on 5600k .
So tat 7’*56“‘”'2
-k =-0.00012378:
Hence
A(t) Aoe (o 00012378)t
e e e 1000:
A o—(0.00012378)t _ o 000123781 = —InlOOO
1000 e _
Therefore
In1000

= =55,800 yearsé
0.00012378
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Lecture-12

Applications of Non linear Equations

As we know that the solution of the exponential model for the population growth is

Po being the initial populatlon From this solutlon we conclude that

(@) If k>0 the population grows and expand to infinity i.e. I|m Ft)g) = 40
H 0 :

(b) If k <0 the population will shrink to approach 0, which means extinction.

Note that:
(1) The prediction in the first case ( k > 0 ) differs substantially from what is actually

observed, population growth is eventually limited by some factor!

(2) Detrimental effects on the environment such as pollution and excessive and
competitive demands for food and fuel etc. can have inhibitive effects on the population
growth.

L ogistic equation:
Another model was proposed to remedy this flaw in the exponential model. This is called
the logistic model (also called Verhulst-Pearl model).

Suppose that a> 0 is constant average rate of birth and that the death rate is proportional

to the population P(t) atany time t . Thus if 1dP s the rate of growth per individual
P dt
then

id_P_ a—bp or dP—P(a bP)

;Rﬁkmmmmmmmw m.mmmwmmJ

where b is constant of proportionality. The term i— bP2, b>0:can be interpreted as

inhibition term. When b = 0, the equation reduces to the one in exponential model.
Solution to the logistic equation is also very important in ecological, sociological and
even in managerial sciences.

Solution of the Logistic equation:
The logistic equation

&

dt
can be easily identified as a nonlinear equation that is separable. The constant solutions
of the equation are given by

P(a-bP)=0

— P(a- bP)
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: P=0 and P:a_g
H bé

For non-constant solutions we separate the variables
- dP
=t

P(a bP)

JdP dt:

é_m|PkuJMa—bPht+C§
a_ a :

Integrating

In
- |a-DbP

‘=m+aC§

: P
a-bP
Easy algebraic manipulations give

or

=C,e® where C, = e

aC_ e aC,

Py =— = -
 mst " e

a:

v
\
\
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
Q Here C, is an arbitrary constant. If we are given the initial condition P(0)=P,, Pzt
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
\

Substituting this value in the last equation and simplifying, we

we obtain C1 =
: 0"

obtain

aP,
+(a—bPp)e 8"

éPm=

aP a:
|m1WD— =_.,  limited growth

Clearly t—)oo P, b

Special Cases of Logistic Equation:
1. Epidemic Spread

Suppose that one person infected from a contagious disease is introduced in a fixed
population of npeople.
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. dx . ) .
The natural assumption is that the rate d—Of spread of disease is proportional to the
t

number X(t) of the infected people and number y(t) of people not infected people.
Then
:dx
kxy
dt o
Since x i y n+ 1
Therefore, we have the foIIowmg initial value problem

%z kx(n +1- x), x(0)=1

The last equation iis a special case of the logistic equatior and has also been used for
the spread of information and the impact of advertising in centers of population.

2. A Madification of LE:
A modification of the nonlinear logistic differential equation is the following

oz =P(a-bln P)

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v @ = v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v

....................

Students If it is assumed that the rate at which the virus spreads is :proportional not only

to the number X of mfected students but also to the number of students not mfected

4 days X(4) =50.

Solution

Assume that no one leaves the campus throughout the duration of the disease. We must
solve the initial-value problem

X x(1000- %), x(0) =1

dt
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We identify
-a=1000k and b=k
Since the solution of logistic equation is

aP,
—at :
bP, + (a—DbP,)e

P() -

Therefore we have

() = 1000k 1000

 k+999ke 1000kt 4 | ggqe—1000KE -

Now, using x(4)= 50, we determine k

1000 .
1+ 999¢ 4000k -
" In_"" = 0.0009906.

50=

K= In

We find © 4000 999

Thus

Finally

y y
y y
y y
y v
y y
y y
v y
y y
y y
y y
y y
y y
y y
y y
y y
y v
y v
y y
y y
y v
y A | y
y X0)- y
y y
y y
y y
y y
y y
y y
y y
y y
y v
y y
y y
y y
y y
y y
y y
y y
y y
y y

first substance that has not undergone conversion. The disintegration of a radioactive
substance is an example of the first order reaction. If X is the remaining amount of the

substance A at any time tthen

k <0 because X is decreés_ing.

In a 2" order reaction two chemicals A and B react to form another chemical C at a
rate proportional to the product of the remaining concentrations of the two chemicals.
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If X denotes the amount of the chemical C that has formed at timet . Then the
instantaneous amounts of the first two chemicals A and B not converted to the
chemical C are a.— X and B —X , respectively. Hence the rate of formation of

chemical C is given by

K k@x)(p-x)

where k is constant of proportionality.

‘A compound C is formed when two chemicals A and B are combined. The resulting
reaction between the two chemicals is such that for each gram of A | 4 grams of B are

used. It is observed that 30 grams of the compound C are formed in 10 minutes.
Determine the amount of C at any time if the rate of reaction is proportional to the
amounts of A and B remaining and if initially there are 50 grams of A and 32 grams

of B . How much of the compound Cis present at 15 minutes? Interpret the solution as
>

Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
: :
¥ Solution: ¥
Y L e O Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y

EX(O):O and X (10) =30

Suppose that there are 2 grams of the compound C and we have used A grams of A

and b grams of B then

a+b=2 and b =4a
Solving the two equations we have

ga:f:2(1/5)

8
nd b:_:2(4/5)§

5 5

In general, if thé_re were for X grams of C then we must have _

éa:x b:fX

— and

5 9)

Therefore the amounts of A and B remaining at any time t are then

50- X and 32— 2x

respectively .
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Therefore, the rate at which chemical C is formed satisfies the differential equation
dX

ERice ey

or

fjj_x_k(25o X)(40-X), k= 4%/25
dt

We now solve this differential equation.

By separation of variables and partial fraction, we can write

dX
(250 - X )(40- X))

~ kdt

_ Y210 gy, 2210

250 - X 40- X

dX = kdt

250 — X
20— X

‘ = 210kt + 1

Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
g 250—_X = cze210kt Where ¢, = e°€ g
Q _____________________________________________________________________________________________________________________ Q
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y v
Y v
Y v
Y Y
Y Y
Y v
Y Y
¥ Y

When t =0, X =0, so it follows at this point that C2 = 25/4 . Using X =30 at

210k =
o >

1| 88—01258

With this information we solve for X :

1—e— 0.1258t \‘

o5 4= 01258tJ

Itis clear that as e 022981 5 0 as t — o0 . Therefore X — 40 as t — o0 . This
fact can also be verified from the following table that X — 40 ast — .

t | 10|15 20 25 30 35
X | 30|34.78 | 37.25 | 38.54 | 39.22 | 39.59
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This means that then_e are 40 grams of compognqmgrfgrrﬁmgqlﬂlggyiing

50 —%(40) =42 grams of chemical A

and 32— 5(40) =0 gramsof chemical B-

Miscellaneous Applications

O The velocity V of a falling mass M , subjected to air resistance proportional to
instantaneous velocity, is given by the differential equation

dv
m—=mg — kv
dx
Here k >0 is constant of proportionality.

O The rate at which a drug disseminates into bloodstream is governed by the
differential equation

—=A-Bx
dt

Here A, B are positive constants and X(t) describes the concentration of drug in

the bloodstream at any time t.
U The rate of memorization of a subject is given by

dA
kM- A kA

Here k, >0, k, >0 and A(t) is the amount of material memorized in time t,

M is the total amount to be memorized and M — A is the amount remaining to
be memorized.
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Lecture 13

Higher Order Linear Differential Equations

Preliminary theory
o A differential eq]uation of the fornl
dy d" "y dy

8n (00— + an_1(0 ———+ +a1(%) —+ (XY = g(x)
dx dx dx
7 v a9y + a0 0y = 909
where ao (X), @ (X),...,an(x), g (x) are functions of x and a,(x)=0, is

called a linear differential equation with variable coefficients.
o However, we shall first study the differential equations with constant coefficients
ie. equationsnofthe type

or a0y +a, 1y

d"y d" 1y dy

o +an_1 i SR 0] d_x+ agy = g(x)

an

where g, ay,..., &, are real constants. This equation is non-homogeneous

differential equation and
o If g(x) =0 then the differential equation becomes
dn y d n—ly dy
an ——+ap_1 +-~-+a1d—+a0y=0

Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
g _ g
¥ dx" dx" 1 X ¥
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
¥ Y

which is known as the associated homogeneous differential equation.

Initial -Value Problem
For a linear nth-order dinfferential equatr;gq, the problem:
y

d’y
Solve: an (X) — + ap_1(X)
dx"

dy
+-+ay(x) &-F ag(X)y = g(x)

dxn—l
Subjectto:  Y(X)=VYo, Y (X¢) =YY" (Xo) = yo!

/ n-1
Yo, Y0 ey Y o being arbitrary constants, is called an jnitial-value problem (IVP).
The specified values  y(x,) =Yy, ¥ (X,) = Y, Y H(X ) = Yo"t are called initial-
conditions.

For n=2 the initial-value problem reduces to
2

. dy dy il
Solve: a (X) ? +a1(x) I +ag(¥)y = g(x)
Subjectto:  Y(Xo)=VYos--es Y (X)) =Y)
Solution of IVP
A function satisfying the differential equation on | whose graph passes through (xo, yo)

such that the slope of the curve at the point is the number y, is called solution of the
initial value problem.
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Theorem: Existence and Uniqueness of Solutions

Let ap (), an_1(X),..., a1(x),ag (x) and g(x) be continuous on an interval | and
leta,(x) #0, Vxel. If x=x0 €l, then a solution y(x) of the initial-value problem
exist on | and is unique.

Example 1

Consider the function y = 3e> + e —3x
This is a solution to the following initial value problem

y" —4y =12x, y(0)=4,y' (0)=1
d?y
dx 2
d?y

and oo 4y =12e% + 42X —12e* —4e > +12x =12
X

= 12e2% 4 4g %X

Since

Further y0)=3+1-0=4 and 1y (0)=6-2-3=1

Hence y =3 + e —3x
is a solution of the initial value problem.

o The equation is linear differential equation.
o The coefficients being constant are continuous.
o The function g(x) =12x being polynomial is continuous.

o The leading coefficient a2(x) =1 0 for all values of x.

Hence the function y = 3e* + e —3x is the unique solution.

Example 2
Consider the initial-value problem

3y" +5y" -yl +7y =0,

y)=0, y'(1)=0, y'(1)=0
Clearly the problem possesses the trivial solution y =0.

Since

o The equation is homogeneous linear differential equation.
o The coefficients of the equation are constants.
o Being constant the coefficient are continuous.

o The leading coefficientaz =3 # 0.
Hence y =0 is the only solution of the initial value problem.
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Note: If an =07

If a,(x) =0 in the differential equation

d"y d™ly dy _
a0 ) S 20 T w09y = 900

dx dx"? dx

forsome xe | then

o Solution of initial-value problem may not be unique.
o Solution of initial-value problem may not even exist.

Example 4
Consider the function

v v
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
| |
i v
¥ y=cx2+Xx+3 Y
¥ and the initial-value problem ¥
¥ X2y —2xy! +2y =6 ¥
0) =3, q) =1
g Then z’(z) 2cx +1 ayncg ) B= 2c g
Q Therefore x2y! —2xy" + 2y = x2(2c) — 2x(2cx +1) + 2(cx? + x + 3) Q
¥ = 20X — 4cx? — 2X + 2cX° + 2X + 6 ¥
E 6}
g Also y(0)=3 = ¢(0)+0+3=3 3
@ and Y (O =lk= 2c(0)+1=1 Q
@ So .that for' :?my choice of c, the. function'.y'. §atisfies the differential equation and the @
@ initial conditions. Hence the solution of the initial value problem is not unique. @
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
| v

Note that

O

The equation is linear differential equation.
The coefficients being polynomials are continuous everywhere.
o The function g(x) being constant is constant everywhere.

O

o The leading coefficient a,(x) = x> =0 at x = 0 € (—o0, ).

Hence az(x) =0 brought non-uniqueness in the solution
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% Boundary-value problem (BVP) %
Y P v
@ For a 2" order linear differential equation the problem Q
d2
g Solve: a(X) " ay + al(x) = + ag(X)y = g(x) g
X
Q Subjectto:  y(a) = Yo, y(b) =Yy1 Q
Q is called a boundary-value problem. The specified values y(a) = yo, and y(b) = y: are @
Q called boundary conditions. %
% Solution of BVP %
% A solution of the boundary value problem is a function satisfying the differential equation %
v v
on some interval | , containing a and b, whose graph passes through two points (a, yo)
v v
and (b, y1).
v v
¥ Example 5 Y
Consider the function
g y =3x? —6Xx+3 3
% We can prove that this function is a solution of the boundary-value problem %
% x2y! - 2xy’+2y:6, %
y1)=0, y(2)=
g Since Y _ex- 6, d2y_6 ;
dx dx?
¥ 2 d?y dy 2 2 2 Y
% Therefore X K—Z d—+2y 6X —12Xx +12x+6x -12x+6=6 Q
Q Also y(1)=3-6+3=0, y(2)=12-12+3=3 Q
@ Therefore, the function 'y' satisfies both the differential equation and the boundary Q
conditions. Hence y is a solution of the boundary value problem.
v _ v
% Possible Boundary Conditions Q
@ For a 2" order linear non- homogeneous differential equation @
d? y dy
g ) 4 gAY =90 3
all the p033|ble pairs of boundary conditions are
v y(@) = Yo, y(b) = y1 v
¥ (@ =y, yb) = ¥, \
g y(@) = yo, y (o) = y', g
y'(@) = ys, y'(b) =y
3 where yo, y:) : yl and yi denote the arbitrary constants. 3
v v
% yright irtgj Upive 'ty%Paést o %
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In General
All the four pairs of conditions mentioned above are just special cases of the general
boundary conditions

azy@) + Bry’ @ =v1
azy(b)+ By (0) =72
where a0z, B, B2 € {0,1}

Note that
A boundary value problem may have

o Several solutions.
o A unique solution, or
o No solution at all.

Example 1
Consider the function
y = C1 COS4X + C2 Sin 4x
and the boundary value problem
y" +16y=0, y(0)=0, y(n/2)=0
Then

y' =—4c, sin 4x + 4c cos 4x

y" =—16(c1 cos 4x + c sin 4x)

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
3 3
\ v
\ v
\ v
\ v
\ v
Y y" =-16y Y
Y y/+16y=0 Y
% Therefore, the function Q
Q Y = C1 COS4X + C2 Sin4x Q
@ satisfies the differential equation Q
y" +16y =0.

% Now apply the boundary conditions Q
g Applying y(0) =0 g
We obtain

@ 0=cqcos0+cpsin0 Q

=1 =0
% So that ' Q
@ y =C2Sin4x. Q
@ But when we apply the 2" condition y(r /2) =0, we have @
Q 0=cosin2n Q
Q Sincesin 2rt = 0, the condition is satisfied for any choice of ¢, solution of the problem is Q
% the one-parameter family of functions @
y = C2 Sin4x

g Hence, there are an infinite number of solutions of the boundary value problem. 3
v v
\ v
| v
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Example 2

Solve the boundary value problem

y" +16y =0

y(0) =0, y(%) =0,

Solution:

As verified in the previous example that the function
y = C1 COS4X + C2 Sin4x

satisfies the differential equation
y" +16y =0

We now apply the boundary conditions
y(0)=0=0=c1+0

and y(n/8)=0=0=0+c

So that cp=0=cy

Hence

y=0
is the only solution of the boundary-value problem.

Solve the differential equation
y" +16y =0
subject to the boundary conditions
y(0)=0, y(n /2) =1
Solution:

As verified in an earlier example that the function
y = €1 COS4X + C2 Sin 4x

satisfies the differential equation
y" +16y =0

We now apply the boundary conditions
y(0)=0=0=c1+0

Therefore c;=0

So that y = Cz2 sin4x

However y(n/2)=1=cosin2n =1

or 1=c.0=1=0

This is a clear contradiction. Therefore, the boundary value problem has no solution.
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Definition: Linear Dependence

A set of functions

{£1(x), f2 (%), Fr ()}
is said to be linearly dependent on an interval I if 3 constants C1,C2,...,Cn  not all zero,
such that

lel(X)+C2f2(X)+"'.+Cnfn(X):O, Vxel

Definition: Linear Independence

A set of functions
{109, F2( fa (0}
is said to be linearly independent on an interval I if
cifiX)+cofo(X)+---+c, f,(x) =0, Vxel,

only when

Case of two functions:

If n=2 then the set of functions becomes

{109, f200}
If we suppose that
Cq1 fl(X) + Co fz(X) =0

Also that the functions are linearly dependent on an interval | then either ¢, #0 or
c2¢0.

Let us assume that c1 # 0, then

() =-2f (¥);
1 C12

Hence f,(x) is the constant multiple of f,(x) .
Conversely, if we suppose

fix)=c2 f2(x)
Then -1 f,(x)+c,f,(x) =0, Vxel

So that the functions are linearly dependent becauseci = -1.
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Hence, we conclude that:

o Any two functions fi(x) and f2(x)are linearly dependent on an interval | if and
only if one is the constant multiple of the other.

o Any two functions are linearly independent when neither is a constant multiple of
the other on an interval .

o In general a set of n functions {fl(x), f2(x),..., fp (x)} is linearly dependent if at
least one of them can be expressed as a linear combination of the remaining.

Example 1
The functions
f1(x) = sin 2x, VX € (-0, )

f2(X) =sinxcosx, VX e (-, )

If we choose c1 :% and ¢, =-1 then

A s 1 ] i
Cy 8in 2x + ¢, sin xcos x = —(2sin x cos X) — sin x cos x = 0
2

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
3 3
\ v
\ v
\ v
% Hence, the two functions fi(x) and f2(x) are linearly dependent. %
% Example 3 %
% Consider the functions %
; f,(x) =cos?x, fa(x)=sin’x, Vxe (-n/2,n/2), 3
@ f,(x) =sec’x, fa(x)=tan?x, Vxe (-n/2,m/2) Q
g If we choose ¢, =c,=1,c3 =—1,c4 =1, then 3
¥ Cy f1(X) + ¢z F2 (X) + c3 f3(X) + ¢4 F4(X) ¥
@ =y C0S? X + Cy SiN? X + C3 SeC? X + C4 tan? x Q
@ =c0s% X +sin? x + —1—tan? x + tan? x Q
@ :.1—1-|— 0 = 0 | Q
@ Therefore, the given functions are linearly dependent. Q
Q Note that Q
v v
v v
v v
v v
v v
\ v
| v

The function f4(x) can be written as a linear combination of other three functions

fi(x), f2(x) and f4(x) becausesec? x = cos? x +sin? x +tan? x.
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Example 3
Consider the functions
fix) =1+ X, Vxe (~o0,00)
fa(x) =%, Vxe (-o,0)
f3(x) = x2, Vxe (—o0,)
Then
c1fi(¥) +ca fa(x) +c3fz(x) =0
means that
C1(1+ X) +CoX + C3x? D0
or Cq + (C1 +Cp)X + C3x2 (]
Equating coefficients of x and x? constant terms we obtain
c1=0=c3
c1+C, =0
Therefore Ci=C=c3=0
Hence, the three functions fi(x), f2(x) and f3(x) are linearly independent.

Definition: Wronskian

Suppose that the function fi(x), f2(x),..., f,(X) possesses at least n—1 derivatives then

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y Y
i v
v v
Y v
v v
3 3
% the determinant %
v v
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

is called Wronskian of the functions fi(x), f2(X),.., f,(x) and is denoted by
W(fl(X), f]_(X) ..... fl(X))
Theorem: Criterion for Linearly Independent Functions

Suppose the functions fi(x), f2(x),..., f,(x) possess at least n-1 derivatives on an
interval | . If

W (f,(x), f,(X),..., f, (X)) =0
for at least one point in I, then functions fi(x), f2(x),..., f,(x) are linearly independent
on the interval 1| .
Note that
This is only a sufficient condition for linear independence of a set of functions.
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In other words

If f,(x), f,(x),..., f,(X) possesses at least n—1 derivatives on an interval and are
linearly dependent on | , then

W (FL(X), F2(X)s Fr (X)) =0,  VxXel

However, the converse is not true. i.e. a Vanishing Wronskian does not guarantee linear
dependence of functions.

Example 1
The functions
fi(x) = sin? x
f2(x) =1- cos2x
are linearly dependent because
sin? x = E(l— COS 2X)
2
We observe that for all x € (—oo, )

() 0)

Wf]_X,fZX =

sin? x 1— cos 2x

2sin Xcosx  2sin 2x

= 2sin? xsin 2x — 25sin X 0S X
+ 25In X COS X COS 2X

= sin 2x[2sin? x —1+ cos 2x]
=sin 2x[2sin? x —1+ cos? x —sin? x]
=sin 2x[sin? X + cos? x —1]
=0
Example 2

Consider the functions

f)=e fo(x)=e2", mp=m,
The functions are linearly independent because
cifi(®)+c2fa(x)=0

if and only if cp=0=c, a mp=my
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Now forall xeR

A7)

M gMaX
m;e™  m,e™X
my —mj el m)

1 2

#0

Thus f, and f2are linearly independent of any interval on x-axis.

Example 3
If o and B are real numbers, B = 0, then the functions
y, =e* cosPxand y,=e* sin Bx
are linearly independent on any interval of the x-axis because

W(e“x cos Bx,e** sin Bx)

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
3 3
; N e™* cos Bx e sin Bx g
% — Be™* sin Bx + oe™ cos Px  Pe™ cos Px + ae™ sin Px Q
% = e (cos2 BX +sin? Bx)z Be®™ = 0. %
% Example 4 %
g The functions g
f(x)=e*, f,(x)=xe*, and f {x)= x%*
% are linearly independent on any interval of the x-axis becazjse forall xe R, we have %
Y eX  xe* +ef x%e* + 2xe* ¥
¥ e xeX +2¢  x%eX +4xe* + 2¢ ¥
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

W (e, xer, x2e* )=

=2e¥ 20
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Exercise

v v
v v
v v
Y v
% 1. Giventhat %
=C1€* +Cpe™*
g isa two-parame)t/t,er falmil(y)/ 01g solutions of the differential equation g
; on (— oo,oo), fin)(/j a r>rl1ember of the family satisfying the boundary conditions g
. R OSUR (O3 v
Q B Yy = C1 +C2 COS X + C3 SiN X %
% is a three-parameter fami:)y of solutions of the differential equation %
"y =
g on the interval y(— Oo)t ), find a member of the family satisfying the initial g
v conditions y(r)=0, y(n)=2y(n)=-1. ¥
% 3. Given that o = %
% is a two-paereter family of solutions of the differential equation %
g x2y' —xy'+y=00n (— oo,oo). Find a member of the family satisfying the initial 3
conditions
v DO = v
@ Determine whether the functions in problems 4-7 are linearly independent or Q
\ v
A v
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

dependent on (oo, ).

&

f1(x) = x, fz(x)=X2, f,(x) = 4x - 3x?

=0, fa(x)=x, f(x)=e"
fo(x)=1, " f =

6. fi(x)=cos 2x, 2&) 3(X) 53

7. fi(x)=¢*, fa(x)=e, f3(x)=sinhx

Show by computing the Wronskian that the given functions are linearly independent

on the indicated interval.

8. tanx cotx; (-,)

L

9. X eX e (-o0m)

10. x,xInx, x2Inx; (0, )
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Lecture 14
Solutions of Higher Order Linear Equations

Preliminary Theory

o Inorder to solve an Q,thyorder non-homogeneous Iiagar differential equation
+ drty + + () =
s —— + -
anX an an—l an—l al X d aO X y g X
we first solve tta@y associated homogeneoua)}(, differential  equation
L dn—ly + + =

anX dT an—l(X)dXT-I-... al X _ aO X y 0
dx

o Therefore, we first concentrate upon the preliminary theory and the methods of
solving the homogeneous linear differential equation.

o We recall that a function y = f (x) that satisfies the associated homogeneous
equation n dy
+ ALY =

dx n-1 dx™t - a; X T e X Y
dx

v v
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
v v
% is called solution of the differential equation. %
| |
Superposition Principle

Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
| v

Suppose that Y1, Y2 ,...., Yn  are solutions on an interval | of the homogeneous linear
differential equation

oty +O% () =

a0 T 4 x — @ XY O

dn
() 7+
a, X ——

n
dx dx

Then
Y = Cayr (3)+ 6 Y, () + 4 ¢, v, (),
C1,Cy,...,Cy being arbitrary constants is also a solution of the differential equation.

Note that

o A constant multiple y = c,y,(x) of a solution yl(x) of the homogeneous linear
differential equation is also a solution of the equation.

o The homogeneous linear differential equations always possess the trivial solution
y=0.

116

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY




v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v

g g ng?erentla Equ atg iM?HEl)% @ @ Q % % % % % % % % % QVUQ % %

10ns

o The superposition principle is a property of linear differential equations and it

does not hold in case of non-linear differential equations.

Example 1

The functions

y, =eX,y, =c*, and y,=e*

all satisfy the homogeneous differential equation

on (—oo,). Thus y;,y, and y, are all solutions of the differential equation

d? d
Y gd%y y+11_y_6y:o
¢ dx? dx

Now suppose that
y =c,e* +c,e” +ce’.
Then
dy X 2X 3x
= = C,8¥ + 2C,e%* + 3c,e
X
d 2
vl Y _ =,8* + 4c,e® + 9ce¥.
X
d y — X 2X 3x
ﬁ cie +8ce +27cse .
Therefore

Thus

d®y d’y dy

—  —+11dx —py

dx3 6 g
_cl(e —%X+lle — 6¢" e

+C3 273X —54e%* + 333 — g™

= ¢1(12 -12)e" + ¢ (30 — 30)e? + c3(60 — 60)e™
=0

— 242X 4 202X

y=ce*+c e +¢ce¥,
1 2 3

is also a solution of the differential equation.

_ 662X

)
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Example 2

The function
2

y =X
is a solution of the homogeneous linear equation
X2y —3xy' +4y=0

on (0, ) .
Now consider

y = cx?
Then = 2c%, and ByO= 2¢
So that x2y' —3xy' + 4y = 2cx2 — 6cx2 +4cx? =0
Hence the function

y = cx?

is also a solution of the given differential equation.

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
| |
% The Wronskian %
Suppose that yq, y2 are 2 solutions, on an interval I , of the second order homogeneous

3 3
linear differential equation

; zjiz’+a1ddlx+aoy=0 3
g Then either W(y,y.)=0, Vxel 3
or W(y,y,)#=0, Vxel

\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

To verify this we write the equation as

Now W(y ,y )=Ly1 Ya| _
1 2

Differentiating w.r.to x, we have
dw ey
X Y, TNy

Since yiand y» are solutions of the differential equation
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d? Pd
_y+_y+Qy=O
dx?  dx

Therefore
Y1+ Py +Qy; =0
y2 +Py> +Qy, =0
Multiplying 1% equation by y,and 2" by y, the have
Y1i'Y2 +Pyi'Y2 +Qy1y, =0

Y12 + Py1y2 +Qy1y, =0
Subtracting the two equations we have:

(yY5 — oY)+ P(yaY5 — Yiy,) =0

or dﬂ +PW =0
dx
This is a linear 1% order differential equation in W , whose solution is
W = Ce—dex

Therefore
o Ifc=0 then W(y,y2)#0, Vxel
o Ifc=0 then W(yy,y.)=0, Vxel
Hence Wronskian of y: and y: is either identically zero or is never zeroon | .

In general

If y1,¥2,..., y,are n solutions, on an interval |, of the homogeneous nth order linear
differential equation with constants coefficients

n _
an l(—:+an_l%+~-+al%+aoyzo
Then
Either W(ys, Y2, ¥a ) =0, Vxel
or W(ys, Y2, Yo ) 20, Vxel
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Linear Independence of Solutions:
Suppose that

Y1) Yarees Y

are n solutions, on an interval | , of the homogeneous linear nth-order differential

equation i
O+ gemy, O ()
anX qen an—l dXT ce al X d_X aO X y 0
Then the set of solutions is linearly independent on | if and only if

In other words
The solutions

are linearly dependent if and only if

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
| |
% W(ylvy2 ..... y ):0, vx e l Q
% Fundamental Set of Solutions %
Y v
A set

v v
Y War Vaoreens Yo} Y
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

of n linearly independent solutions, on interval | , of the homogeneous linear nth-order
differential equation
()"

d n-1 y
an X an an—l (X ) an—l + - a‘l X

dy
+ ()7 + 2=
—=> a4 xy 0
dx
is said to be a fundamental set of solutions on the interval | .

Existence of a Fundamental Set

There always exists a fundamental set of solutions for a linear nth-order homogeneous
differential equation g :

()" 7+ gy o+ OY+ () =
a (x)—y+

dx n-1 dx™t - @, X — axy 0

dx
on an interval I.
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General Solution-Homogeneous Equations
Suppose that

Vi1 Yarees Vo f

is a fundamental set of solutions, on an interval I, of the homogeneous linear nth-order
differential equation )

d'y d
() arty, + O%+ ()=

a, X o an—l(X)— axy O

an—l eee al X

dx
Then the general solution of the equation on the interval | is defined to be

Y = ClYl(X)"‘ C, YZ(X)+"'+ Ch Yn (X)
Here c,,c,,...,C, arearbitrary constants.
Example 1

The functions

3X

y=eX and y, =e” X

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
i v
\ v
3 3
; are solutions of the differential equation g
y' -9y =0
g e3X o= 3X 3
Q 33X _ 3= 3X Q
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

Since W(I e3X,e—3X\J: =620, vxel

{

Therefore y; and y> from a fundamental set of solutions on (—oo,oo). Hence general

solution of the differential equation on the (- o, ) is
y = ¢+ ce
Example 2

Consider the function y = 4sinh 3x —5e 3x

3X 3X

Then y' =12cosh 3x +15e y' =36sinh 3x — 45¢e

A y =9(| 4sinh3x—5e_3x\| or y =9y,
\ )

Therefore y -9y =0

Hence y = 4sinh 3x — 56X

is a particular solution of differential equation.
y =9y =0
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The general solution of the differential equation is

y=ce3x+c e 3X
1 2

Choosing C1=2,C0 =7
We obtain y = 265X _7¢= 3%
y = 263X — 26~ K _pe= X
( X - BX)
y=4'e——e ! _5e—3x

§
y = 4sinh3x — 5™ 3x

Hence, the particular solution has been obtained from the general solution.

Example 3
Consider the differential equation
3
d_y_6ﬂ+11d_y_6y:0
Qe dx° dx
X =e?X and Y, = e=x
Then i o _ o
: dx ; dx A3

Therefore d%y;  d%y1 dyg BT E X X

Y1 dyq X X
or -6 +11—_6y; =12¢ -12¢ =0
dx3 dx? dx
Thus the function y; is a solution of the differential equation. Similarly, we can verify
that the other two functions i.e. y, and ys also satisfy the differential equation.

Now forall xe R

eX er e3x

W(I eX,eZX,e3X\|: X 2e2X  303X|=2e

\ ) X 462X 93X

6X¢0 Vxel

Therefore y,,y, and y; form a fundamental solution of the differential equation
on (= 0, 0). We conclude that

¢ 2X 3X
y=ce” +c,e~" +c,e
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is the general solution of the differential equation on the interval (- oo, ).

Non-Homogeneous Equations
A function y ,that satisfies the non-homogeneous differential equation

n n
d d
a 0% Y+a (¥ Y bra ()P +a (x)y = g(x)
nogn on-l gn-l Yodx
and is free of parameters is called the particular solution of the differential equation

Example 1

Suppose that
Yp= 3
Then yp =0

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
| |
3 3
So that

g Yy +9y, =0+9(3) g

=27

Q Therefore Q
\ r - v
% is a particular solution ottflegdlffe_rezn;lal equation %
v s v
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

Example 2

Suppose that
y,= X3~ x

Then y, =3x2 -1, yi = 6X

2

Therefore X“Yh +2xy —8yp = x2(6x)+ 2x(3x2 —1)—8(x3 - x)

= 4x3 + 6X

Therefore
3
=X —X
y D

is a particular solution of the differential equation

X2y +2xy' —8y = 4x3 +6x
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Complementary Function

The general solution
Yo =C1Y, +Cy Yy ++C Y,

of the homogeneous linear differential equation

d’ d
() 7+ Ci O%+ () =
X anl(x) alxd— axy 0
X

is known as the complementary function for the non-homogeneous linear differential

equation. 4"y ’
)" 7+ dity el ()%+ () =1()
an X an a'n—l(X dxn—l g al X d aO X y g X

X

Suppose that
o The particular gﬁ)gptlon of the non homogeneous equation

+ oy =
TN OO0

dx

a, X o

IS yp.

o The complemeJ‘rt9ry function of the non-homogeneous differential equation

S O% () -

— a xy O
dx

dnl
an an 1(X)—

n dnl 3.1X

Ye=C1Y1 +Co Yo ++-+CpYy.

o Then general solution of the non-homogeneous equation on the interval | is
given by
Y=Y +Y,
or
y= Clyl(x)+ ) yZ(X)+"' +ChYn (X)+ yp(x) = yc(x)+ yp(x)
Hence
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% General Solution of Non-Homogeneous Equations Q
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General Solution = Complementary solution + any particular solution.

Example

Suppose that 1 1
y = =
p 12 2
! l " n
2

d yp +11 dyp 11 11

d3
Yo ~BYy, =0-0-="+""+3x = 3
dX 2 2

-6
dx® dx?

11 1
-7 -TX

Hence

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
| |
; i icul IIO i ?h Z h i ;
Q is a particular so L;tlon 0 t2 e non-homogeneous equation Q
¥ d—sy—ad_zﬂlﬂ—ey:sx Y
% dx dx dx Q
% Now consider . Clex / Cze2x f C3e3X %
v ¢ v
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

Then

dy
T>C< = ¢ + 2ce% + 3cge™

2
dey X 2X 3x
C = + +
- c1e” +4coe 9cse

3
d”ye = 1€ + 862" + 276>
4 dx3
Since,

2
ddy. d%y dy
R TR,

= ce* +8c g% +27c ¥ - 6(cleX +4c g% +9c 3@3X)

+11(ce* +2c 62 +3c e )-6(ce* +c €2 +c ™
1 2 3 1 2 3

=12ce* —12c e* + 30c e* —30c e* + 60c e** — 60c e**
1 1 2 2 3 3

=0
Thus vy, is general solution of associated homogeneous differential equation
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3
%y oy W
dxd  dx? dx
Hence general solution of the non- homogeneous equatlff IS
y=y +y =ceX +ceX+ceX

c p + 2 ¥ 122

Superposition Principle for Non-homogeneous Equations

Suppose that

y pl y y p2 ..... y pk
denote the particular solutions of the k differential equation

a,(y® +a, ,(y™ +-+a, (X)y + a,(x)y = g; (),
i=1,2,..k,onan interval |l . Then

yp = yp (X)+ yp2 (X)+”'+ ypk (X)

is a particular solutlon of fn_y
n-—i1

(B ra Wy O Orva xy 40000, (645 8, (0

Consider the differential equation

2X

y =3y +4y = —16xX% + 24x — 8 + 26X + 2xe* — ¢*

Suppose that

Yp, =~4x%,  yp, =¥, Yp, = x¢"

Then y’pl - 3y'pl + 4ypl = —8 + 24x —16x?

Therefore y —=-4X

is a particular solution of the non-homogenous differential equation
y =3y +4y =-16x? +24x -8
Similarly, it can be verified that
y :ezx and y = xe
P P3
are particular solutions of the equations:
y"'—3y'+ 4y = 2e?*
and y'-3y' + 4y = 2xe* — e
respectively.

X
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Y Y
Y Y
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Hence yp:yp +yp +yp :—4x2+e2

1 2 3
is a particular solution of the differential equation

y' =3y +4y = -16x% + 24x - 8 + 2¢

X 4 xeX

2X | oxeX _ X

127

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v



AAEERERAREAR AR AR A AR AR R RARAR

guations

Exercise

Verify that the given functions form a fundamental set of solutions of the differential
equation on the indicated interval. Form the general solution.

1.y -y-12y=0; e*,e", (-~ux0)
2.y -2y’ +5y=0; e* cos2x,e*sin2x, (-u,x)

3. X2y +xy'+y=0; cos(Inx), sin(Inx), (0,00)
4. 4y -4y +y=0; e"'?,xe’?, (- o, )

5. x2y' —6xy'+12y =0; %3, x* (0,0)

6. y —4y=0; cosh2x, sinh2x, (- x,o)

Verify that the given two-parameter family of functions is the general solution of the non-
homogeneous differential equation on the indicated interval.

7. Y +y=secx, Y=C1COSX+Czsinx+xsinx+(cosx)in(cosx), (-m/2,m/2).

9. y -7y +10y =24e*, y=cie® +cpe™ +6€" (- o000)

2 +c2x_1 + ixz —Ex, (0,0)
6

10. X2y +5xy' + y = X2 —x, Y =C1X_ =
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v v
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
% 8. v -4y +4y=2e"%+4x-12, y=cie® +coxe® +x%e? £ x-2 Q
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
v ¥
\ ¥
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Lecture 15

Construction of a Second Solution
General Case

Consider the differential equation

d’ y+a (X)_+ a0(x)y =0

We divide by a»(x) to put the above equation in the form

y" +P(X)y" +Q(x)y =0
Where P(x) and Q(x) are continuous on some interval | .
Suppose that y1(x) =0, V x el is a solution of the differential equation
Then y, +Py'+Qy,=0
We define y=u(x)y: (x) then

y’=uy’+yu’ y’=uy'+2y'u'+y1u'

y" + Py’ +Qy—u[y + Py +Qy 1+ Y, u’ +(2y1’ + Pyl)u’ =0

This implies that we must have

yu” + @y, +Py)u’ =0
If we suppose w = u’, then

y,W + 2y, + Py, )w=0

The equation is separable. Separating variables we have from the last equation

/
W oY Lp)dx=0
w Y1
Integrating

In|w| + 2In|y1| = Ide+c
In‘ 12‘=— Pdx +c
Wyvgzc eJ:ngx

1 1

cie f Pdde

Y12
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or u =

Integrating again, we obtain

[~ JPdx
u=cy | dx + co
) Y12

[~ [Pdx

Hence y =u(x)y1(x) = C1Y1(X)J| V2 dx + c2 y1 (%)
1

Choosing cq =landco =0, we obtain a second solution of the differential equation

(e—dex

y2 = y1(¥) | 3 dx
Y1
The Woolskin
yl yl | dx
w(y x).y_(x)- TRy,
1 2 o~ Pdx (e—Ide

1 y +¥q > %
1 J N

= O [ Pdx # 0,V X

Therefore y1(x) and y, (x) are linear independent set of solutions. So that they form a
fundamental set of solutions of the differential equation

y" + Py +Q(X)y =0
Hence the general solution of the differential equation is

y(x) = c1y1 (x)+ c2y2 (%)
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Y Y
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Y Y
Y Y
Y v
Y v
Y Y
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Y Y
Y Y
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Y Y
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Y Y
Y Y
Y Y
Y Y
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Y Y
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Example 1

Given that
2

Yy, =X
is a solution of

x2y" —3xy! +4y =0

Find general solution of the differential equation on the interval (0, ).

Solution:
The equation can be written as
3 4
y" — S T —y=0,
X x?
The 2" solution vy, is given by
—| Pdx
el
Y2 = Y1(X) | =X

1

(‘eSJ‘dx/x {‘eln x3
dx = xZJ dx

v
y
y
y
y
y
y
y
y
y
y
y
y
y
y
y
y
y
y

3 y
y
y
y
y
y
y
y
y
y
y
y
y
y
y
y
y
y
y
y
v

v

v

v

Y

v

v

v

v

Y

v

v

v

v

Y

i

\

\

\

Y ;

g Y2 ) x 4
% yzzxzjlxdx=lenx
; Hence the general solution of the differential equation on (O, oo) is given by
% y=0CY: +CyY,

\ or y=c;, x? +¢,x* Inx
g Example 2

@ Verify that

i

\

\

i

v

v

v

v

v

\

\

is a solution of
x2y" + xy! +(x2 -1/4)y =0

on(0,n ). Find a second solution of the equation.
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Solution:
The differential equation can be written as
1 1
y' 2y (- =y =0
X 4x2 )y
The 2" solution is given by

[ _'[ 5 dx

Y2=V1 %

J Y12

|Idx

J

Therefore o=

_—smx( X dx

JX J xsin? x

—sin x

=" | csc? xdx
o

sin X COS X

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
v . v
Q = (-cot x) = — Q
v v
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

Jx Jx
Thus the second solution is

COS X

y =
U
Hence, general solution of the differential equation is

yzc(sinx\ . (cosx )

)

Order Reduction
Example 3
Given that
y,=x°
is a solution of the differential equation
x2y" -6y =0,
Find second solution of the equation

Solution
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We write the given equation as:

So that P(x) = - —

Therefore

Therefore, using the formula

We encounter an integral that is difficult or impossible to evaluate.

Hence, we conclude sometimes use of the formula to find a second solution is not
suitable. We need to try something else.

Alternatively, we can try the reduction of order to find y> . For this purpose, we again
define

y(x) = u(x)y1(x) or y=u(x).x°
then
3,
u + 6x2u/ + 6XU

y’:3x2u+x

y =%

Substituting the values of y, y' in the given differential equation
X2y —6y =0

we have
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Y Y
Y Y
Y Y
Y v
Y Y
Y Y
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y Y
Y Y
Y Y
Y Y
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Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
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X2 (x3U’ +6x2u’ + 6xu) —6ux® =0

or x5u’ + 6x4u’ =0

6
or U'+_U':O,
X

If we take w=u’ then

)

w+_w=0

X

This is separable as well as linear first order differential equation inw. For using the
latter, we find the integrating factor

(1
6J —dx
IF=eJ X =gblnx_,6
Multiplying with the IF = x® , we obtain
x®w' +6x°w =0

or i(xaw) =0

dx
Integrating w.r.t. > X °, we have

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ X®w = v
v v
v or e v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ \

Integrating once again, gives

Therefore y=ux" = + S

Choosing ¢, =0 andc, =-5, we obtain

Thus the second solution is given by

oL
2 X2

Hence, general solution of the given differential equation is
y=Cy1 +C2y>
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Le. y :clx3 +czﬁ/x2)

Where ¢, and ¢, are constants.
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Exercise

Find the 2" solution of each of Differential equations by reducing order or by
using the formula.

1L y'-y'=0,  y, =1

2. yh+2y +y=0; y=xe~*
3.y +9y=0; y,=sinx

4, y'-25y=0; y=¢e>*

5. 6y’ +y —y=0; y=¢e*?
6. x2y’ +2xy/ -6y=0; y,=x°
7. &%y"+y=0; y=xt*Inx
8. (1-x)y"-2xy/ =0; vy, =1

9. x?y’ -3xy/ +5y=0; y,=x%cos(Inx)

10. 1+ x)y" +xy/ —y=0; y, =X
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Lecture 16
Homogeneous Linear Equations with Constant Coefficients

We know that the linear fir(sjt order differential equation
y

dx
m being a constant, has the exponential solution on (— 0, oo)

+my=0

y = Cle—mX
The question?

o The question is whether or not the exponential solutions of the higher-order
differential equations

v v
v v
v v
Y v
v v
v v
v v
v v
v v
: z
v v
v v
Y any™ +an_1y® ™ 1 ay’ vary’ +agy =0, Y
' exist on (~ oo, ). ¥
% o Infact all the solutions of this equation are exponential functions or constructed %
% out of exponential functions. Q
% Recall %
g That the linear differential of order n is an equation of the form g
dn y d n—ly dy

% an (X)W‘*‘ an-1(x) dxn—_1+ +a1(x) (K"‘ ap(X)y = g(x) %
g Method of Solution 3
Taking n = 2, the nth-order differential equation becomes

\ i v
@ a2_2/+a1d_+a0y=0 @
v e Nt v
@ This equation can be written as Q
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

d*y + d
y

a—- b2 =0

o P T

We now try a solution of the exponential form
y — emx

Then

y =me™and y' = mZe™

Substituting in the differential equation, we have

e™ (@am? +bm+c) =0
Since e™ 20, Vxe(-ow,)
Therefore am? +bm+c=0
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This algebraic equation is known as the Auxiliary equation (AE).The solution of the
auxiliary equation determines the solutions of the differential equation.

Case 1: Distinct Real Roots

If the auxiliary equation has distinct real roots m; and mzthen we have the following two
solutions of the differential equation.
mqX Mo X
yi=e andy, =e 2
These solutions are linearly independent because
y2
/

- (m2 — mlk(ml"'mZ)X
Y2

Y1
W(y1 Y2)=1|"7
Y1

Since m; = myand e(™*M ¥ 0
1

2

Therefore W(ys, y2)# 0 ¥x e (- o)
Hence
o y:and y, form a fundamental set of solutions of the differential equation.

a The general solution of the differential equation on (- o, ) is

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
Y v
v v
% my; X m, X Q
Q y=Cc1e 1" +Coe 2 Q
% Case 2. Repeated Roots Q
v v
% If the auxiliary equation has real and equal roots i.e %
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

m=ms,my with mqy=my

Then we obtain only one exponential solution

y = Clemx

To construct a second solution we rewrite the equation in the form
y' + Ey' +2y=0
a a
Comparing with y +Py+Qy =0
We make the identification

p-"°
a

Thus a second solution is given by
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b

y =Yy | ) dx:emxfe axdx

2 1 T2mx
s

( e—j Pdx

Since the auxiliary equation is a quadratic algebraic equation and has equal roots

Therefore, Disc.=b? —4ac =0

We know from the quadratic formula

_ —b++b?-4ac

m=
2a
b
we have 2m=—_
a
Therefore
eme
yo = emxj—dx = xe™
eme

Hence the general solution is
y =c1e™ +coxe™ = (cq +cpx)e™
Case 3: Complex Roots

If the auxiliary equation has complex roots o +if then, with
mi=a +ip and m; =a —if
Where >0and B >0 are real, the general solution of the differential equation is
y = cqel@ B, ¢ ale-iB)x
First we choose the following two pairs of values of ¢1 and c;
cp1=C =1
c1=1cp=-1
Then we have

yy = el@+iB)x | (o —iB)x
Y, = e(a +ip)x e(oc —ip)x
We know by the Euler’s Formula that
e'® =cosd +isind, 0 er

Using this formula, we can simplify the solutions y;and y,as
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yy =e® (eP* + e7PX) = 269X cos Bx

yy =e® (e!P* —e71P) = 2je™ sin Bx
We can drop constant to write

y1 =™ cosBx, yo =e™sin px
The Wronskian

W(e“x cos AX , e sin ﬁx): pe?= 20 VX
Therefore, e™ cos(B x), e™ sin(p x)

form a fundamental set of solutions of the differential equation on (- oo, ).

Hence general solution of the differential equation is
y = 1 cos Bx + c,e™ sin Bx

or y = e*(cq cos Bx + ¢, sin Bx)
Example:
Solve

2y’ =5y' -3y =0

The given differential equation is
2y’ —5y' -3y =0

Then y =me™, y =m2%™
Substituting in the give differential equation, we have

am? —5m-3Je™ =0
Sincee™ = 0 V x, the auxiliary equation is

2m? -5m-3=0 as e™ %0

(2m+1)(m-3)=0=>m= N

2

Therefore, the auxiliary equation has distinct real roots
1
M ==—and m, =3

Hence the general solution of the differential equation is

y = Cle(—l/ 2)X n C2e3x

139

T I VT T T T T T T Ty YTV Yy Y YYYYTYVYTTY

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y Y
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Example 2

Solve y' —10y'+ 25y =0
Solution:

We put yi=e™

Then y' =me™ y' = mZe™

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
| |
v v
v v
Y v
i v
¥ Substituting in the given differential equation, we have ¥
Y (m? —10m + 25)e™ =0 Y
g Sincee™ = 0V x, the auxiliary equation is g
¥ m? —10m+25 =0 ¥
v (m-5)2=0=m=5,5 \
% Thus the auxiliary equation has repeated real roots i.e %
A v
v TR, v
@ Hence general solution of the differential equation is Q
% y = 18> + cyxe>* Q
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

or y = (1 +Cox)e™
Example 3
Solve the initial value problem
y -4y +13y =0
¥(0)=-1, y(0)=2
Solution:
Given that the differential equation
y' -4y +13y =0

Put y=e™
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Then y =me™, y =mZe™

Substituting in the given differential equation, we have:
(m? — 4m + 13)e™ = 0
Sincee™ = 0Vx , the auxiliary equation is

m2—4m+13:0

By quadratic formula, the solution of the auxiliary equation is

m — e V126‘52:2i3i

Thus the auxiliary equation has complex roots
mg=2+3i, my=2-3i
Hence general solution of the differential equation is
y = €% (c1 cos3x + ¢, sin 3x)
Example 4

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
| |
\ v
\ v
g Solve the differential equations g
{ k2y =i

¥ (a) y' + ¥
\ (b) y —k2y=0 v
¥ Solution ¥
First consider the differential equation

% i ider the diff ial i Q
% y' +k 2y = %
¥ Put VI=er ¥
Then y' =me™ and y' =m%e™
g Substituting in the given differential equation, we have: 3
¥ (m2 +k?2 }mx -0 ¥
@ Sincee™ = 0Vx, the auxiliary equation is Q
@ m? +k2=0 Q
or m = ki,
@ Therefore, the auxiliary equation has complex roots Q
¥ my=0+Ki, my =0~ ki ¥
@ Hence general solution of the differential equation is Q
Q y = C1 COSKX + C2 Sin kx Q
Next consider the differential equation

% d Zy 5 %
v o X v
% Substituting values y and y’, we have. @
v v
\ v
\ v

y=0
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(mz —k 2 }amx =0
Sincee™ = 0, the auxiliary equation is
m2 —k? =0
= m==k
Thus the auxiliary equation has distinct real roots
mq =+k, my = -k
Hence the general solution is

y = c1e¥ +cpe .

Higher Order Equations
If we consider nthorder homogeneous linear differential equation

X dny dn—ly

dy
a il +...+al —4 a :O
T i dx "1 dx 0y

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
g Then, the auxiliary equation is an nthdegree polynomial equation g
anm” +ap_m" L+ +am+ag=0

@ Case 1: Real distinct roots @
Q If the roots mq, m2 ,..., my of the auxiliary equation are all real and distinct, then the Q
@ general solution of the equation is @
Q = cie " PCoEer . c e Q
Case 2: Real & repeated roots

g We suppose that m: is a root of multiplicity n of the auxiliary equation, then it can be ;
Y L B X e X Y
% aren linearly independent solutions of the differential equation. Hence general solution %

of the differential equation is

g Bamere™ + coxe™* + ..+ ¢y x" " LeMX 3
% gl?s;e)oss.e(t:k?;? Fc)::)eexffzgioetrsﬂs of the auxiliary equation are real. %
@ o We fix nat 6, all roots of the auxiliary are complex, namely Q
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
\ v

o iy, o2 xif2, asxifs
= Then the general solution of the differential equation
y=e**(c cosP x+c sinP x)+e**(c cosP x+c sinfP x)
1 1 2 1 3 2 4 2
+€e**(c cosP x+c sinP x)
5 3 6 3

o If n=6, two roots of the auxiliary equation are real and equal and the remaining

4 are complex, namely o TiP1, a2 £if2

Then the general solution is

oL1X Oy X

y = e (cq cos B1X + Cy sin B1x) + €¥2% (C3 cos B o X + C4 Sin B o X) + cge™ + cgxe™*
o If my=a+ip isacomplex root of multiplicity k of the auxiliary equation. Then
its conjugate my = —if is also a root of multiplicityk . Thus from Case 2 , the
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10ns

differential equation has 2k solutions

el +i[3)x, wel@ +ip )x1 w2e(a+ip)x k-1, (a+iB)x

.....

e(a i )x , Xe(oc i )x 1 X2e(oc i )x xK —1e(OL i )x

.....

o By using the Euler’s formula, we conclude that the general solution of the
differential equation is a Iinear combination of the linearly independent solutions

e“x cos Bx, xe™ cosBx, x 2™ cos Bx,..., x< 6™ cos Bx

sinBx, xe® sin Bx, x2e® sin px..., x< "1™ sin px

a Thusif k 3 then

y = eo‘x[(cl +CoX+ 03x2)cos Bx + (dl +dox+ d3X2)Sin ﬁx]

Solving the Auxiliary Equation

Recall that the auxiliary equation of nthdegree differential equation is nthdegree
polynomial equation

o Solving the auxiliary equation could be difficult
P,(m)=0, n>2

o One way to solve this polynomial equation is to guess a root mq. Thenm—mj is a
factor of the polynomial P, (m) .

Pn(m) = (m—mj) Q(m)
o We then try to find roots of the quotient i.e. roots of the polynomial equation

Q(m) =0

p
o Note that if m; =—is a rational real root of the equation
q

P,(m)=0, n>2
then p is a factor of agand q ofay,.

o By using this fact we can construct a list of all possible rational roots of the
auxiliary equation and test each of them by synthetic division.

Example 1
Solve the differential equation
y'+3y' -4y =0
Solution:
Given the differential equation
y'+3y -4y =0
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v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
\ \
\ \
g o Dividing with m —m4 synthetically or otherwise, we find the factorization ;
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v
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Put y =e™

Then y/ _ memx,y// - m%e™ and y/// - m3e™

Substituting this in the given differential equation, we have
(m® +3m? —4)e™ =0
Since e™ %0

Therefore m3+3m2—4=0

So that the auxiliary equation is

m> +3m? -4=0
Solution of the AE

If we take m =1 then we see that
md+3m>—4=1+3-4=0
Therefore m =1 satisfies the auxiliary equations so that m-1 is a factor of the polynomial

m3+3m2 —4

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y Y
Y Y
Y Y
Y Y
3 3
Y Y
¥ By synthetic division, we can write ¥
¥ m3+3m2—4:(m—1)(m2+4m+4) ¥
or m® + 3m? —4=(m—1)(m+2)2

% Therefore m® +3m? —4=0 %

= Mm-1)(M+2)? =0

¢ (m-1)(m+2) q
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y

or m=1-2-2
Hence solution of the differential equation is

y = c1e¥ + coe™® + cyxe™

Example 2
Solve

3y +5y" +10y' —4y =0
Solution:
Given the differential equation

3y +5y" +10y' —4y =0
Put y =e™
Then y/ _ memx1y// - m2e™ and y/// — m3eMX
Therefore the auxiliary equation is

3m3 +5m2 +10m-4=0
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Solution of the auxiliary equation:

a) a, =-4and all its factors are:
p: +1,+2,+4
b) a,=3and all its factors are:
q: +1, +3
c) List of possible rational roots of the auxiliary equation is

q 3333 3°'3
d) Testing each of these successively by synthetic division we find
gj 3 5 ¥ 4
3 6 12 | 0

Consequently a root of the auxiliary equation is
m=1/3

The coefficients of the quotient are
3 6 12

Thus we can write the auxiliary equation as:

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
3 3
Y (m-1/3)3m? + 6m+12)=0 Y
% Y %
Q I - or 3m°+6m+12=0 Q
v 4 v
% Therefore m=1/3 or m=-1+iy/3 Q
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ \

Hence solution of the given differential equation is

T o X(cz cos v/3X + 3 sin \/§x)

Example 3
Solve the differential equation
dty, Y
i 2¥+ y=0
Solution:
Given the differential equation
d4y  d %

—+ -
dX4 2¥+y—0

Put y =e™
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Then y =me™, y = m%™

Substituting in the differential equation, we obtain
(m4 +2m? +1) e™ =0
Sincee™ « 0, the auxiliary equation is
m* +2m? +1=0
(m? +1)% =0
=5 T ="y

mi=mg=i and my =my =—i

Thus iis a root of the auxiliary equation of multiplicity 2 and so is—i .
Now a=0and B =1

Hence the general solution of the differential equation is

y =e%[(c1 + cpx)cos x + (dy + dz X)sin x]

or Yy =C1 COSX + 01 SiN X + CoXCOS X + doXSin X
Exercise
Find the general solution of the given differential equations.
1..y"—8y=0
28 3y o=l
3. y'+4y' —y=0
4, 2y" —3y' +4y=0
5. 4y 44y 4yl =0
6. y"+5y"=0

7. y" 43y —ay! —12y=0
Solve the given differential equations subject to the indicated initial conditions.
8. y"+2y" -5y’ -6y=0, y(0)=y'(0)=0,y"(0)=1

d4
0. =2 0, yo) =2,y (0)=3,y" (0) =4 y"(0) =5

dxt
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d4y
0.~V 0, yo) =y ©=y"©=0y"©0)=1
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Lecture 17

Method of Undetermined Coefficients-Superposition Approach
Recall

1. That a non-homogeneous linear differential equation of order n is an equation of the
form

y +---+ald_y+a0y: g(x)
dx

dny dn—l
a +a
n an n-1 an—l
The coefficients a,, a,,...,a, can be functions of x . However, we will discuss

equations with constant coefficients.

2. That to obtain the general solution of a non-homogeneous linear differential equation
we must find:

o The complementary function Yo o which is general solution of the associated

homogeneous differential equation.
o Any particular solution y 0 of the non-homogeneous differential equation.

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
\ \
\ \
% 3. That the general solution of the non-homogeneous linear differential equation is given %
\ by v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

General solution = Complementary function + Particular Integral

Finding
Complementary function has been discussed in the previous lecture. In the next three
lectures we will discuss methods for finding a particular integral for the non-
homogeneous equation, namely

o The method of undetermined coefficients-superposition approach

o The method undetermined coefficients-annihilator operator approach.

o The method of variation of parameters.
The Method of Undetermined Coefficient

The method of undetermined coefficients developed here is limited to non-homogeneous
linear differential equations

o That have constant coefficients, and
o  Where the function g(x) has a specific form.
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The form of g(x)

The input function g(x) can have one of the following forms:
o A constant function k.
o A polynomial function
o An exponential function €
o The trigonometric functions sin( x), cos(p x)

o Finite sums and products of these functions.
Otherwise, we cannot apply the method of undetermined coefficients.

X

The method
Consist of performing the following steps.
Step 1 Determine the form of the input function g(x) .

Step 2 Assume the general form of yIO according to the form of g(x)

Step 3 Substitute in the given non-homogeneous differential equation.
Step 4 Simplify and equate coefficients of like terms from both sides.
Step 5 Solve the resulting equations to find the unknown coefficients.

Step 6 Substitute the calculated values of coefficients in assumed y 0

Restriction ong ?
The input function g is restricted to have one of the above stated forms because of the

g ¢
v v
v v
v v
v v
v v
¥ v
¥ v
v v
v v
v v
v v
v v
v v
v v
Y Y
Y v
Y v
Y v
| |
v - . | | v
v I e R ¢ ¢ v
Y 4 Y
Y v
v Y
Y Y
Y Y
v Y
Y Y
v Y
v Y
v v
v v
v v
v v
v v
v v
v v
v v

o The expression ay p” +byp’ toy, has to be identically equal to the input

function g (x) .
Therefore, to make an educated guess, y,, is assured to have the same formasg .

Caution!

o Inaddition to the form of the input function g(x) , the educated guess for y 0 must
take into consideration the functions that make up the complementary function Yo
o No function in the assumed yIO must be a solution of the associated homogeneous

differential equation. This means that the assumed y, should not contain terms
that duplicate terms in Yo
Taking for granted that no function in the assumed vy, is duplicated by a function in Yoo

some forms of g and the corresponding forms of y , are given in the following table.
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Trial particular solutions

Number | The input function g(x) The assumed particular solution Y,
1 Any constant e.g. 1 A

2 5x +7 Ax+B

3 3% -2 AXZ 4 BX+c

4 xS x+1 A +Bx2 +Cx+ D

5 sin 4x A cos 4x + B sin 4x

6 cos4x A cos 4x + B sin 4x

7 X AeDX

8 (9% — 2)e>* (Ax + B)e™

9 x2e5x (AX2 + Bx + C)e5x

10 3 sin 4x Ae3X cosdx + B e3X sin 4x

11 5x2 sin 4x (A2 +Bx+C,) cos4x + (A,X2 + B,x+C,)sin 4x
12 xe3X cos 4x (AX + B)e3X cos4x + (Cx + D)e 3 sin 4x

If g(x)equals a sum?

Suppose that

o The input function g(x) consists of a sum of m terms of the kind listed in the
above table i.e.

9(x) = ga(x)+ g2 () + -+ gm (x).

o The trial forms corresponding to g(x), 92 (x), .., gm (x) beyp YDy e Yy -

Then the particular solution of the given non-homogeneous differential equation is

Yp =Yp, t¥Yp, T+ Yp,

In other words, the form of y ,is a linear combination of all the linearly independent
functions generated by repeated differentiation of the input function g(x) .
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Example 1
Solve y" + 4y’ —2y=2x* —-3x+6
Solution:

Complementary function
To find Yo We first solve the associated homogeneous equation

y' +4y’ —2y=0

We put y=eM™ v —me™ y —m2M™

Then the associated homogeneous equation gives
(m? +4m—2)e™ =0
Therefore, the auxiliary equation is
m2+4m-2=0 as e™ %0, Vx
Using the quadratic formula, roots of the auxiliary equation are
m=-2+6
Thus we have real and distinct roots of the auxiliary equation
m,=-2- J6 and m, = 2+./6
Hence the complementary function is

con 2+ /6)x

5 2 +/6)x
yC_ 1

Ca e
Next we find a particular solution of the non-homogeneous differential equation.
Particular Integral

Since the input function
g(x) = 2% —3x+6

is a quadratic polynomial. Therefore, we assume that
yp=Ax* +Bx+C
Then y,) =2Ax+B and y,” =2A
Therefore y," +4y," -2y, =2A+8Ax+4B-2Ax* - 2Bx-2C

Substituting in the given equation, we have

2A+8AX +4B —2Ax? —2Bx—2C =2x2 -3x +6
or —2Ax? + (BA-2B)x + (2A+ 4B -2C) = 2x?> —-3x + 6
Equating the coefficients of the like powers of x, we have
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-2A=2, 8A-2B=-3, 2A+4B-2C=6
Solving this system of equations leads to the values
A=-1, B=-5/2, C=-9.

Thus a particular solution of the given equation is

y :—x2—5_x—9.
p

2

Hence, the general solution of the given non-homogeneous differential equation is given
by
Y =W. Np

or y = -x2 —§x—9+cle_(2+\/g)X +02e(—2+\/5)x
2

Example 2

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
Y v
3 3
Solve the differential equation

v q v
¥ y" —y! +y=2sin3x ¥
Q Solution: Q
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

Complementary function
To findy o we solve the associated homogeneous differential equation

y' -y +y=0
Put y —eMX y' = me X y = mZemx
Substitute in the given differential equation to obtain the auxiliary equation
1+ id
m=
%
Hence, the auxiliary equation has complex roots. Hence the complementary function is

)
y =e(1/2)X(C1C05£x+czsin §x|

c

m

m2-m+1=0 or

)

Particular Integral
Since successive differentiation of

g(x) = sin 3x
produce sin3x and cos3x
Therefore, we include both of these terms in the assumed particular solution, see table
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yIO = Acos3x + Bsin 3x.

Then = —3Asin 3x + 3B cos 3x.

y!
p
y!
p
Therefore y," =y, ' +y =(-8A-3B)cos3x+ (3A-8B)sin 3x.
Substituting in the given differential equation
(-8A —3B) cos 3x + (3A — 8B) sin 3x = 0 cos 3x + 2sin 3x.
From the resulting equations
-8A-3B=0, 3A-8B=2
Solving these equations, we obtain
A=6/73,B=-16/73
A particular solution of the equation is

=-9Acos3x —9Bsin 3x.

6 6 .
y . =—=C0S 3X — —sin 3x
P73 ]
Hence the general solutior}of the given non-homogen\eous differential equation is
(1/2)x 6 16

Ma=.C €1 C0S ¥ x +cpsin Y x |+ —cos3x — — sin 3x
2 ) 7373

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
| |
v v
Y v
v v
v gc))(ﬁ/r:pleg "~ 2y" —3y = 4x -5 + 6xe?¥ v
% Solution: y ' 4 %
% Complementary function - _ Q
Q To findy o we solve the associated homogeneous equation Q
' y' -2y’ -3y =0 Y
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

Put y=e"X, y=me™ vy = me™

Substitute in the given differential equation to obtain the auxiliary equation
m? -2m-3=0
= M+1)(m-3)=0
m=-1,3

Therefore, the auxiliary equation has real distinct root

my =-1, m2:3

Thus the complementary function is

m

X 3x

Yo =C& " +Cne

2
Particular integral
Since g(x) = (4x-5) + oxe?X = 9,0 +9,x
Corresponding to g, (x) ylo =Ax+B

1

Corresponding to g, (x) yp = (Cx+ D)e2x
2
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rentia Equatlons

The superposition principle suggests that we assume a particular solution
Yp = ypl + yp2

Le. yp:Ax+B+(Cx+ D)e2x

Then y’ID = A+2(Cx+ D) e2X + Ce2X

y’p =4(Cx + D) e2X + 4Ce2X

Substituting in the given
yp! —2ypl —3yp = 4Cxe®™ + 4De® + 4Ce®™ - 2A - 4Cxe™

—4De* — 2Ce® —3Ax —3B - 3Cxe?* —3De*
Simplifying and grouping like terms

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
3 3
v v
3 yp! —2yp’ —3yp=-3Ax-2A—3B -3Cxe* + (2C —3D)e?* = 4x 5+ 6xe™. g
Substituting in the non-homogeneous differential equation, we have
; —3Ax — 2A—3B — 3Cxe?* + (2C —3D)e®* = 4x — 5+ 6xe>* + 0% ;
% Now equating constant terms and coefficients of x, xe>*and e , We obtain %
-2A-3B=-5, -3A =¥
Y e 2C -3D=0 Y
Q Solving these algebraic equations, we find Q
% A=-4/3, B=23/9 Q
% = -2, D =-4/3 %
Thus, a particular solution of the non-homogeneous equation is
g Yp=—(43)x+(23 9) - 2 xe™ — (4 B)e** 3
The general solution of the equation is
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

y=Yo+yp=ce X+ coe>X — (4/3)x + (23/9) — 2 x €2X - (4/3)e>

Duplication between y, and y¢?
o If a function in the assumed y, is also present in yc then this function is a

solution of the associated homogeneous differential equation. In this case the
obvious assumption for the form of y , is not correct.

o Inthis case we suppose that the input function is made up of terms of nkinds i.e.

9(x) = 91(¥) + 92(X) +-- + gn (X)
and corresponding to this input function the assumed particular solution y is

Yp =Yp, *¥p, T+ ¥p,
o Ifa Yp, contain terms that duplicate terms iny., then that Yp, must be multiplied

withx", n being the least positive integer that eliminates the duplication.
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Example 4
Find a particular solution of the following non-homogeneous differential equation

y" —5y! + 4y = ge*
Solution:

To find y., we solve the associated homogeneous differential equation
y" -5y +4y =0

X

We puty = e™ in the given equation, so that the auxiliary equation is

m? —5m+4=0= m=1,4
Thus ye = c16° + cpe™
Since g(x) =8e*
Therefore, y,= Ae*
Substituting in the given non-homogeneous differential equation, we obtain

Ae® —5AeX +4AeX =8e*

So 0 =8e*
Clearly we have made a wrong assumption for y,, as we did not remove the duplication.

differential equation
y" —5y/ +4y=0
To avoid this we find a particular solution of the form
yp=Axe"
We notice that there is no duplication between y and this new assumption for y,

Now yp/ = Axe* + Ae¥, yp// = Axe* + 2Ae¥
Substituting in the given differential equation, we obtain
Axe* + 2Ae* —5Axe* —5Ae* + 4Axe" = 8e*.
or —3Ae* =8¢ = A=-8/3.
So that a particular solution of the given equation is given by
y,=—(8 )¢
Hence, the general solution of the given equation is

y=ce+ce”—(8/3) x ¢
1 2
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Since Ae* is present iny. . Therefore, it is a solution of the associated homogeneous
\ v
\ v
\ v
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Example 5
Determine the form of the particular solution
(@) y// —8y/ +25y=5x3e_x
(b) y" + 4y = xcosx.

_7¢ %

Solution:

(a) Tofind yc we solve the associated homogeneous differential equation
y" -8y’ +25y =0
Put VE= eMX

Then the auxiliary equation is
2

v v
v v
v v
v v
v v
\ v
v v
v v
v v
v v
v v
v v
| |
¥ m® —8m+25=0=>m=4+3i ¥
Q Roots of the auxiliary equation are complex Q
¥ v = e (c1 cos3x + ¢ sin 3x) ¥
Q The input function is Q
Q g(x) = xSem X _ 767X = (5x3 ~7)e X Q
% Therefore, we assume a particular solution of the form Q
¥ Yp= (A +Bx? +Cx + D)e” ¥ ¥
Q Notice that there is no duplication between the terms in yp and the terms in yc . Q
Q Therefore, while proceeding further we can easily calculate the value A,B,C andD. Q
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

(b) Consider the associated homogeneous differential equation
y"+4y=0

Since g(x) = xcos x

Therefore, we assume a particular solution of the form
Y, = (Ax+ B)cos x + (Cx + D)sin x

Again observe that there is no duplication of terms between yc and yp
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Example 6
Determine the form of a particular solution of

y/ =y +y =3x% —5sin 2x + 7xe®

Solution:

To find yc, we solve the associated homogeneous differential equation
y// B y/ +y=0

Put = eMX

Then the auxiliary equation is

L
m2—m+1=0:>m:1_|‘/8_
2

\/3x+c25in£xw

C1C0S —
- 2 2 )

Since g(x) = 3x* —5sin 2x + 7xe® = g (X) + g {X) + g {X)

W 2)x(

Therefore Yo

Corresponding to g1(x) = 3% Yp, = Ax? + Bx+C
Corresponding to gz (x) = —5sin 2x: Yp, = Dcos2x + E sin 2x

Corresponding to g, (x) = 7xe®™ : Yp; = (FX+G) e

Hence, the assumption for the particular solution is
Yp=Yp T ¥p, T ¥ps

or yp:Ax2+Bx+C+Dc052x+Esin2x+(Fx+G)e6X

No term in this assumption duplicate any term in the complementary function

UG e + e’

Example 7
Find a particular solution of
y! -2yl +y=¢"

Solution:

Consider the associated homogeneous equation
y' -2y +y=0

PUt y = emx

Then the auxiliary equation is
m? —2m+1=(m-1)? =0
=m =11
Roots of the auxiliary equation are real and equal. Therefore,

Yo = C1€° + Coxe®
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Since g(x) =e*
Therefore, we assume that
y,= Ae
This assumption fails because of duplication between y. andy,. We multiply with x
Therefore, we now assume
yp=Axe*
However, the duplication is still there. Therefore, we again multiply with x and assume
yp= Ax%e"
Since there is no duplication, this is acceptable form of the trial y,
1 2%
Yp= Ex e

Example 8
Solve the initial value problem

y// +y =4x+10sin x,
y(m) =0,y (x) =2

Solution
Consider the associated homogeneous differential equation

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
| |
\ \
\ \
\ \
% VY — 0 %
% Put y =e™ %
% Then the auxiliary equation is %
Y m? +1=0=m=+i Y
% The roots of the auxiliary equation are complex. Therefore, the complementary function Q
@ is . Q
Yo =C1COSX +Co Sin X

g Since g(x) = 4x +10sin x = g1(x) + g2 (X) 3
Therefore, we assume that

@ Yp, =AX+B, yp, =Ccosx+Dsinx @
@ So that Yp = Ax+B+Ccosx+Dsinx Q
@ Clearly, there is duplication of the functions cosxandsin x . To remove this duplication @
@ we multiply y,, with x. Therefore, we assume that Q
@ Yp = AX+B+Cxcosx+ Dxsinx. @
v v
v v
v v
v v
v v
v v
v v
\ v

y; =-2Csin x—Cxcos x+ 2D cos x — Dxsin x

So that yp//+yp=Ax+B—2Csinx+2Dxcosx

Substituting into the given non-homogeneous differential equation, we have
AX + B —2C sin x + 2Dx cos x = 4x +10sin x
Equating constant terms and coefficients of x,sin x, xcosx, we obtain
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B=0, A=4, -2C =10, 2D =0
So that A=4,B=0,C=-5 D=0
Thus Y, = 4X —5xcos X

Hence the general solution of the differential equation is
Y =Yc +Yp=C1C0SX+CpSiNX+4X-5XCOSX

We now apply the initial conditions to find c1 andc,.

y(n) =0= cqcosm +Cosinmt + 4w —5m cost =0
Since sint =0,cosm =-1
Therefore Cc1=97

Now y/ =—97 Sin X + C2 COS X + 4 + 5xsin X —5C0S X

Therefore v/ (7)) =2 = —9nsinx + ¢, cost + 4+ 5x sinm —5cosm = 2

.. Co = 1.
Hence the solution of the initial value problem is
y =91 CcOS X + 7sin X + 4X — 5X COS X.

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
3 3
i v
; Example 9 _ _ %
Solve the differential equation %
% v/ —6y! +9y =6x% + 2 126> %
% Solution: %
Q The associated homogeneous differential equation is Q
Q y”—6y/+9y=0 Q
¥ Put y = e™ Y
@ Then the auxiliary equation is Q
v m2—6m+9:(.):>.m:3,3 =
@ Thus the complementary funct|03nX is %
Q y.=Ccg¥* +c,xe Q
¥ Since g(x) = (x? +2) —12e%* = g1(x) + g2 (¥) ¥
We assume that

g Corresponding to g1(x) = X2 +2: Yp, = Ax? + Bx+C 3
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
\ v

Corresponding to g» (X) = ~1263: y 0, = De*

Thus the assumed form of the particular solution is
Yp= Ax? + Bx + C + De>*

3X

The function e™ in y, is duplicated between y; and y,. Multiplication with x does

not remove this duplication. However, if we multiply yp2 with x“, this duplication is

removed.
Thus the operative from of a particular solution is

Yp= Ax? + Bx+ C + Dx%e™
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Then Y'p = 2Ax + B + 2Dxe™* + 3Dx%™

and y, = 2A+ 2De* +6Dxe® + 9Dx%e*
Substituting into the given differential equation and collecting like term, we obtain
yp'' =6y, +yp =9AX® +(-12A+ 9B)x + 2A— 6B + 9C + 2De>* =6x% + 2 ~126¥

Equating constant terms and coefficients of x, x2 and e yields
2A-6B+9C =2, -12A+9B=0
9A =6, 2D =-12

Solving these equations, we have the values of the unknown coefficients

A=2/3,B=8/9,C=2/3 and D =-6

2 2
Thus Yp =_ G +§ X+_ — 6x 2%

3 9 3
Hence the general solution

S

y=Yc+Yp =C1™" +coxe’

% +_2 X2 +_8 X +_2 _6x%e>
3 O s
Higher —Order Equation
The method of undetermined coefficients can also be used for higher order equations of
the form

y+...+alﬂ+a0y=g(x)

n gx" +an—l dx™? dx
with constant coefficients. The only requirement is that g(x) consists of the proper kinds

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
v v
% of functions as discussed earlier. %
v v
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

d n n-1
. y d

Example 10
Solve y

Solution:
To find the complementary function we solve the associated homogeneous differential
equation

"+ y" =e* cosx

y///+ y// =0

Put y = emx, y, _ memx, y, = mZemx

Then the auxiliary equation is

m3+m2 =0

or m2(m +1)=0=>m=0,0,-1
The auxiliary equation has equal and distinct real roots. Therefore, the complementary

function is

Yo =C] +CoX +C3e ¥
Since g(x) = e* cosx
Therefore, we assume that

y, = Ae* cosx + Be* sin x

Clearly, there is no duplication of terms between yc and 'y .
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Substituting the derivatives of yp in the given differential equation and grouping the like

terms, we have
yp’” + yp” = (-2A+4B)e* cos x + (-4A—2B)e* sin x = e* cos x.

Equating the coefficients, of e* cosx and e* sin x, yields
-2A+4B=1-4A-2B=0

Solving these equations, we obtain
A=-1/10,B =1/5

So that a particular solution is

Yp =C1+CaX+Cge < —(1/10)e* cos x + (1/ 5)e” sin x

Hence the general solution of the given differential equation is

Yp=C1+CoX+C3e < —(1/10)e* cos x + (1/5)e* sin x

Example 12
Determine the form of a particular solution of the equation

yHH + yu L] e—X

v v
v v
v v
v v
v v
\ v
v v
v v
v v
3 3
v v
v v
v v
v v
% Solution: %
% Consider the associated homogeneous differential equation %
Y - Y
¥ The auxiliary equ;tlon ;s ¥
@ m* +m :0:>m=9,0,.0,—1 Q
@ Therefore, the complementary funzctlon |s_ | Q
Q Yo =C1 +CoX+C3X" +Cg€ Q
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

Since g(x) =1-e* = g1(x) + g2 (X)

Corresponding to g1(x) =1: Yp,=A

Corresponding to g () = —e *:

Therefore, the normal assumption for the particular solution is

Yp, = Be™

yp=A+Be

Clearly there is duplication of
(1 The constant function between y. andy py-

(i) The exponential function e~ * between y. and Yp i

To remove this duplication, we multiply yplwith x> and Y p, with x.. This duplication

can’t be removed by multiplying with x and x2. Hence, the correct assumption for the
particular solution 'y, is

Yp = Ax® + Bxe >
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Exercise

Solve the following differential equations using the undetermined coefficients.

1. Ey”+y’+y=x2+2x
4

2. y" —8y’ +20y =100x? - 26xe*

3. y"4 3y = —48x%™

4. 4y" — 4y —3y = cos2x

5. y" +4y = (x? -3)sin 2x

6. y" -5y’ =2x® —4x* —x+6

7. y" -2y’ +2y =e¥(cosx — 3sin x)
Solve the following initial value problems.

d?x
9. dt—2+m X = Fo Cosyt, x(0) = 0,x'(0) =0

10. y/ 18y =2x-5+87%, y(0)=-5, y/(0)=3,y"(0)=-4
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8. y"+4y' +4y =3+ x)e ¥, 0)=2y/(0)=5
¥ y' +4y' +4y =(3+X) y(0)=2y'(0) ¥
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Lecture 18

Undetermined Coefficient:
Annihilator Operator Approach

Recall

1. That a non-homogeneous linear differential equation of order n is an equation of the
form
X d n y d n-1
NG +ap_
A" A
The following differenr'%ial equationnis called the associated homogeneous equation
d’y d™ "y dy
+ap— +--+a;—+agy=0
an n-1 an—l 1 dX Oy

y+---+a1d_y+aoy:g(x)

dxt1 dx

an

The coefficients a,,a,,...,a, can be functions of x . However, we will discuss
equations with constant coefficients.

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
3 3
\ \
2. That to obtain the general solution of a non-homogeneous linear differential equation

% we must find: %
% o The complementary function Y which is general solution of the associated %
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

homogeneous differential equation.
o Any particular solution y 0 of the non-homogeneous differential equation.

3. That the general solution of the non-homogeneous linear differential equation is given
by

General Solution = Complementary Function + Particular Integral

o Finding the complementary function has been completely discussed in an earlier
lecture

o In the previous lecture, we studied a method for finding particular integral of the
non-homogeneous equations. This was the method of undetermined coefficients
developed from the viewpoint of superposition principle.

o In the present lecture, we will learn to find particular integral of the non-
homogeneous equations by the same method utilizing the concept of differential
annihilator operators.

163

TV VT T T T T T T Ty YTV Yy Y YYYYTYYYTTY




ARSERERAR P AARRARRARERRERT AR

Differential Operators

o Incalculus, the differential coefficient d/dx is often denoted by the capital
letter D . So that

dy
~2=D
dx %
The symbol D is known as differential operator.

o This operator transforms a differentiable function into another function, e.g.
DY) = 46™, DX —6x2) = 15x% —12x, D(c0s2X) = —25in 2X

o The differential operator D possesses the property of linearity. This means that if
f, g are two differentiable functions, then
D{af (x) + bg (x)} = aDf (x) + bDg (x)
Where a and b are constants. Because of this property, we say that_D is a linear
differential operator.

o Higher order derivatives can be expressed in terms of the operator D in a natural

manner: i
de _d(dy)_ 2

2 &L&J DDy) D vy

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v \
v \
v \
v \
v ; v
% Similarly %
v v
v v
v \
v \
v v
v v
v \
v v
v \
v \
v \
v v
v v
v v
v v
v v
v \
v v
v v

o The following polynomial expression of degree n involving the operator D
I .o D" li--+aDrag

is also a linear differential operator.
For example, the following expressions are all linear differential operators

D+3, D2 +3D -4, 5D —6D? +4D
Differential Equation in Terms of D

Any linear differential equation can be expressed in terms of the notation D . Consider a
2" order equation with constant coefficients

ay” +by’ +cy = g(x)
Since =Dy = D2y

Therefore the equation can be written as
aD2y+bDy+cy =g(x)
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or (aD? +bD +¢)y = g(x)

Now, we define another differential operator L as

L=aD?+bD +c
Then the equation can be compactly written as
L(y) = 9(x)
The operator L is a second-order linear differential operator with constant coefficients.

Example 1
Consider the differential equation

vyl +y' +2y=5x-3

Since —~5 Dy, = D2y

e i

Therefore, the equation can be written as
(D? + D +2)y =5x—3

Now, we define the operator L as
L=D%+D+2

Then the given differential can be compactly written as
L(y)=5x-3

Factorization of a differential operator

o An nth-order linear differential operator
INEERD" o, D" 1+ aD + ag
with constant coefficients can be factorized, whenever the characteristics

polynomial equation

L=aym” +ay_qm" ™+ +a;m +ag

can be factorized.

a The factors of a linear differential operator with constant coefficients commute.

Example 2

(@) Consider the following 2" order linear differential operator
D?+5D +6
If we treat D as an algebraic quantity, then the operator can be factorized as

D? +5D +6 = (D +2)(D +3)
(b) To illustrate the commutative property of the factors, we consider a twice-
differentiable functiony = f (x). Then we can write

(D? +5D +6)y = (D+2)(D+3)y=(D+3)(D+2)y
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To verify this we let

w=(D+3)y=y +3y
Then

(D+2)w =Dw+2w

or O +2w =(y"+3y"y+ @2y’ +6y)
or (D+2)w= y” +5y/+6y
or (D+2)(D+3)y= y” +5y/+6y

Similarly if we let
w=(D+2)y=(y' +2y)
Then (D+3)w= DW+3W:(y// +2y/)+(3y/ +6Y)
or (D+3)w= y// +5y/+6y
or (D+3)(D+2)y= y” +5y/+6y

Therefore, we can write from the two expressions that
(D+3)(D+2)y=(D+2)(D+3)y

Hence (D+3)D+2)y=(D+2)(D+3)y

(@) The operator D2 -1 can be factorized as
D1 —8(D 1) (D11
or DZ-1 = (D-1)(D +1)

(b) The operator D2 + D +2 does not factor with real numbers.

Example 4
The differential equation

Yy +4y' +4y =0
can be written as

(D2 +4D+4)y =0
or (D+2)(D+2)y=0
or (D+2)y=0.
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Annihilator Operator

Suppose that
o L isa linear differential operator with constant coefficients.
o y = f(x) defines a sufficiently differentiable function.
o The function f is such that L(y)=0
Then the differential operator L is said to be an annihilator operator of the function f.

Example 5
Since

Dx=0, D?x=0, D®x?=0, D*x® =0, ..
Therefore, the differential operators
& D?, BPAD?, ..
are annihilator operators of the following functions

k (a constant), X, xz, x3,

In general, the differential operator D" annihilates each of the functions

1,x, x2,.. xn1

v v
v v
v v
v v
v v
\ v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
\ \
g Hence, we conclude thatctohtir p;gi?TTlcfuqi;i?T 3
g can be annihilated by finding an operator that annihilates the highest power of x. ;
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

Example 6
Find a differential operator that annihilates the polynomial function

y =1-5x% +8x°.
Solution

Since D** =0,

Therefore D4y: D4(1—5x2 +8x3): 0.

Hence, D* is the differential operator that annihilates the functiony.

Note that the functions that are annihilated by an nth-order linear differential operator L

are simply those functions that can be obtained from the general solution of the
homogeneous differential equation

L(y) =0.
Example 7
Consider the homogeneous linear differential equation of order n
D-a)'y=0
The auxiliary equation of the differential equation is
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(m-a)" =0
= m=a,d0,.,a (n times)

Therefore, the auxiliary equation has a real root  of multiplicity n . So that the
differential equation has the following linearly independent solutions:
gl X yaO X XZea X n—le(x X

Therefore, the general solution of the differential equation is

y =6 +cxe™ +cax2e™ 4o+ oy X" e

So that the differential operator
(D-a)"

annihilates each of the functions

o X

Xew ,Xxe .., X

ocx, 2 ocx,m, Xn—le(xx

€ Xe X~e

Hence, as a consequence of the fact that the differentiation can be performed term by
term, the differential operator
(D -a)"
annihilates the function
2eax

n-1 eax

y =ce™ + ¢, xe™ +c3x +e 4 CpX

Find an annihilator operator for the functions
(@) f(x) = e
(b) g(x) = 46> — 6xe>

Solution
(@) Since
(D -5)e™ =5e> —5¢™ =0,
Therefore, the annihilator operator of function f is given by
L=D-5
We notice that in this casea. =5, n=1.

(b) Similarly
(D - 2)Y(4e* - 6xe?* ): (D% — 4D + 4)(4e®) — (D% - 4D + 4)(6xe>)
or  (D-2p(4e? - 6xe2x)= 3262 —32e2X 1 48xe?X — 48xeX + 24e2X — 2402
or (D—2)2(4e2X —6xe2x):0
Therefore, the annihilator operator of the function g is given by
L=(D-2)?
We notice that in this case o =2=n.
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Example 9
Consider the differential equation

(DZ—ZQD+((12+B2)ny=O

The auxiliary equation is
2 2 o2\"
?m —2am+(a +B ) =0

= m2—2am+((12+B2):0

Therefore, when o, [ are real numbers, we have from the quadratic formula

m:2ai\/4oc2—4((12+[32)
2

=a tif

Therefore, the auxiliary equation has the following two complex roots of multiplicity n.
mp =a +iB, my = —iB

Thus, the general solution of the differential equation is a linear combination of the
following linearly independent solutions

e cos B x, xe®X cos B x, x2e** cosBx, -+, X" 1e*X cos B

Hence, the differential operator
(D2—20cD+<xZ+[32) N
is the annihilator operator of the functions
Xn—leOLX

6™ cos B x, xe®X cos B x, x%e** cos B, -, cos B x

n-1

20X gin B x, -, X" Le%Xsin B x

e**sin B x, xe**sin B x, x

Example 10
If we take

a=-1 =2, n=1
Then the differential operator

(D2 —2aD+(x2 +52) l
becomes D? +2D +5.

Also, it can be verified that
(D2 +2D+5)e X cos2x = 0

(D2 +2D +5)e*sin2x=0

Therefore, the linear differential operator
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D2 +2D +5
annihilates the functions

y1(x) = e X cos 2x
y2 (x) = e % sin 2x

Now, consider the differential equation
(D2 +2D+5)y =0

The auxiliary equation is
m? +2m+5=0
> m=-1+2i

Therefore, the functions
y1(x) = e * cos 2x

y2 (x) = € ¥ sin 2x
are the two linearly independent solutions of the differential equation

(D2+2D+5)y:0,

5y1 -9y, =5e % cos2x —9e * sin 2x..

Example 11
If we take
=0, p=1n=2

Then the differential operator

(D2 —2aD+€x2 +52) L
becomes

(D? +1)?> =D* +2D% +1

Also, it can be verified that
D* +2D% +1)cosx = 0

(% +2D2 +1)sinx =0
and

(D4 +2D2 +1)xcosx =0

(0% +2D2 +1ksinx=0
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v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
3 3
g Therefore, the operator also annihilates a linear combination of y; and y», e.g. g
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v
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Therefore, the linear differential operator
D4+2D%+1
annihilates the functions
COS X, sin x

XCOS X, XSin X

Example 12
Takinga, =0, N =1, the operator

(D2 —20LD+((12 +BZ) i
becomes
D? + 2

Since (D2+ﬁ2)cosﬂx:—ﬁzcosﬁx+BzcosBx:O
(D2+ﬁ2%mﬁx=—52gn5x+529npx=o

Therefore, the differential operator annihilates the functions
f(x)=cosP x, g(x)=sinp x

Note that ] ) _ - _
o Ifa linear differential operator with constant coefficients is such that

Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
; L(y1)=0, L(y2)=0 ;
Y e ARl eico LELnCtions yoahd yz . Then the SREEERR Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y
Y Y

L[erys(x)+cay2(x)] = 0.
This result follows from the linearity property of the differential operator L .

o Suppose that Lyjand Lo are linear operators with constant coefficients such that
Li(y1)=0, La(y2)=0

and Li(y2)#0, Lo(y1)=0
then the product of these differential operators LiL, annihilates the linear sum

y1(x)+ y2 (x)
So that Liko[ya(x) + y2(x)] = 0

To demonstrate this fact we use the linearity property for writing
Lilo(y1 +y2) = LiLla(y1)+ LiLo(y2)

Since Lily =LoLg

therefore Lilo (y1+y2) = Lo La(y1 )+ Lila (y2)
or LiLa(ys +Y2) = LalLa(yp]+ Lall2(y2)]
But we know that |_1(y1) =0, Ly (y2 ) =0
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Therefore Lilo (yl + Y2 ) = Ly[0] + L4[0] =

Example 13

Find a differential operator that annihilates the function
f(X) =7—x+6sin3x

Solution

Suppose that
y1(X) =7 —-X, y2(x) = 6sin3x

Then
D2y (x) =D%(7-x) =0

(D? +9)y,(X) = (D2 +9)sin3x =0
Therefore, D2(D2 +9) annihilates the function f (x).

Example 14
Find a differential operator that annihilates the function

f (x) = e~ + xe*
Solution
Suppose that

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
Y v
| |
Y100 =€, yp(x) = xe*
g Then ’ g g
(D+3)y1 = (D+3)e™* =0,
v (-1 y, - (O-1P " - v
; Therefore, the product of two operators 3
(D+3)(D-1)
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

annihilates the given function  f (x) = e~>X + xe*

Note that
o The differential operator that annihilates a function is not unique. For example,

(D-5)e> =0,
(D-5)(D +1)e™* =
(D-5)D%> =0
Therefore, there are 3 annihilator operators of the functions, namely
(D-5),(D-5)(D+1), (D-5)D?

o When we seek a differential annihilator for a function, we want the operator of
lowest possible order that does the job.
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Exercises

Write the given differential equation in the form L(y) = g(x), where L is a differential
operator with constant coefficients.

1. ﬂ+5y =9sin x
dx

2. 4d_y+8y:x+3

3. _—4—+5ﬂ:4x
dx3 dx>  dx
ddy d?
4. —y—2—y+7ﬂ—6y =1-sinx
d®  dx®  dx
Factor the given differentiable operator, if possible.
5. 9D? -4
6. D?-5
7. D3 +2D? -13D +10
8. D*-8D”%+16

9. 2D-1; y=4e"?
10. D4+ 64; y = 2c0s8x-5sin8x

Find a differential operator that annihilates the given function.

11. x + 3xe
12. 1+sinx
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v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
\ \
\ \
\ v
% Verify that the given differential operator annihilates the indicated functions %
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v
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Lecture 19
Undetermined Coefficients:
Annihilator Operator Approach

The method of undetermined coefficients that utilizes the concept of annihilator operator
approach is also limited to non-homogeneous linear differential equations

o That have constant coefficients, and

o  Where the function g(x) has a specific form.

The form of g(x) :The input function g (x) has to have one of the following forms:
o A constant functionk .
o A polynomial function
o An exponential function e*
a The trigonometric functions sin(B x), cos( x)

o Finite sums and products of these functions.
Otherwise, we cannot apply the method of undetermined coefficients.

The Method

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
3 3
g CCé)er}_sf:Sie;n'iP;eO;ool:z\é\/rir:]g non-homogeneous linear differential equation with constant 3
¥ a (:jnr):—’_an—lj:_—lly .1 d_y+a0y=g(x) Y
\ ] 7 v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

' dx
If L denotes the following differential operator
R DA A .. D) - ag
Then the non-homogeneous linear differential equation of order n can be written as
L(y) = 9(x)
The function g(x) should consist of finite sums and products of the proper kind of
functions as already explained.

The method of undetermined coefficients, annihilator operator approach, for finding a
particular integral of the non-homogeneous equation consists of the following steps:

Step 1 Write the given non-homogeneous linear differential equation in the form
L(y) = 9(x)
Step 2 Find the complementary solution Y. by finding the general solution of the
associated homogeneous differential equation:
L(y)=0
Step 3 Operate on both sides of the non-homogeneous equation with a differential
operator L4 that annihilates the function g(x).
Step 4 Find the general solution of the higher-order homogeneous differential equation
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guations

LiL(y)=0
Step 5 Delete all those terms from the solution in step 4 that are duplicated in the
complementary solutiony, found in step 2.

Step 6 Form a linear combination Y, of the terms that remain. This is the form of a
particular solution of the non-homogeneous differential equation

L(y) = g(x)
Step 7 Substitute Y, found in step 6 into the given non-homogeneous linear differential
equation
L(y) = 9(x)

Match coefficients of various functions on each side of the equality and solve the
resulting system of equations for the unknown coefficients iny,.

Step 8 With the particular integral found in step 7, form the general solution of the given
differential equation as:

Y=Yt Yy
Example 1
2
Solve d—Y+3d_y+ X .
dx? dx
Solution:
2
Step 1 Since ﬂ: Dy, d_y = D2y
dx dx2

Therefore, the given differential equation can be written as
(D2 +3D+2 )y =ax?
Step 2 To find the complementary function y., we consider the associated homogeneous
differential equation
(D2+3D+2)y=0
The auxiliary equation is
m?+3m+2=m+1)(m+2)=0
= m =-1,-2
Therefore, the auxiliary equation has two distinct real roots.
mi=-1, my =-2,
Thus, the complementary function is given by

Yo =C1€8 X4 coe 2x
Step 3 In this case the input function is

g(x) = 4x?
Further D3g(x) = 4D%x% = 0
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Therefore, the differential operator D2 annihilates the function g . Operating on both
sides of the equation in step 1, we have

D3(D? +3D +2)y = 4Dx?
D3(D? +3D+2)y=0

This is the homogeneous equation of order 5. Next we solve this higher order equation.

Step 4 The auxiliary equation of the differential equation in step 3 is
m¥(m? +3m+2) =0
m3(m+1)(m+2) =0
m=0,00,-1,-2

Thus its general solution of the differential equation must be

y =Cp +CopX+C3x2 +cqe” X + e

Step 5 The following terms constitute y,

Cae~ % + e

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
| |
g Therefore, we remove these terms and the rimaining terms are g
% Step 6 This means that the basic structure of the particular solution Ypis Q
g yp=A+Bx+Cx2, 3
Where the constantsc,, ¢, and ¢, have been replaced, with A, B, and C, respectively.

\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

Step 7 Since Yp =A+Bx+ Cx?
y'p=B+2Cx,
s 2C
Therefore Yp +3Y'p +2yp =2C +3B+6Cx+2A+ 2BX + 2Cx

or yp +3Y'p +2y|o:(2C)x2 +(2B+6C)x + (2A+3B +2C)
Substituting into the given differential equation, we have
(2C)x? + (2B + 6C)x + (2A + 3B + 2C) = 4x% + 0x + 0
Equating the coefficients of x2, x and the constant terms, we have
2C = 4
2B + 6C =0

2A+3B+2C =0
Solving these equations, we obtain
A=7, B=-6, C=2
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Hence Yp =7 —6X +2x2
Step 8 The general solution of the given non-homogeneous differential equation is
Y=Yc+Yp

y=cre X +cpe X +7—6x+2x2

Example 2
e d2y 3dy _gax
Olve dx_z_ T T 4sin x
Solution:
_ dy dzy 2
Step 1 Since i Dy, d7= Dy

Therefore, the given differential equation can be written as
(D2 —3D)y =86 + 4sinx

Step 2 We first consider the associated homogeneous differential equation to find y,
The auxiliary equation is

mm-3)=0=>m=0,3
Thus the auxiliary equation has real and distinct roots. So that we have
Yo =€) + OFO0
Step 3 In this case the input function is given by
g(x) =8> + 4sin x
Since (D-3)(8e¥) =0, (D? +1)(4sinx) =0
Therefore, the operators D—3 and D? +1 annihilate 8e® and4sinx, respectively. So
the operator (D —3)(D2 +1) annihilates the input function g(x). This means that
(D - 3)(D? +1)g(x) = (D —3)(D? +1)(8e> +sinx) =0
We apply (D -3)(D? +1) to both sides of the differential equation in step 1 to obtain
(D-3)(D? +1)(D? -3D)y =0.
This is homogeneous differential equation of order 5.

Step 4 The auxiliary equation of the higher order equation found in step 3 is
(m=3)(m? +1)(m2 —=3m) =0
m(m-3)?(m?> +1) =0
=>m=0, 3, 3, i

Thus, the general solution of the differential equation

y = cq + %X + cgxe™ + ¢y cos X + Cs sin X

177

T I VT T T T T T T Ty YTV Yy Y YYYYTYVYTTY

v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v



g g gDi?erintia quuatinsiM?HEl)@ % % % % % % % % % % % % QVUQ % %

Step 5 First two terms in this solution are already present in y,

cq + cpe™

Therefore, we eliminate these terms. The remaining terms are

caxe + ¢y cos X + cg sin x

Step 6 Therefore, the basic structure of the particular solution 'y, must be

yp = Axe> + B cosx + Csin x
The constants c3 ¢, and cs have been replaced with the constants A,B and C ,
respectively.

Step 7 Since Yp = Axe> + B cos x + C sin

v
v
v
Y
v
v
v
v
Y
v
v
v
v
g Therefore yp—3y'p= 3Ae3X + (-B —3C) cos x+ (3B —C)sin x
% Substituting into the given differential equation, we have
y 3Ae> + (-B—3C) cos X+ (3B — C)sin x = 8e>* + 4sin x.
Q Equating coefficients of e3X, cos x andsin x , we obtain

3A=8, -B-3C=0,3B-C=4
% Solving these equations we obtain
% A=8g3, B=6/5%g=-2/5

3

g 3 5 5
A
v
i
i
\
i
\
i
\
\
i
v
v
v
v
v
\
\

Step 8 The general solution of the differential equation is then

y=cl+02e3x+§xe3x+§cosx——sinx.
3 5 5

Example 3

d 2y _ —X
Solve +8y =5x+2e" .
dx?

Solution:
Step 1 The given differential equation can be written as

(D? +8)y =5x + 2

Step 2 The associated homogeneous differential equation is
(D% +8)y =0
Roots of the auxiliary equation are complex

m=+2+2 i
Therefore, the complementary function is
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Ye =C1082+/2 X+ Cp sin 24/2 X

Step 3 Since D?x=0, (D+1)e X =0
Therefore the operators D? and D +1lannihilate the functions 5x and2e~*. We apply
D2(D +1) to the non-homogeneous differential equation
D?(D +1)(D? +8)y =0.
This is a homogeneous differential equation of order 5.

Step 4 The auxiliary equation of this differential equation is
m? (m +1)(m? +8) = 0
—=m=0,0,-1,% 221

Therefore, the general solution of this equation must be

y = C1C0S 22X+ o Sin 242X + C3 + C4 X+ C5e >

Step 5 Since the following terms are already present in y,

C1 COS 2+/2X + C, SiN 2 42X
Thus we remove these terms. The remaining ones are

C3 +CaX + Cse

yp=A+Bx+Ce

The constants c3,cqand cg have been replaced with A, BandC.

Step 7 Since yp =A+Bx+Ce”

Therefore Yp +8y, =8A+8Bx+ 9Ce™*

Substituting in the given differential equation, we have
8A +8Bx+9Ce X =5x+2e*
Equating coefficients of x, e *and the constant terms, we have

A=0,B=5/8 C=2/9

5 2 _
Thus yp= X+ e

8 9

Step 8 Hence, the general solution of the given differential equation is
Y=YctVYp
X

. 5 2 _
or y=010052ﬂ+025|n2 BX+ 8x+ 9e :
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Example 4
2

Solve —(; 2y+y=xcosx—cosx
X

Solution:

Step 1 The given differential equation can be written as
(D2 +1)y = XCOS X —COS X

Step 2 Consider the associated differential equation
(D2 +1)y =0
The auxiliary equation is
mé +1 = QN =+
Therefore Y. = C1COS X + C2 Sin X

Step 3 Since (D? +1)?(xcosx) =0
(D? +1)cosx=0; = x=0
Therefore, the operator (D2 +1)2annihilates the input function
X COS X — COS X
Thus operating on both sides of the non-homogeneous equation with (D? +1)?, we have

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
i v
3 3
\ v
\ v
v (D? +1)*>(D? +1)y=0 v
g or (D2 +1)*y =0 3
This is a homogeneous equation of order 6.

Step 4 The auxiliary equation of this higher order differential equation is

3 3
. m?uﬁzo:mznuryqri_ ¢
% ;F:rfglel]‘g;et, r:;f auxiliary equation has complex roots I , and — | both of multiplicity 3. We %
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

Y = C, COS X + C2 SiN X + C3 X COS X + C4 XSiN X + C5 X% C0S X + C,X? sin X

Step 5 Since first two terms in the above solution are already present in y.

C1 COS X + C2 Sin X
Therefore, we remove these terms.

Step 6 The basic form of the particular solution is

Y p= AXCOS X + Bxsin X + Cx? cos x + Ex? sin x

Step 7 Since Yp = AXCOSX + Bxsin x + Cx? cos X + EX? sin x

Therefore
Yp + Yp=4Excosx—4Cxsinx + (2B + 2C) cos X + (-2A+ 2E) sin x
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Substituting in the given differential equation, we obtain
4Ex cos X — 4Cxsin x + (2B + 2C) cos X + (—2A + 2E) sin X = X COS X — COS X

Equating coefficients of xcos x, xsin x,cos x and sin x , we obtain
4E = 1, —-4C =0
2B+2C=-1, -2A+2E=0

Solving these equations we obtain

A=1/4 B=-1/2,C=0, E=1/4

1 1 . 1 o .
Thus Yp =_ XCOSX—_ xsinx+ _ X" sinx

4 2 4
Step 8 Hence the general solution of the differential equation is

! 1 (N 1 -
Yy =C1COSX +CpSiN X+~ XCOSX—_ XSinX+ _ X

4 2 4

sin X.

Example 5
Determine the form of a particular solution for

2
d_2y_2d_y+ y =10e % cosx
dx dx

Solution

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
3 3
\ \
\ \
; Step 1 The given differential equation can be written as ;
¥ (D? —2D +1)y =106~ cos x ¥
g Step 2 To find the complementary function, we consider 3
q S q
e auxiliary equation is
Y m? —2m+1=0= (m-1)° =0=>m=1,1 Y
% The complementary function for the given equation is %
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

Yo = C1e* + coxe¥

Step3Since (D2 +4D +5)e > cosx =0

Applying the operator (D? + 4D + 5) to both sides of the equation, we have
(D2 +4D +5)(D? -2D+1)y =0

This is homogeneous differential equation of order 4.

Step 4 The auxiliary equation is
(m? + 4m +5)(m% —2m +1) = 0
> m=-2+i,1,1
Therefore, general solution of the 4™ order homogeneous equation is

y = C16* + Coxe® +cae > cos X + C4e %X sin X
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Step 5 Since the terms c,e* +c,xe* are already present iny, , therefore, we remove these

2 —2X

and the remaining terms are c3e =" cos X + c4e < * sin x

Step 6 Therefore, the form of the particular solution of the non-homogeneous equation is
Yp=Ae? cosx+Be X sin x

Note that the steps 7 and 8 are not needed, as we don’t have to solve the given
differential equation.

Example 6
Determine the form of a particular solution for

3 d2 d 2
%_4_;/+4d_y:5x —6x + 4x 2 136,
X dx X

Solution:

Step 1 The given differential can be rewritten as
D3 -4D? +4D)y =5x% —6x + 4x2e?* + 36

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
i v
\ v
\ v
% Step 2 To find the complementary function, we consider the equation %
v (0% -4p2 4D} =0 v
% The auxiliary equation is %
% m® —4m? +4m =0 %
% m(m> —4m+4)=0 %
A v
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

mm-2)%2=0=>m=0,2,2

Thus the complementary function is

Yo = C1 +Cpe?* + caxe?

Step 3 Since g(x) =5x% — 6x + 4x2e?* +3e>
Further D3(5x% -6X) =0
(D-2)°x%>* =0
(D-5)e> =0
Therefore the following operator must annihilate the input function g(x) . Therefore,
applying the operator D®(D - 2)* (D - 5) to both sides of the non-homogeneous equation,
we have
D¥(D-2)*(D-5)(D* -D? +4D)y =0
or D*MD-2°{D-5y=0
This is homogeneous differential equation of order 10.
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Step 4 The auxiliary equation for the 10" order differential equation is
m*(m-2)°(m-5)=0
=m=0,0,0,0,2,2,2,2,2,5

Hence the general solution of the 10" order equation is

3 2X 2.2X 3.2X

+ 562X +cgxe® + crx%e?X + cgxe® +coxe?

& + Cloesx

y=0¢C +C2X+C3X2 +Cyg X
Step 5 Since the following terms constitute the complementary functiony;, we remove

these cq + cse? + cgxe™

Thus the remaining terms are

22X 3.2X

CoX + Cax2+ g X° + c7x%e?* +cgxe? + cox*e?X + cype™

Hence, the form of the particular solution of the given equation is

yp = Ax+ BxZ +Cx3 + Ex%e?* + Fx3e2X + Gx%e?X + He™
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Exercise

Solve the given differential equation by the undetermined coefficients.

=

2y’ —7y'+5y =-29

y' +3y' =4x-5

y +2y +2y = 5e*

y' +4y =4cos X+ 3sin x—8

Y +2y +y=x%"

y' +y =4cos x —sin X

y'=y +y-y=xe-e*+7

y +y=8cos2x—4sinx, y(n/2)=-1, y(nt/2)=0
y'-2y +y =xe+5, y0)=2, y'(0)=2, y'(0)=-1
0. y® —y"=x+e*, y(0)=0, y'(0)=0, y'(0)=0, y"(0)=0

B © 0N o Ok owN
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Lecture 20

Variation of Parameters
Recall

o That a non-homogeneous linear differential equation with constant coefficients is
an equation of the form

d n y d n-1
+an_q Y+vap 7 +agy =g(x)
dx" dx1 dx
o The general solution of such an equation is given by

dy
an

General Solution = Complementary Function + Particular Integral
o Finding the complementary function has already been completely discussed.

o In the last two lectures, we learnt how to find the particular integral of the non-
homogeneous  equations by using the undetermined coefficients.

o That the general solution of a linear first order differential equation of the form
Y p(X)y = (x)
dx

is given by y = g1 PdX Iej o ; (x)dx+ cle_I Rax
Note that
a In this last equation, the 2" term
Vo = C16” | Pdx
is solution of the associated homogeneous equation:
v, P(x)y =0
dx

a Similarly, the 1% term
Yp= e/ de.jej Pox ¢ (x)dx

is a particular solution of the first order non-homogeneous linear differential
equation.

o Therefore, the solution of the first order linear differential equation can be written
in the form

Y=YctVYp
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In this lecture, we will use the variation of parameters to find the particular integral of the
non-homogeneous equation.

The Variation of Parameters

First order equation
The particular solution 'y, of the first order linear differential equation is given by

Yo e PdX.J‘eI Pax ¢ (x)dx
This formula can also be derived by another method, known as the variation of

parameters. The basic procedure is same as discussed in the lecture on construction of a
second solution

Since Yy = e_j R

is the solution of the homogeneous differential equation

W P(x)y =0,
dx
and the equation is linear. Therefore, the general solution of the equation is

y==0CY: (X)
The variation of parameters consists of finding a function uz(x) such that

v v
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y v
Y v
v v
v v
v v
Y v
i v
\ v
\ v
\ v
! Jo ~13(8) ya(¥ !
% is a particular solution of the non-homogeneous differential equation %
¥ YPg) y=1(x v
% Notice that the parameter cq has been replaced by the variable u;. We substitute Yp in %
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

the given equation to obtain
d du
Ulr o F’(X)Y1Lr y1 = 1(x)

| | dx i | dx
Since yi is a solution of the non-homogeneous differential equation. Therefore we must
have

%+ P(x)y =0

So that we obtain

This is a variable separable equation. BY fegarating the variables, we have
du =

ACY

Integrating the last expression w.r.to X , we obtain

dx
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1
Therefore, the particular solution 'y, of the given first-order differential equation is .

y=u;(X)y,
or yp:e_jpdx.jej POX £ (x) dx

u'= g—u&x)l)dx
1

Second Order Equation
Consider the 2" order linear non-homogeneous differential equation
3, (X)y" +a, (x)y’ +a, (x)y = g(x)
By dividing withay (x), we can write this equation in the standard form
Y+ POy +Qy = f(x)
The functions P(x), Q(X) ana f (X) are continuous on some interval I . For the
complementary function we consider the associated homogeneous differential equation

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
| |
"+ P(X)y +Q(x)y = 0
% Complementary function { %
v s v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

Suppose that y,andy, are two linearly independent solutions of the homogeneous

equation. Then Y, andy, form a fundamental set of solutions of the homogeneous
equation on the interval I . Thus the complementary function is

Yo = c1y1(x)+ cay2 (x)

Since yi1 and y» are solutions of the homogeneous equation. Therefore, we have
yi+P )y +Q(x)yr =0
y5 +P(X)ys +Q(x)y2 =0

Particular Integral

For finding a particular solution yp , we replace the parameters c;and c; in the

complementary function with the unknown variables uy(x) and u2(x) . So that the
assumed particular integral is

Yp =u(Xx) yr(x)+uz(x)yz2(x)

Since we seek to determine two unknown functions uianduz, we need two equations
involving these unknowns. One of these two equations results from substituting the
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assumed vy, in the given differential equation. We impose the other equation to simplify
the first derivative and thereby the 2" derivative of Yop-

Yp =Uryi +Y1Up +UzYp +UzYp =Uryi +UzYs +Ury; +UzY,

To avoid 2" derivatives of u, andu, , we impose the condition
Uiyp +uzyz =0

Then Yp = U1y +UpY5
So that

Yyp = U1yl + Uiyl +Uzy2 +U2Y?
Therefore

Yp+PYp+Qyp= Wy’ +WyW + Upys + U3Y?

+Puy’’ + Puzyz + Quyy; + Quay?
Substituting in the given non-homogeneous differential equation yields
Uy1 +Uiy1 +UzYs +UzYs +Puyi + Puays +Qupyr +Quayz = f(X)

or u[y; + Py +Q vy ]+ uy[y; + Py, +Qy, ] +ury; +uyy; = f(X)

Now making use of the relations
yi + P (x)y; +Q(x)y, =0
Yo +P(x)ys +Q (x)yz =0
we obtain
UYi +usy = f (x)
Hence uiand u, must be functions that satisfy the equations
ujyps +uzyz =0
Wy’ + uyys = f(x)
By using the Cramer’s rule, the solution of this set of equations is given by

u’ = Wl , u’ = W2
tw 2w
WhereW , Wi and W, denote the following determinants
Py y2 yi. 0
W —L ’ s Wl: R W2 = ,
1 Y2 F(x) v woof(x)
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The determinant W can be identified as the Wronskian of the solutions y; and y.. Since
the solutions y, and y, are linearly independent on| . Therefore

W(yl(x), Y2 (X)) #0, V xel.

Now integrating the expressions for u; andu, we obtain the values of u;andu,, hence
the particular solution of the non-homogeneous linear differential equation.

Summary of the Method
To solve the 2" order non-homogeneous linear differential equation

QY +tay +ay= g(x),
using the variation of parameters, we need to perform the following steps:

Step 1 We find the complementary function by solving the associated homogeneous
differential equation

Y Y
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
3 3
; ay +a1y'+a9y=0 ;
@ Step 2 If the complementary function of the equation is given by @
Q Yo =C1y1+C2Y2 Q
g then }/1 an_lc_jh y» are two Iihnewy inE.epen?etr:t solu:iorjs of the homogeneous differential ;
equation. Then compute the Wronskian of these solutions.

% W = iy, %
; | y
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

’ !
Y2

Step 3 By dividing withaz, we transform the given non-homogeneous equation into the
standard form

Y+ P(x)y + Q(x)y = f (x)
and we identify the function f (x).

Step 4 We now construct the determinants W1 and W5, given by

0 v yi 0
f() s i f(x)
Step 5 Next we determine the derivatives of the unknown variables u; and u, through
the relations

W1=

' 2 —

Step 6 Integrate the derivativesu,” and u5 to find the unknown variables u; andu,. So
that
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(W (W
ulzjwldx’ UZZJWZdX

Step 7 Write a particular solution of the given non-homogeneous equation as
Yp T Uiyl +U2y2

Step 8 The general solution of the differential equation is then given by
Y=Y¢ + yp =C1Yy1+C2Y2 + ugyg +ugys.

Constants of Integration

We don’t need to introduce the constants of integration, when computing the indefinite
integrals in step 6 to find the unknown functions of u, and u,. For, if we do introduce

these constants, then
Yo=(u+a)y; + (U+by)y,

So that the general solution of the given non-homogeneous differential equation is
Y=Y+ Y, =CY: +C Y, + (U +a,)y, +(u, +b)y,

or y=(crt+ay)y1+(ca+by)ys +urys +Upys

If we replace ¢q +ajwith Ciand ¢ +bqwithCsy, we obtain

This does not provide anything new and is similar to the general solution found in step 8,
namely

Y=CiY1 +CY, +UY; +UY,
Example 1
Solve y' -4y +4y =(x+1)e

Solution:

Step 1 To find the complementary function
y -4y +4y =0
Put y=e™ y =me™ y = m2™
Then the auxiliary equation is
m2 —4m+4=0
(m-2=0=>m=2,2
Repeated real roots of the auxiliary equation

y =ce* + cxe¥
c 1 2
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Step 2 By the inspection of the complementary function y;, we make the identification

y1 =e?X and y, = xe?¥
Therefore W(y,,y ):W( e, xe? )= e” xe’ —e% 2 0.Vx
vz ' 2e>  2xe? + e ’
Step 3 The given differential equation is
y — 4y +4y = (x+1)e
Since this equation is already in the standard form
Y +P(X)y +Q(x)y = f(x)
Therefore, we identify the function f (x) as
£(x) = (x+1)e?
Step 4 We now construct the determinants
0 xe?*
= =—( x+1)xe*
1 ( X +1) p2x Ixe2X 4 a2 ( )
er O
W, = =(x+1)e¥
| 2e% (x+1)e* ( )

Step 5 We determine the derivatives of the functions u; and us in this step

':Wl_ (x+1)xe®™
4 e ST
. W, (x+1e)e4x

U= =g = X1

Step 6 Integrating the last two expresl%ns, we obtain
2 —x)dx =—
U= J(—X )
2

U, :j(x+1)dx :X?er.

XX =
2 2

Remember! We don’t have to add the constants of integration.
Step 7 Therefore, a particular solution of then giyen differential equation is
P x3 X‘Qem 2X (nXZ lﬁ

yJ___u+LH%”
pL? 2J L2
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(3 . 2)

or yp =X X [g2X
L 6 2
Step 8 Hence, the general solution of the given differential equation is

3 2
Y=y +y =Ceatcyxet +(X_+X_\ezx
c p L6 2)
Example 2
Solve 4y' + 36y = csc3x.
Solution:

Step 1 To find the complementary function we solve the associated homogeneous
differential equation

4y" +36y=0=y +9y =0
The auxiliary equation is
m? +9=0=m = +3i

Roots of the auxiliary equation are complex. Therefore, the complementary function is

Step 2 From the complementary function, we identify
y1 = C0S3X, Yo = Sin3x

as two linearly independent solutions of the associated homogeneous equation. Therefore

W (cos3x,sin 3x) =

€0S 3X sin 3x
—3sin3x  3cos3x

Step 3 By dividing with4 , we put the given equation in the following standard form

y +9y = E CSC 3X.
4
So that we identify the function f (x) as

1
f(x)==csc3
(x) 7 53

Step 4 We now construct the determinants W1 and W5
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0 sin 3x

:—Ecuﬂxsmsx:—_

W, =|1 ;

;CSC3X 3¢0s 3x

QN

cos 3x 0
_lcos3x

W, = = -
4 sin 3x

—3sin 3x icsc3x

Step 5 Therefore, the derivatives u;and us are given by
w1 Wy

!

Up'=_ ~ =—SH =~ = —
w 12 W 12 sin3x

_ 1 cos3x

Step 6 Integrating the last two equations w.r.to x, we obtain

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
3 3
Y v
i . - v
% up __EX and up = %In §in 3x | %
g Note that no constants of integration have been added. 3
Q Step 7 The particular solution of the non-homogeneous equation is Q
w e i

¥ Yp = Excos3x+ 36(sm 3x)In pin 3x | ¥
Step 8 Hence, the general solution of the given differential equation is

3 3
% Y =Yc +Yp = C10083x +Cp 5in3x L xcosax L (sin 3x)|n|sin 3X| Q
Q 12 36 Q
@ Example 3 Q
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
\ v

il
Solve y —y=_.

>

Solution:

Step 1 For the complementary function consider the associated homogeneous equation
y'-y=0

To solve this equation we put

y = emx y, -m emx y, = mZemx

Then the auxiliary equation is:
m?-1=0=m =+l

The roots of the auxiliary equation are real and distinct. Therefore, the complementary
function is
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ye =ciel +ce %

Step 2 From the complementary function we find

X —_
yi=¢, Y2 =¢
The functions y; and yo are two linearly independent solutions of the homogeneous
equation. The Wronskian of these solutions is

wie”, ™)~

X

eX e_ X

CI

Step 3 The given equation is already in the standard form
y'+p(x)y+Q(x)y=f(x)

1
Here f(x)=_
X

Step 4 We now form the determinants

= - (1 x)

=e*(1/x)

1/ x

Step 5 Therefore, the derivatives of the unknown functions ujand u, are given by

, W e X (Ux) eX

=w T 2 T ox
X

= Wo ) ¢
w -2 2X

Step 6 We integrate these two equations to find the unknown functions uq and us.

1[le™ 1re

ul_ZJ . dx, u2:——J;dx
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The integrals defining u, and u, cannot be expressed in terms of the elementary functions
and it is customary to write such integral as:

ulzlrﬁdt, u,=-_ 1| _ dt
2| t 20, t

Step 8 Hence, the general solution of the given differential equation is

Xt Xt
g lex ety
Ji

1
Y=yc+y|o=01eX +cpe” % +EGXJ r ;

Xll
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Lecture 21
Variation of Parameters Method for Higher-Order Equations

The method of the variation of parameters just examined for second-order differential
equations can be generalized for an nth-order equation of the type.
d n y d n—ly dy

a an_ --+a; —+agy =0g(x
N Tanel T T AL Aoy 9(x)

The application of the method to n™ order differential equations consists of performing
the following steps.

Step 1 To find the complementary function we solve the associated homogeneous
equation
d n y d n—ly dy
a—+a, ——+-+a,—+ay=0
"dxn " dx™? 1o | oY
Step 2 Suppose that the complementary function for the equation is

v v
v v
v v
v v
v v
\ v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
| |
¥ y=C1y1+C2Y2 +++ Ca¥n Y
% Then yq,Yy2,..,ypare n linearly independent solutions of the homogeneous equation. %
g Therefore, we compute Wronskian of these solutions. ;

Y1 Y - Yn
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v

4

A % %2 e

W ( Yir Yor Yaue Yn ) =

(n-1) (n-1) (n-1)

Y1
Step 4 We write the differential equation in the form

Yy 4 P_l(x) Y 4ot Pl(x)y’+ P(x)y=f(x)

Y Yn

and compute the determinants Wy ; k =1, 2,...,n; by replacing the kth column of W by
0

0
the column

0
f(x)
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Step 5 Next we find the derivatives ui, u5,...,up of the unknown functions  usg, Up,...,Up
through the relations

Note that these derivatives can be found by solving the nequations

yauy' +  you2  + -+ Ypup = 0
y1uq +  yau2  + -+ YpUp = 0

yl(n_l)u],_+ yz(h—l)ur2 4 oo+ yn(n_l)u;’] = f()()

Step 6 Integrate the derivative functions computed in the step 5 to find the functions ug

= r%dx,

Jw
Step 7 We write a particular solution of the given non-homogeneous equation as

¥y = Uy () Y5 (%) + 6 (%) ¥ (%) +--+0, (x) ¥ (%)

Uk k=1,2 ..... n

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
\ v
\ \
\ \
\ \
% Step 8 Having found the complementary function yc and the particular integral y,, we %
% write the general solution by substitution in the expression %
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

Y = Yeiu¥ip

Note that
o The first n—1equations in step 5 are assumptions made to simplify the first

n—1derivatives of y,. The last equation in the system results from substituting
the particular integral y, and its derivatives into the given nth order linear
differential equation and then simplifying.

o Depending upon how the integrals of the derivatives uf of the unknown functions
are found, the answer for y, may be different for different attempts to find y

for the same equation.

o When asked to solve an initial value problem, we need to be sure to apply the
initial conditions to the general solution and not to the complementary function
alone, thinking that it is only y. that involves the arbitrary constants.
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Example 1
Solve the differential equation by variation of parameters.

Solution
Step 1: The associated homogeneous equation is
3
d°y " d_y _
dx®  dx

0

Auxiliary equation
m3+m:03m(m2 +1):O
m=0, m==i

Therefore the complementary function is
Yo = C1+C,CO8 X+ C5Sin X

Step 2: Since
Yo =Ci1+C; COS X+ C5SIN X

So that the Wronskian of the solutions yy, Yy, and y;

1 cosx sin X
0 —-sinx CcoOSX
0 —cosx -—sinx

W (y1,y2,¥3) =

By the elementary row operation R1 + R3, we have

1 0 0
0 —sin X CoS X
0 —COoS X —sinx

:(sin2 X + c0s? x)=1¢o

Step 3: The given differential equation is already in the required standard form
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y'+0y"+y+0y=cscx
Step 4: Next we find the determinants W;,W, and W5 by respectively, replacing 1%, 2¢
0
and 3" column of W by the column 0
CSC X

0 COS X sin X
0 —sinXx CoSX
CSCX —COSX —sinX

W, =

= CSC X (sin2 X + C0S? x) =CSC X

1 0 sin x
W,={0 O COS X
0 cscx -=sinx

0 COS X
CSCX —SinXx

=—C0S XCSCX=—Cot x

1 cosx 0

) —sin X 0
0 -sinx 0

and Ws = =—-sinxcscx=-1

—COS X CSCX
0 —-cosx cscx

Step 5: We compute the derivatives of the functionsuq, u, and us as:

uiz 1 - ¢scx

W

us = Wo _ —cot X
W

usz = Vﬁ =
W

Step 6: Integrate these derivatives to find uy,u, and us

(W,

U= —dxzjcscxdx = Infcsc x — cot x

1 J W
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(W [ —cos X
—|——dx=|—cotxdx=|
Uz—jW J- ) sinx

Wy
u= dx = [_ _
3 JW Ildx_ X

dx =—In }sin x|

Step 7: A particular solution of the non-homogeneous equation is

y_ =In|csc x—cot x|—cos xIn [sin x|— xsin x

Y
Step 8: The general solution of the given differential equation is:

y =C; +C, COS X+ C;Sin x+|n|cscx—cotx|i c In|sin x|—xsin X
0S X

v v
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y v
Y v
v v
3 3
Y v
i v
? Example 2 %
Q Solve the differential equation b); Xari;tior: of parameters. Q
% olution Y & %
g gtelp 1 We find the complementary function by solving the associated homogeneous g
equation
"4y =0

g Corresponding auxiliary equatio>:1 is ' 3

m*+m=0= m(m?+1)=0
g s, ORI | ( ) 3

Therefore the complementary function is

v . v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

Yo = C1 +Cp COS X + C3 Sin X
Step 2: Since

Yo = C1 +Cp COS X + C3 SiN X
Therefore y1=1, y2=cosX, Ys=sinx
Now we compute the Wronskian of y;, y, and y3

1 cosx sin x

W (yyYy2ys)=[0 -sinx cosx

0 —cosx -—sinx

By the elementary row operation R1 + R3, we have
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1 0 0
=10 —sin x COS X
0 —COS X —sinx

= (sin2 X+ C0s? x):l;t 0
Step 3: The given differential equation is already in the required standard form
y'+0-y +y +0-y=tanx
Step 4: The determinants W;,W, andW; are found by replacing the 1%, 2" and 3™
column of W by the column

0
0
tan x

Therefore

0 COS X sin x

W,;=| 0 -sinx cosxX

tanx —cosSXx —SinXx
=tan x (0032 X +5in? x)ztan X

N 0 sin X
0 0 COS X
0 tanx -sinx

W, = =1(0 - cosxtan x) = —sin x

1 COS X 0

and W3=[0  —sinx 0 |=1(-sinxtan x)- 0 = —sin x tan x

0 — COS X tan X

Step 5: We compute the derivatives of the functionsuy, u, and us.

W
Uy’ = 1—tanx

w

w )
u'=""%=_sinx
2w
u' =" = sinxtanx
w

Step 6: We integrate these derivatives to find uy,u, and us;
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sin x

‘
dx=Itanxdx=—J— dx:—ln|cosx|

COS X

s s|s

N

dx :j—sin X dx =cos X

s|g =

dx =_[—sin X tan xdx

sin X
0S X

= J’(cos2 X —1)sec xdx = J.(cos2 XSec X —sec x)dx

. 2
dx ='[—sm xsec dx

:j(cos X —sec x ) dx :Icos xdx—fsec xdx
=sin x—In|sec x + tan x|

Step 7: Thus, a particular solution of the non-homogeneous equation

Yp =—In|cosx|D ¢ cos x+(sin x—1In secx-+tan x P (sinx)

0S X

= —In|cos x|+ c0s? x +sin? x—sin xIn[sec x + tan x|

Step 8: Hence, the general solution of the given differential equation is:

Y =Cq +Cp COSX + €3 Sin x — In|cos x| +1—sin x Injsec x + tan x|
or y=(cqg +1)+cp cosx+cgsinx—Incosx —sin x Injsecx + tan x|
or y =d; +¢, cos X +C,sin x—In|cos x| —sin xIn [sec x + tan x|

where d, represents c; +1.

Example 3

Solve the differential equation by variation of parameters.
y"'-2y" -y +2y=e>

Solution

Step 1: The associated homogeneous equation is
y"'=2y"'-y'+2y=0

The auxiliary equation of the homogeneous differential equation is
m3—-2m? -m+2=0

= (m-2) (m2—1)=o

=>m=12-1
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The roots of the auxiliary equation are real and distinct. Therefore vy, is given by

ye = c1* +coe? +cge
Step 2: From y; we find that three linearly independent solutions of the homogeneous

differential equation.

2X X

yi=e, y2=e”, yz=e
Thus the Wronskian of the solutions Y1, y» and ys is given by

X 2X —X

e e e

1 1 1
W =leX 202X X eX-eZX-eX}\ 2 —A‘
4

X 42X X 1

By applying the row operations Ry —R1, R3—R1, we obtain
. 1
0 1 -2
0 3 0
Step 3: The given differential equation is already in the required standard form

W =e?X =6e%X %0

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
i v
\ v
\ v
\ v
v y"-2y" -y +2y =™ v
% Step 4: Next we find the determinants W;,W, and W3 by, respectively, replacing the 1%, %
% 2" and 3" column of W by the column %
\ v
A v
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

0

Thus
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X er 0
X 2X
e 2e 0

3X

e

W3 = =e

and X 4e2x

e e

_ o3 (263x —e3XZ: 6%
Step 5: Therefore, the derivatives of the unknown functionsuq, up and uz are given by.

, W - 3eM 1

u=_ = 6 2

u':\Mé = g3 =L

2w e 3

’ W3 e6x 1 4x

Uz= = = e
Step 6: Integrate these derivatives to u6eu nchu
P : u :%/Md%(ZZF—glgzxdx:—l

N I 0 2 4
JW R

6 24

Step 7: A particular solution of the non-homogeneous equation is
P 13, 13 1 3
Py 3 24

Step 8: The general solution of the given differential equation is:

2 1 3x 1 3x

Xrege ™ -Ze e+ 1 3x
4 3 24

y=c1e¥+coe
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Exercise
Solve the differential equations by variations of parameters.
1. y+y=tanx
2. Yy +y=secxtanx
3. y+y= sec? x
4.y —y=09x/e
5. y’—2y’+y:eX/(l+x2)
6. 4y -4y +y=e"'2{1-x?
7

.y +4y =sec2x

8. 2y"-6y = x2
Solve the initial value problems.
9. 2y +y -y=x+1

10. y' —4y'+4y = (12x2 B GX}eZX
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Lecture 22
Applications of Second Order Differential Equation

o Asingle differential equation can serve as mathematical model for many different
phenomena in science and engineering.

o Different forms  of tggy 2”(“jy order linear differential  equation

___+b__+cy=
adx2 ™ y=1f(x)

appear in the analysis of problems in physics, chemistry and biology.
o Inthe present and next lecture we shall focus on one application; the motion of a
mass attached to a spring.

o We shall see, what the individual terms ad7, bd_’ cy andf (x) means in
X

the context of vibrational system.
o Except for the termeJogy dz;nd physical interpretation of the terms

aW, f(x)

v v
v v
v v
Y v
v v
v v
v v
v v
v v
v v
v v
v v
3 3
v v
\ v
\ \
% b cy,dx %
% the mathematics of a series circuit is identical to that of a vibrating spring-mass %
@ system. Therefore we will discuss an LRC circuit in lecture. @
% Simple Harmonic Motion %
% When the Newton’s 2" law is combined with the Hook’s Law, we can derive a %
Q differential equation governing the motion of a mass attached to spring—the simple Q
harmonic motion.

% Hook’s Law %
Suppose that

g 0 A mass is attached to a flexible spring suspended from a rigid support, then 3

O The spring stretches by an amount ‘s .
% O The spring exerts a restoring F opposite to the direction of elongation or stretch. %
The Hook’s law states that the force F is proportional to the elongation s. i.e
% F =ks %
g Where k is constant of proportionalit}, and is called spring constant. 3
Note That

@ 0 Different masses stretch a spring by different amount i.e s is different for %
@ differen_tm.. _ . @
Q O The spring is characterized by the spring constant k . Q
v v
v v
v v
v v
v v
v v
\ v

0 Forexample if W =10 Ibsand s = Eft
2

Then F =ks

1
or 10 = (gjk
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or k =20 Ibs/ft
If W =8 Ibsthen 8=20(s) = s=2/5 ft

Newton’s Second Law

When a force F acts upon a body, the acceleration a is produced in the direction of the
force whose magnitude is proportional to the magnitude of force. i.e

F =ma
Where m is constant of proportionality and it represents mass of the body.
Weight

O The gravitational force exerted by the earth on a body of mass m is called weight
of the body, denoted by W

0 Inthe absence of air resistance, the only force acting on a freely falling body is its
weight. Thus from Newton’s 2" law of motion
W =mg

Where m is measured in slugs, kilograms or grams and g = 32ft/s?, 9.8m/s? or
980 cm/s?.
Differential Equation
0 When a body of mass m is attached to a spring

O At the equilibrium position, the weight is balanced by the restoring forceks .
Thus, the condition of equilibrium is

mg=ks = mg-ks=0

a If the mass is displaced by an amount x from its equilibrium position and then
released. The restoring force becomes k(s + x). So that the resultant of weight and
the restoring force acting on the body is given by

Resultant= - k(s + x) + mg.

By Newton’s 2" Law of motion, we can written

d?x
m—— = —k(s+ x)+ mg

dt?
d?2x

or m—— = —-kx—ks+mg
dt?

Since mg —ks=0
d2x

Therefore m—— = —kx
dt?

0 The negative indicates that the restoring force of the spring acts opposite to the
direction of motion.
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a The displacements measured below the equilibrium position are positive.

o Bydividing withm, th% Izast eth(uation can be written as:
X
—__T_x=0
dt2 m
d2x
or ___+0?x=0
dt?

k
Where o* = Z. Thjs equation is known as the equation of simple harmonic
m

motion or as the free un-damped motion.
Initial Conditions
Associated with the differential equation
d2x
dt?
are the obvious initial conditions

x(0)=a, X(0)=4

2
+® x=0

These initial conditions represent the initial displacement and the initial velocity. For
example

with an imparted upward velocity.

O If a<0, B=0then the body starts from rest |a| units above the equilibrium
position.
Solution and Equation of Motion

Consider the equation of simple harmonic motion
d 2X 2
IR0
dt?
2
X
Put X = e =m?e
dt?

Then the auxiliary equation is
m+0’=0 = m=%io
Thus the auxiliary equation has complex roots.
mi = i, M2 = —i
Hence, the general solution of the equation of simple harmonic motion is

x(t) = c1cosmt + ¢z sin ot
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Alternative form of Solution
It is often convenient to write the above solution in a alternative simpler form. Consider

x(t) = c1cosot + ¢z sinwt
and suppose that A, ¢ € R such that
Cq = Asing, Cy = Acosd
c

Then A=c® +¢,°  tanp= 1
Ci +C d) C

2
So that

x(t) = Asinot cos¢ +Bcos ot sind
or x(t) = Asin(ot+¢ )
The number ¢ is called the phase angle;

Note that

This form of the solution of the equation of simple harmonic motion is very useful
because

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
i v
\ v
\ v
\ v
\ v
Q o Amplitude of free vibrations becomes very obvious Q
Q o The times when the body crosses equilibrium position are given by Q
Q x=0=sin(ot+¢ )=0 Q
Q or ot+¢ =nm Q
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
\ v

Where nis a non-negative integer.

The Nature of Simple Harmonic Motion
Amplitude

0 We know that the solution of the equation of simple harmonic motion can be
written as

x(t) = Asin(ot+¢ )

a Clearly, the maximum distance that the suspended body can travel on either side
of the equilibrium position is A.

O This maximum distance called the amplitude of motion and is given by
Amplitude = A = 4/c;% +¢,?
A Vibration or a Cycle

In travelling from x = A to x = - A and then back to A, the vibrating body completes one
vibration or one cycle.
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Period of Vibration

The simple harmonic motion of the suspended body is periodic and it repeats its position
after a specific time period T . We know that the distance of the mass at any time t is

given by
x = Asin (ot +¢)
Since Asinrm(t+2—n\+¢1
R
I ) ]

= Asin[[(ot+¢ +2n )]
= Asin[ (ot+¢ )]

Therefore, the distances of the suspended body from the equilibrium position at the

2n
timest and t+ =" are same
(O]

Further, velocity of the body at any time t is given by
Z_)t(z Ao cos(ot+¢ )
Ao cos|(co |(t - an \|+¢\|
\
= Ao cos[ot+¢ +2r ]
= Ao cos(ot+¢ )

Therefore the velocity of the body remains unaltered if tis increased by 2w /@ . Hence
the time period of free vibratzions described by the 2" order differential equation

dex 2
Pty 10
dt?
is given by
T= Zn
®
Frequency

The number of vibration /cycle completed in a unit of time is known as frequency of the
free vibrations, denoted by f . Since the cycles completed in time T is 1. Therefore, the
number of cycles completed in a unit of time is 1/T

Hence

.
T 2=n
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Example 1
Solve and interpret the initial value problem

d_2x +16x =0
dt?
x(0)=10, x(0)=0.
Interpretation
Comparing the initial conditions
x(0)=10, x(0)=0.
With
x(0)=a, x(0)=p
We see that
a=10,8=0
Thus the problem is equivalent to
a Pulling the mass on a spring 10 units below the equilibrium position.
O Holding it there until timet = 0 and then releasing the mass from rest.
Solution

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
g Consider the differential equation g
v v
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

2
Put x=emt, 9X_mem

Then, the auxiliary equation is
m2 +16 =0
= m=0=4i
Therefore, the general solution is:
x(t) = ¢, cos4t + ¢, sin 4t
Now we apply the initial conditions.
x(0)=10 = ¢;.1+¢,.0=10
Thus ¢, =10
So that x(t) = 10cos4t + ¢z sin 4t

d—X= —40 sin 4t + 4c _, cos 4t
dt ?
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Therefore X(0)=0 = -40(0)+4c2.1=0
Thus c, =0
Hence, the solution of the initial value problem is

x(t) = 10cos4t

Note that

o Clearly, the solution shows that once the system is set into motion, it stays in
motion with mass bouncing back and forth with amplitude being10 units.

o Sincew = 4. Therefore, the period of oscillation is

T = i _I seconds
4 2

Example 2

A mass weighing 2Ibs stretches a spring 6 inches. At t = 0 the mass is released4from a
point 8 inches below the equilibrium position with an upward velocity of 3 ft/s.

v v
i Y
Y Y
v v
Y Y
Y v
Y v
Y Y
Y Y
Y v
v v
Y v
Y v
Y Y
i v
v v
g Determine the function x (t) that describes the subsequent free motion. 3
Q Solution Q
For consistency of units with the engineering system, we make the following conversions

Q y ' g h g sy g Q
% 6 inches = 3 foot Q
g 8inches = gfoot h 3
g Further weight of the body is given to be 3
% W =2 lbs Q
@ But W =mg Q
Y W2 v
v 9% v
Y . v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
| v

or M= __slugs.
16 g

Therefore m

Since Stretch =s = Efoot
2

Therefore by Hook’s Law, we can write

1
2= k(_z] = k = 41bs/ft
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Hence the equation of simple harmonic motion
d2x
m— = —kx
dt?
becomes
1d%x
16 dt?
2
X
or —— +64x =0.
dt?

—4x

Since the initial displacement is 8 inches :E ft and the initial velocity is ift/s, the
3 3
initial conditions are:

x0)=2, x(©)=-*
3 3

The negative sign indicates that the initial velocity is given in the upward i.e negative
direction. Thus, we need to solve the initial value problem.

2
Solve M+ 64x =0
dt?

_ d?x
Putting X=eM™, — =m%m
We obtain the auxiliary equation
m2 +64=0
or m = 18i
The general solution of the equation is
x(t) = ¢, cos8t + ¢, sin8t

Now, we apply the initial conditions.

2 2
X(O):— :>C11+ C2 O:—
3 3

2
Thus i
3

2
So that x(t) "3 Cos8t+C_sin gt
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Since

x'(t) = et + 8¢y cos8t .
3

Therefore

X’(O):—i :—E.O+8C .1:—4
3 3 - 3

Thus

1
cC=-

N —
6
Hence, solution of the initial value problem is
x(t) =_2 cos 8t —E sin 8t.
B 6
Example 3

Write the solution of the initial value problem discussed in the previous example in the
form

v v
v v
v v
Y v
v v
v v
v v
v v
Y v
v v
v v
v v
v v
Y v
i v
\ v
3 3
x(t) = Asin(ot +¢ ).

; Solution g
The initial value discussed in the previous example is:

% d?x %
\ v
A v
v v
i v
i v
\ v
i v
\ v
i v
\ v
\ v
i v
v v
v v
v v
v v
v v
\ v
| v

Solve o+ 64x =0

T 4
Subject to x(0) = A x(0) = _E

Solution of the problem is

x(t) :_2 cos 8t —Esin 8t
3 6

Thus amplitude of motion is given by

2 2
A= \/(E) +(— l) =ﬁ ~ 0.69 ft
3 6 6
and the phase angle is defined by
213 4

sing = = >0
¢ V1716 17

-1/6 1

cos = - <0
¢ 716 V17

214
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Therefore
tang = —4
or tan (- 4) = —1.326 radians
Since sing >0, cosd < 0,the phase angle ¢ must be in 2" quadrant.

Thus
¢ =m —1.326 =1.816 radians

Hence the required form of the solution is

X(t)_ sm(8t +1.816)

Example 4

For the motion described by the initial value problem
d2x

Solve —ar i 64x =0
dt

2
Subject to x(0) = 5 x(0)=-_

Find the first value of time for which the mass passes through the equilibrium position
heading downward.

Y Y
Y Y
Y Y
Y v
Y v
Y v
Y v
Y v
Y Y
Y v
Y v
Y v
Y v
Y Y
i v
v v
Y v
v v
v v
v v
% Solution %
% We know that the solution of initial value problem is %
v v
Y v
Y v
Y v
i v
Y v
i v
Y v
i v
v v
v Y
Y v
Y v
v v
Y v
Y v
i v
v v

x(t) :_2 cos8t —Esin 8t.
3 6

This solution can be written in the form

X(t)_ sm(8t +1.816)

The values of t for which the mass passes through the equilibrium position i.e for which
x =0 are given by

wt+¢ =nmn
Where n=1,2,..., therefore, we have

8t; +1.816 =m, 8ty +1.816=2m, 8t3+1.816 =3r,...
or t; =0.166, t, =0.558, t3=0.951,...

Hence, the mass passes through the equilibrium position
x=0

heading downward first time at t; = 0.558 seconds.
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Exercise
State in words a possible physical interpretation of the given initial-value problems.

4
1. 3—2x’ +3x =0, x(0) = -3, x(0)=-2

1
2. EX’ +4x =0, x(0)=0.7, x(0)=0

Write the solution of the given initial-value problem in the form x(t) = Asin(wt +¢)
3. X +25x=0, x(0)=-2, x(0)=10

1,
4, EX +8x =0, X(O):l, x’(O):—2

v v
v v
v v
Y v
v v
v v
v v
3 3
v v
v v
v v
3 5. x'+2x=0,  x(0)=-1, x(0)=-2+2 g
g 6. %x’ +16x =0, x(O) = 4, x’(O) =16 g
Y 7. 01X +10x=0,  x(0)=1, x(0)=1 '
\ 8. X +x=0, x(0)=-4, x(0)=3 \
% 9. The period of free undamped oscillations of a mass on a spring is © / 4 seconds. If %
% the spring constant is 16 Ib/ft, what is the numerical value of the weight? %
% 10. A 4-Ib weight is attached to a spring, whose spring constant is 16 Ib/ft . What is %
¥ period of simple harmonic motion? ¥
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
\ v
v v
v v
v v
v v
v v
v v
v v
\ v

11. A 24-Ib weight, attached to the spring, stretches it 4 inches. Find the equation of
the motion if the weight is released from rest from a point 3 inches above the
equilibrium position.

12. A 20-Ib weight stretches a spring 6 inches. The weight is released from rest 6
inches below the equilibrium position.

b) What is the velocity of the weight when t =3m /16 seconds? In which

216
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direction is the weight heading at this instant?

c) At what times does the weight pass through the equilibrium position?
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v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
v v
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Q1: Which of the following is the first order linear equation in unknown
variable y?
A) z Wax + (sinx)y = cosx (page48) (100% Sure)

D) y %ay + (siny)x = cosy

A) y Way + (siny)x = cosx
A) y Way + (sinx)x = cosy

Q2: Which of the following function would satisfy: Vax = Y ax* = -~-----
= dn)ydxn?

A)y = Ae* (Confirm) (100% Sure)
B) y = Axe*
B) y = Ae™
B) y = Ax* e**
Q3: If
y=2+Xx

, then which of the following is true for it?
A) Its annihilator is D

C) Its annihilator operator is D* (pag159) (100% Sure)
B) Its annihilator operator is D?

B) Its annihilator operator is D + 1

Q4: For the non-exact differential equation M(x,y)dx + N(x,y)dy =0,
if Mo, - N5 /N '$ is a function of x, then the integrating factor is:
A) function of x also (page40) (100% Sure)

D) function of y

D) constant

D) multi-variable function of both x and y

QS5: Which of the following are explicit solution of the differential

equation: Vg = - %
A)y=+V4+x
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A)y=+V-4+x?
D)y=+V4-x* (pagel6) (100% Sure)
D)y=+V-4-x

Q6: For f(x,y) = 24y + 7, f(tx, ty) = - - -

A) f(x,y)

A) t f(x,y) (page26) (100% Sure)

A) t f(x,y)

D) £ f(x,y)

Q7: What is the annihilator operator of the function g(x) = 4sinx ?
A) (D*-1)

D) (D* + 4)

D) (D’ - 4)

D) (D> + 1) (100% Sure)

Q8: The differential equation % -y =1y ?
A) Bernoulli's (pageSS) (100% Sure)

A) Homogeneous

A) Cauchy

D) Bessel

Q9: The integrating factor for the first order linear differntial
equation: "y + ycotx = sin’x is
C) sinx (100% Sure)

D) cosx
D) esin X
D) @cos X

Q10: In exponential model for the population growth: P(t) = Poe** If
k>0, then lim t—oo P(t) =
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A)0

B)1

B) «© (page97) (100% Sure)

B) -«

Q11: The hook's law states that the force F is proportional to the

A) Length
B) Elongation (page197) (100% Sure)
C) Weight

D) None of these
Q12: Separable form of the differential equation: %ax =y - 1 is
wherev=y-1.

A) % =dv

B) dx = vdv

C) % = dx (pagel7) (100% Sure)

D) %% = %%

Q13: For f(x,y) = *y + 7, f(tx, ty) = - - -
A) f(x,Y)

B) t f(x, y) (page26) (100% Sure)

C) * f(x,y)

D) t* f(x,y)

Q14: Which of the following is an equivalent form of the exact
differential equation: ydx + xdy = 0?

A)d%=0

B) d %< =0 (page33) (100% Sure)
C)dixy)=0

D)d(x+y)=0

Q15: In the general solution of a separable differential equation is sin'y
= cos'x + ¢, provided that y (*42) = Y4, then ¢ = - - -,

A)
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B) 4
C)-"%

D) 0 (Confirm Solved) (100% Sure)

Q16: The differential equation of orthogonal trajectory to the family of
curves x - 2y = c is:

A) Yax=-%

B) Wax =1
C) Wax =2

D) %ax = -2 (Confirm) (100% Sure)
Q17: Classify the following differential equation e* %y + 2y = 3xy
A) Separable and not linear

B) Linear and not sparable
C) Both sparable and linear

D) Neither sparable nor linear (Confirm Solved) (100% Sure)
Q18: The periodic time is given by:
A) Van

B) 2% (page201) (100% Sure)
O)2ll+w

D) %,
Q19: If x?y*dx + x’y*dy = 0 has the equivalent form as d (Y5 x%y’) = 0, then
its solution is

A)xX+y’=c

B)x’-y*=c

O)x’y’=c¢

D) %’ =c

Q20: The family of parabolas y*> = 4ax are solutions of the differential
equation: %Wax = 2% for ------- value(s) of a.

A) infinite

B) finite

C) unique
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D) no (Confirm) (100% Sure)
Q21: If y= c1e2*V9x + ¢,e02-Y9x jg the complementary solution of:
A)Ax + B

D) Ax>+Bx +C
D) Ax® + Bx? + Cx + D (Confirm) (100% Sure)

D) (Ax? + Bx)2x?

Q22: If initial amount of radioactive isotope is 100g. What will be the
amount at the end of 30 days such that K=0.043?

A) 371.415

B) 380.560
B) 363.297 (Confirm Solved) (100% Sure)

B) 360.351

Q23: If 2,3,5 are real roots of a differential equation, then the general
solution is .

A) ye = c1e** + ¢2e** + ¢3¢ (confirm Solved) (100% Sure)

B) yc = c1e* + c2e™ + ¢3e™

B) yc = cie** + cie™ + ¢1e™

2x

B) Ye = (cl +c2+ c3)e3x+ e
Q24: Wronskian W(x,2x) = .
e (0 (Confirm Solved) (100% Sure)
o 1
o -1
e None of these
Q25: Which of the following is the implicit solution of the differential
equation: W =-%,

A)x+y+4=0

B) x> +y% - 4 =0 (pagel6) (100% Sure)

B)x’-y*+4=0

B) x> -y*-4=0

Q26: ydx - y(sinx)dy =0, is an example of  differential equation.

A) Exact (page33) (100% Sure)
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B) Non-exact

B) Non-linear

B) Non-homogeneous

Q27: Which of the following is an example of ordinary differential
equation?

A) (y - x)dx + 4xdy = 0 (pagel5) (100% Sure)

B) du/dy =- ou/0x
B) ax’ + bx + ¢ =0, a0

B) ¢(x) = f(x) + & | k(x,t) p(t)dt

Q28: A differential equation M(x,y)dx + N(x,y)dy = 0 is exact if there
exists a multi-variable function f(x,y) such that

A) df(x,y) = of/0x dx + of /0y dy (100% Sure)

B) | f(x,y)dx = [ of/éx dx + | of/dy dy
B) f(x,y) = of / 0x dx + 0f/ Oy dy

B) f(x,y) = | of/0x dx + [ of/ dy dy

Q29: Which of the following is an initial value problem (IVP)?
A)dy/dx*+y=0

B) d’y/dx*+y=0,x & |-2, 2|

B) d’y/dx*+y =0, y(1) =-2 and y'(1)= -2 (Confirm Solved) (100% Sure)
B) d’y/dx*+y=0,y(1)=-2 and y'(""/2)=-2

Q30: Which of the following would be a constant solution of the

separable differential equation: %/ 4y = eV ?
A) y = 0 (Confirm Solved) (100% Sure)

B)y=1
B)y=aeR

B) No constant solution exist

Q31: The family of curve x> + y?> = C? represents a family of circles
centered at

A) (1, 0)

D) (0, T)
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D) (0, 0) (page84) (100% Sure)

D) (1, 1)
Q32: The differential equation: (x + 2y°) %/ax =y is linear in unknown:
A) variable y

B) multi- variable x and y
B) variable x (100% Sure)

B) dy/dx
Q33: For a system in simple harmonic motion which of the following is
the time required to complete a cycle of motion?

A) Frequency

B) Amplitude

B) Period (page201) (100% Sure)

B) Revolution

Q34: Suppose that yi, y: ....... yn are n solution of the homogeneous nth

order differential equation. Then the solution is linearly dependent on an
interval if and only if ;

A) W(Y1, Y25 ceeeeee ,yn) = 0 (pagel120) (100% Sure)

B) W(¥1, ¥25 cecceee »Yn) = 0

C) W(¥1, Y25 eeeeeee ,yn) 70

D) W(Y1, Y25 ceveees »Yn) = -0

Q35: If we substitute u =Y/ is differential equation.
A) ue" du =dx

B) ue™ du = dx (page61) (100% Sure)

C) ue" du =dy

D) ue™ du = dy

Q36: Which of the following would be a particular solution of the
differential equation: %/ 4x = 4?

A)y=4x+a

B)y=ax+4

B)y=ax+a
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B) y =4x + 4 (Solved Confirm) (100% Sure)
Q37: A set of functions {fi(x),f2(x),f3(X),......,fn(X)} is said to be

on an interval I if there exist constants.
A) Linear dependent (pagell1) (100% Sure)

B) Linear independent

Q38: Separable form f(y)dy + g(x)dx = 0, of the differential equation x
sinydx + (x> + 1) cosydy = 0 is
A) tanydy +*/x*+1dx =0

B) cotydy + */+*+1 dx = 0 (Solved Confirm) (100% Sure)
B) tanydy +*/*.1dx =0

B) cotydy +*/x*.1 dx =0

Q39: The differential equation is (1 + Inxy)dx + (1 + */y) dy = 0 is exact
because .

A)M/o=N/5=1/s

B)™M/aox=N/oy=1/y
B) ™M/ =N/o=1/y (Confirm Solved) (100% Sure)

B) aM/&x = 6N/6y =5 l/x
Q40: We can derive a differential equation governing the motion of a
mass attached to spring when the Newton's second law combined with

A) Hook's law (pagel197) (100% Sure)
B) Newton's 3rd law
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