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Ordinary Diffeiential Eqjuaiiis

The term “Ordinary Differential Equations™ also known as ODE is an equation
that contains only one independent variable and one or more of its derivatives with
respect to the variable. In other words, the ODE is represented as the relation
having one independent variable x, the real dependent variable y, with some of its
derivatives.

yLy”, ....y",...with respect to x.
Linear y=mx+c
Quadratic ax?+bx+c=0

Cubic ax3+bx?+cx+d=0

Types
The ordinary differential equation is further classified into three types. They are:
« Autonomous ODE

« Linear ODE
« Non-linear ODE

Autonomous Ordinary Differential Equations

A differential equation which does not depend on the variable, say x is known as
an autonomous differential equation.

Linear Ordinary Differential Equations

If differential equations can be written as the linear combinations of the derivatives
of y, then they are called linear ordinary differential equations. These can be
further classified into two types:

« Homogeneous linear differential equations
« Non-homogeneous linear differential equations
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Non-linear Ordinary Differential Equations

If the differential equations cannot be written in the form of linear combinations of
the derivatives of y, then it is known as a non-linear ordinary differential equation.

Example

(z +1)°
zy =sinz
Py 9dy e _ _
di dt y = 0,y(0) =0, .?JH(D} =2
Y' =y + ze”

Elements of the Theory
Applicable to:

Chemistry
Physics
Engineering
Medicine
Biology
Anthropology

Differential Equation
involves an unknown function with one or more of its derivatives

Ordinary D.E.
a function where the unknown is dependent upon only one independent variable

Examples of Des
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ﬁ — 5_1:

dx
( V= _'c] dx + dxdy

dy +5{£J 4y
B dx

the growth equation;

the pendulum equation;

d d; .

Ezf +e(y’+1) = the van der Pol equation;
the LCR oscillator equation;

a Riccati equation.

Ordinary Differential Equation

If an equation contains only ordinary derivatives of one or more dependent
variables, w.r.t a single variable, then it is said to be an Ordinary Differential
Equation (ODE). For example the differential equation

Y s( D) _4y = ¢
dx” dx " . i i . .
Is an ordinary differential equation.

Partial Differential Equation
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Similarly an equation that involves partial derivatives of one or more dependent
variables w.r.t two or more independent variables is called a Partial Differential
Equation (PDE).

For example the equation

Results from ODE data ,,

» The solution of a general differential equation:
e ft,y,y’,...,y(n)=0
> Is defined over some interval | having the following properties: ,,
o y(t) and its first n derivatives exist for all t in | so that y(t) and its first
n - 1 derivates must be continuous in [ ,,
o y(t) satisfies the differential equation for all tin |
General Solution — all solutions to the differential equation can be
represented in this form for all constants ,,
Particular Solution — contains no arbitrary constants ,,
Initial Condition
Boundary Condition
Initial Value Problem (IVVP)
Boundary Value Problem (BVP)

Properties of ODE’s ,,

» Linear — if the nth-order differential equation can be written:
an(tiy(n) + an-1(H)v(n-1) + ... +aly’ + a0(t)y = h(r)

> Nonlinear — not linear *3(00"")3-x2y(y")2+3xy " +Jy=ex

» Superposition — allows us to decompose a problem into smaller, simpler
parts and then combine them to find a solution to the original problem.

Implicit Solution

A relation G(x,y) is known as an implicit solution of a differential equation, if it
defines one or more explicit solution on 1.
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Lecture 3
Separable Equations

Separable differential equations are a special type of differential equations where
the variables involved can be separated to find the solution of the equation.
Separable differential equations can be written in the form dy/dx = f(x) g(y), where
x and y are the variables and are explicitly separated from each other.

Separable Differential Equation

dy = f(x)
dx

= I _ 0 dx

= J;dy =J.f(x) dx

Find the particular solution of
dy y' -1
—— == , y(D=2
dx x
Solution:
1. By solving the equation

y -1=0

We obtain the constant solutions
y==l1
2. Rewrite the equation as
dy _dx
¥ -1 x

Resolving into partial fractions and integrating, we obtain

13 . d\.:Jldx
2)|ly-1 y+1]° x

Integration of rational functions, we get
L |31
—In Bl
2 |y+l|

3. The solutions to the given differential equation are

=In|x|+C

jlln Dig=1 =In|x|+C
2 |y+l
l)‘ = #1
4. Since the constant solutions do not satisfy the initial condition, we plug in the
condition
y=2 When x =1 in the solution found in step 2 to find the value of C.

1 1
—ln(—) =
2 \3
The above implicit solution can be rewritten in an explicit form as:
3+x?
y= -
3-—x°

More Files Join VU WhatsApp Group:
https://chat.whatsapp.com/BL40k4jnM9iJiglhAA1SG3



https://chat.whatsapp.com/BL4ok4jnM9iJiglhAA1SG3

Solve the differential equation

d J
_'J =14+ —
dt
Solution:

1. We find roots of the equation to find constant solutions

1+ L =0
Yy
No constant solutions exist because the equation has no real roots.
2. For non-constant solutions, we separate the variables and integrate

dy
)it

1

1+1/y y]

yr
Thus J ﬁ =y- ran'l(y)

y—tan ' (y)=t+C

It is not easy to find the solution in an explicit form i.e. } as a function of t.

Since

So that

Since 3 no constant solutions, all solutions are given by the implicit equation
found

n step 2.

(L+x)dy— ydx =0

Solution:

Dividing with (1 + x)y, we can write the given equation as
y__y

dx  (1+x)

The only constant solution is ¥ =0

L.

2. For non-constant solution we separate the variables
dy  dx

¥ Cl+x
Integrating both sides, we have

" dy [ dx
J TJ - J 1+ x
1n‘y| = 1n|1 + x| +c,
y= eln|1+x\+c‘l _ eln|l+x| e
y = \l+x|ec' ::J_recl(l+x)

c
y=C(l+x), C=xe¢'
If we use In | ¢ | instead of € then the solution can be written as
Injyl=In|[l+x|+In|c|
or In|y[=Inje(l+ _\'H

So that y= r:(l +x).
3. The solutions to the given equation are

vy = cll+x)

¥y =0
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Lecture 4
Homogeneous Differential Equations
Homogeneous Differential Equations

W gy
A first order differential equation is homogeneous if it takes the form: (%)
Y
Where ") is a homogeneous function in this context homogeneous is used to mean a function
of x and y that is left unchanged by multiplying both arguments by a constant, i.e.

f(txe 1)}) =tnf(x5 }’) For some real number n, for any number .

‘Example 1
Determine whether the following functions are homogenecous

xv
flry)=—2
X +y
g(x,y)= 111(7 3xTy/(x +4xy? )}
Solution::
The functions f(x, ¥) is homogeneous because
: £’ xy Xy :
flxay) =552 =—2 - r(x,y)
F(x"+yv) x +y

Similarly, for the function g(x,)) we see that

3z - 2
a(orty) = 1,{&) _ m[&] — g(x.y)

(x* + 4xp?)

Therefore, the second function is also homogeneous.
Hence the differential equations

X7+ dxyp?

Are homogeneous differential equations

Method of Solution:

To solve the homogeneous differential equation

@ _ S(x.»)

dx
We use the substitution

If f(x,y)is homogeneous of degree zero, then we have
S, p)=f(,v)=F(v)
Since y’ = xv' + v, the differential equation becomes
.\'ﬂ +v=f(Lv)
dx

This is a separable equation. We solve and go back to old variable y through ) = XV,
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‘Examplel’ Solve the differential equation
dy  —2x+5y

dx 2x+y

Solution:
Step 1. It is easy to check that the function

: 2x+y
is a homogeneous function.
Step 2. To solve the differential _t:_cll._lg:lion we substitute
vl
E X
Step 3. Differentiating w.rt X, weobtain
—2x+5xv _ =2+ 5v

_1_*‘1}'-}_\}: =
2X + xv 2+

which gives

a’x x\ 2+4v
: This 1s a sepz 1rable At this stz age Plt}dbe refer to the Caution!
Step 4. Solving by separation of variables all solutions are implicitly given by

—4In(v-2))+3ln|v—T]=In(x))+C
_E‘itep 5.: Going back to the fun:.llun y 1hr0ugh the :.ubbllluuon y =, we gel
:—41n|_} 2r|+3ln|} x| C:

dv +51J
— — "J .

—2x |+3|n|} |—In|x’|+c

4
+In =lnx+Inc,.

y—-
x

]

(- ixr' | +In (J’—;Y)'
x X

(y—2x)" (y—x)

—4 ° 3
x X

=Ilncx

=Incx

-2 (v—x)
: P - e =6

:x(}' —2x) "y—x) =¢x
o207t =g
‘Note that the implicit equation can be rewritten as

(-x) =C(y-2x)"

Differential Equations Reducible to Homogeneous
Form

E _ L1 0y
A differential equation of the form iz arthyte where can be reduced to

homogeneous form by taking new variable x and y such that x =X + handy =Y + k,
where h and k are constants to be so chosen as to make the given equation

homogeneous. With the above substitutions, we get dx = dX and dy = dY, so that
4y _ dv
dr ~— dX~

a /
- 7

1
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The differential equation ) e R
d a,x+by+c
dx a,x+b,y+c,

is not homogenous. However, it can be reduced to a homogenous form as detailed below

Case1: & :ﬁ
a, b

We use the substitution: z = @,x + b, - which reduces the equation to a separable
equation in the variables X and Z. Solving the resulting separable equation and
replacing =z witha,x + b,y , we obtain the solution of the given differential equation.

Case 2: —

In this case we substitute

Where /& and k are constants to be determined. Then the equation becomes

dY _ a X+bY+ah+bk+c
dX a,X+b,Y+a,h+bk+c,

We choose /1 and K such that
ah+bk+c, = 01
ah+bk+c, = OI
This reduces the cquulit.;n to
dY aX+bY

dx a,X +b,Y

Solve the differential equation
dv  2x+3y-1
dx  2x+3y+2
Solution:

. a, b, .
Since—=1= P e substitute z = 2x + 3y, so that

dx

This is a variable separable form, and can be written as

( -::++27 } /-
Integrating both sides we get
—z=9In(z-7)=x+ 4
Simplifying and replacing zwith2x + 3, we obtain
—In(2x+3y—-7) =3x+3y+ 4

2x+3y-7)" =ce’™), c=e"
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Exact Differential Equation

A differential equation is an equation which contains one or more terms. It involves the derivative of
one variable (dependent variable) with respect to the other variable (independent variable). The
differential equation for a given function can be represented in a form: f(x) = dy/dx where “x” is an
independent variable and “y” is a dependent variable. In this article, we are going to discuss what is an
exact differential equation, standard form, integrating factor, and how to solve exact differential

equation in detail with examples and solved problems.
Exact Differential Equation Definition

The equation P (x,y) dx + Q (x,y) dy=0 is an exact differential equation if there exists a function f of two
variables x and y having continuous partial derivatives such that the exact differential equation
definition is separated as follows

Ue(x y) = p(x y) and uy (x, y) = Q(x y);

Therefore, the general solution of the equation is u(x, y) = C. Where “C” is an arbitrary constant.

Testing for Exactness

Assume the functions P(x, y) and Q(x, y) having the continuous partial derivatives in a particular domain
8 _ or

D, and the differential equation is exact if and only if it satisfies the condition g

Exact Differential Equation Integrating Factor

If the differential equation P (x, y) dx + Q (x, y) dy =0 is not exact, it is possible to make it exact by
multiplying using a relevant factor u(x, y) which is known as integrating factor for the given differential
equation.

Method of Solution:

: ok oF
Step 2. Write down the system — = M (x,y), i— =N(x,y)
ox oy

Step 3. Integrate either the 1* equation w. r. o X or 2™ w. r. to y. If we choose the 1*
equation then

Fe)= [ MGy +00)

The function #(y) is an arbitrary function of ) . integration w.r.to X; } being

constant.
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Step 4. Use second equation in step 2 and the equation in step 3 to find 8'(y).
oF
0y

= %(J' M(x, }‘)d.\')+ 0'(,\') =N(x,y)

'(v) = N(x, )~ — [ M(x, y)dx
oy
Step 5. Integrate to find #(y) and write down the function F (x, y):
Step 6. All the solutions are given by the implicit equation
F(x,y)=C

Step 7. If you are given an IVP, plug in the initial condition to find the constant C.

Solve the initial value problem
(cos xsin x — xy° )1.\' + y(l -x° )a:v =0, y(O) =2
Solution:

: I';\I(x._\") =cosx.sinx—xy~
Since ]

: lN(.r. y) = wi-x*)

oM cN
and ==2Xxy =

-~

oy ox
Therefore the equation is exact and 3 a function f(x,y) such that

~ a
c : > 5] )
_;—f =CcosX.Sinx—xy  and Tf =y(l-x7)

ox oy
Now integrating 2" of these equations w.r.t. * ¥ " keeping * X "constant, we obtain

o

flx,y)= ‘7(1 —x? )+ h(x)
Differentiate w.r.t. * X" and equate the result to M (x, y)
o _

a'\. cmaoa
The last equation implies that.

h'(x)= cosxsinx

—xy® + h'(x)=cos xsin x — xy’
Integrating w.r.to X, we obtain

:h(x)z —J-(cos x)—=sinx)dx = —%cos" x
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Thus a one parameter family solutions of the given differential equation is
: "“ 5 2 l 2 -
:’—(l -x" )- —Ccos~ X =¢,!

-

y’(l—xl)— cos’x=c¢

where 2¢, has been replaced by C'. The initial condition y =2 when x =0 demand, that

4(1)-cos*(0)=cso that ¢ =3. Thus the solution of the initial value problem is

Integrating Factor Technique

integrating factor is a function used to solve differential equations. It is a function
in which an ordinary differential equation can be multiplied to make the function
integrable. It is usually applied to solve ordinary differential equations. Also, we
can use this factor within multivariable calculus. When multiplied by an
Integrating factor, an inaccurate differential is made into an accurate differential
(which can be later integrated to give a scalar field). It has a major application in
thermodynamics where the temperature becomes the integrating factor that makes
entropy an exact differential.

Integrating Factor Method

Integrating factor is defined as the function which is selected in order to solve the
given differential equation. It is most commonly used in ordinary linear differential
equations of the first order.
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When the given differential equation is of the form; dy/dx + P(x) y = Q(x) where P
and Q are functions involving x only.

dy 3y e dy 3y
dr  z dr x+

S - I
3 =(r+1)".

dr T T

We can solve these differential equations using the technique of an integrating
factor. Where P(x) (the function of x) is a multiple of y and p denotes integrating
factor.

Solving First-Order Differential Equation Using Integrating Factor

Below are the steps to solve the first-order differential equation using the
integrating factor.

Compare the given equation with differential equation form and find the
value of P(x).

Calculate the integrating factor p.

Multiply the differential equation with integrating factor on both sides in
such a way; p dy/dx + uP(x)y = uQ(x)

In this way, on the left-hand side, we obtain a particular differential form.
l.e d/dx(p y) = pQ(x)

In the end, we shall integrate this expression and get the required solution to
the given equation: p y = [uQ(x)dx+C

Solving Second Order Differential Equation Using Integrating Factor

The second-order differential equation can be solved using the integrating factor
method.

Let the given differential equation be,

Yy’ +PX)y =Qx)

The second-order equation of the above form can only be solved by using the
integrating factor.
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Substitute y’ = u; so that the equation becomes similar to the first-order
equation as shown: u’ + P(x) u = Q(x)
Now, this equation can be solved by integrating factor technique as
described in the section above for first-order equations and we reach the
equation: p u=/puQ(x)dx+C

« Find the value of u from this equation.

Since u=1y’, hence to find the value of y, integrate the equation. In this way, we
get the required solution.
Integrating Factor Example

Solve the differential equation using the integrating factor: (dy/dx) — (3y/x+1) =
(x+1)*

Solution:

Given: (dy/dx) — (3y/x+1) = (x+1)*
First, find the integrating factor:
= elpeodx

n=e J(-3/x+1) dx

-[('3/ X+l)dX =-31In (X+1) =1In (X+l)'3

Hence, we get

U —gln (x+1)-3

n=1/ (x+1)3

Now, multiply the integrating factor on both the sides of the given differential
egaution:

[1/ (x+1)°] [Dy/dx] — [3y/ (x+1)")] = (x+1)
Integrate both the sides, we get:

[y/(x+1)°] = [(1/2) x*+x+c]

Here, c Is a constant
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Therefore, the general solution of the given differential eqaution is
y = [(x+1)%] [(1/2)x?+x+c].
Example

Example 4

Solve

Solution: Comparing with

Mdx + Ndy =0

we see that
i 2 2 3 2 5
M=xy-2xy and N=-(—3xy)
Since both M and N are homogeneous. Therefore, the given equation 1s homogeneous.
Now

éxM+yN=x3y—2x2y2—x3y+3x2y2= 2

Hence, the factor u is given by

U=
xM + yN :

Multiplying the given equation with the integrating factor u, we obtain.

and therefore

Therefore, the new equation 1s exact and solution of this new equation 1s given by

L 2mn|x|+3l|y|=C

First Order Linear Equations

Afirst order linear differential equation is a differential equation of the

form y+p(X)y=q(X). The left-hand side of this equation looks almost like the result of using
the product rule, so we solve the equation by multiplying through by a factor that will make
the left-hand side exactly the result of a product rule, and then integrating. This factor is
called an integrating factor.
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First order linear differential equations are the only differential equations that can be solved
even with variable coefficients almost every other kind of equation that can be solved
explicitly requires the coefficients to be constant, making these one of the broadest classes
of differential equations that can be solved.

Integrating Factors

An integrating factor will be a function f(X) such that multiplying it to both sides of the

equation,
flz) v +plx)y] = flz)g(z)

flz)y + f(z)p(z)y = flz)g(z),
gives an expression on the left-hand side that can be integrated with the anti-product rule.
In other words, it is the function that satisfies:

flz)y' + f(z)p(z)y = flz)y' ~ F(z)y
/I [f(z)y + flz)p(z)y] dz = flz)y+ C

This means the function f should satisfy f'(X) =f(x) p(X), which is a separable differential
equation. This can be solved as

—de = p(z)dz —> / J;g;)] a‘-r=fp(:v}d-.v

» In|f(z)| = /-D{Jﬂ)d}x
s Fla) = el Pl

Method of solution:
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1. Identify that the equation is 1™ order linear equation. Rewrite it in the form

d 3 H
o+ Py = 4(x)

if the equation is not already in this form.
2. Find the integrating factor

N
ux)=e i

3. Write down the general solution

I u(x)g(x)dx+C
J’ =—

4. If you are given an IVP, use the mitial condition to find the constant C.

5. Plug in the calculated value to write the particular solution of the problem.

Solve the initial value problem
¥+ tan(x)y = cos’ (x), vi0)y=2
Solution:
1.The equation is already in the standard form
-dy

dx

+ p(x)y = q(x)-
pl(x)=tan x:
qlx) = CDSE.‘{E

2. Since

ftan xdx = —Incosx = Insec x

Therefore, the integrating factor is givenby .
i ‘tan x dx 1

;zr(x}:e-‘ =secx

L A . i

{J'secxcos‘ Xdx = J-cosx dx=smnx:

So that the general solullr:rnlsgl\renb} - o
_sinx+C

= (sin x+ C)cos x
sec x :

4. We use the initial condition }’(‘m = 2 o find the value of the constant
(0)=C=2
5. Therefore the solution of the nitial value problem 1s

v =(sinx+2)cosx
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Lecture 8
Bernoulli Equations

Bernoulli Equations

d
Ly px)y =qx)y"

A differential equation that can be written in the form dx is called Bernoulli
equation.

e Method of solution: For n = 1,0 the equation reduces to 1st order linear DE and can be solved
e Accordingly. For n # 1,0 we divide the equation with Y"to write it in the form

L dy

dx

—n

Y= p(x)y =q(x)

and then put

Differentiating w.r.t. “x’, we oblajn___ e
S -n_r:
v=U=-my 'y

Therefore the equation becomes

b =myp(v = -n)g(x)
dx E

This is a linear equation satisfied by V. Once it is solved, you will obtain the function
- 1 -

_ o (l-a)

If n>1, then we add the solution y = 0 to the solutions found the above technique.
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dx x} »

Solution: In the given equation we identify P(x)= l._ g(x)=x and n=2.
X

Thus the substitution W=y~ gives

dw 1

———W=—X:

dx  x :

The integrating factor for this linear equation is
' J'd.\' . :
o ~Inl> In|> -1}
)T gl el

Lfety]mt

Integrating this latter form, weget

xw=—x+c or w=-x+cx.

Since W=y~

E : 1
, we obtain 'y =—or

For n> 0 the trivial solution y = O is a solution of the given equation. In this example, y = 0 is a singular
solution of the given equation.

SUBSTITUTIONS %o

» Sometimes a differential equation can be transformed by means of a substitution into a form
that could then be solved by one of the standard methods i.e. Methods used to solve separable,
homogeneous, exact, linear, and Bernoulli’s differential equation. %o
An equation may look different from any of those that we have studied in the previous lectures,
but through a sensible change of variables perhaps an apparently difficult problem may be
readily solved. %o
Although no firm rules can be given on the basis of which these substitution could be selected, a
working axiom might be: Try something! It sometimes pays to be clever.
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Solution:

If we let

Then the given differential equation can be simplified to

ue__

" du = dx _

Integrating both sides, we hav-c.;:-_ e
:Irfﬁ’_i'(.”ii = In’x:

Using the integration by parts on LHS, we have

—ue ¥ —eTH = x4

u+1=(c - x}e” Where €,=-C

We then re-substitute

and simplify to obtain

jy+x:x(cl —x]eyfxi
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Lecture-09 Example

Very important 5 Examples

dy _@Jxyy)
dx

Solution:
X X

put y=wx
dw

wtx —
dx

dw
WX —— =2 W -
dx

dw
X o =2 w 2w
dx

dw
2w -w)

J- dw
2(v/w-w)

X

=dx
X
_ dx

X

[
2Jwil-fw) 7 x
Jw=t

We get -[l_ltdl=

put
dx
X
-In| 1-t|=In|x|+In|c

-In| 1-t|=In|xc

( 1—1}'] =XC

( 1—-.,,"; ) =xe
(1-4fw/x }" =XC

Example —
dx xlnx

dx  xlnx

2

3x°

Inx

Solution:
Inx

1
LF:CKP(I xlnx

Multiply both side by Inx
dy

1
Inx —+— y=3x"
dx x

dx)=Inx

d ,
1 _3 4
—(ylnx)=3x

Integrate
I
ylnx=—-+=c¢

3

_ (24 3w =xow)

Inx

y o 3x

and q(x)= 3
Inx

X
dy _ (2/xy-y)

dy |y 3’

Example
dy .
XcosXx — +ty(xsinx+co
dx
. d
Solution: xcosx —

dy ty

—+y(xsinx+cosx)=1
dx

(wly)”

dy
dx

2xye

Example — - -
},_ +V_E-:x:r1 {x/y¥

-

+2x"e

(T Ay

dx +2xe

Solution: —=

dy
put x/y=w

Aftersubsitution

}'14—}"1&

()

2xye

dw _ 1+e"
Y dy
ﬂ

hJ
Integrating

2we"
2we"
= —dw
1+e®

In|y|=In| 14+e" [+Ine
Inly|=Inje(1+e*")|
y=c(1 +etw’ )

dy _

Example 2xcsc2yd—72x-lntany
X

dy _

Solution:2xcsc2y I =2x-Intany
X

put Intany=u

sx)=1 d—yzsin cos d_u
dx Y yclx

2xs‘1nycosy d—u=2x-u
2sinycosy dx

1 du

|ixsinx+cosx

]:

dx

j—i{ﬁ-y [tanx+l/x]:

XCOSsX

ILF = exp(j (tanx+1/x)dx)=xsecx

dy

Xsecx d—+yxsecx[tanx+l/x]: X
X

d
Xsecx d—y+y[xsecxtanx+secx]:seczx dx
X

i[xyse:cx]=sech
dx

Xxysecx=tanx+c

X —=2x-u

XCOsX dx

1 du 1

=2
dx x

L.F :exp(Il/xdx)ix

XCOSX

du
Xsecx X d_ +u=2x

XCOSX
d
—(xu)=2x
Xu=x-+c
u=x+ex '

Intany=x+cx "'
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Model for the phenomenon

Translate a physical phenomenon in terms of mathematics; we strive for a set of equations that describe
the system adequately. This set of equations is called a Model for the phenomenon.

A first-order differential equation is defined by an equation: dy/dx =f (x,y) of two variables x
and y with its function f(x,y) defined on a region in the xy-plane. It has only the first

derivative dy/dx so that the equation is of the first order and no higher-order derivatives exist.
The differential equation in first-order can also be written as;

y =f(xy) or

(d/dx) y =f(x,y)

The differential equation is generally used to express a relation between the function and its
derivatives. In Physics and chemistry, it is used as a technique for determining the functions over
its domain if we know the functions and some of the derivatives.

First Order Linear Differential Equation

If the function f is a linear expression iny, then the first-order differential equation y’ = f (x, y) is a linear
equation. That is, the equation is linear and the function f takes the form

f(xy) = p(X)y + a(x)
Since the linear equation is y = mx+b

Where p and q are continuous functions on some interval I. Differential equations that are not linear are
called nonlinear equations.

Consider the first-order differential equation y” = f (x,y), is a linear equation and it can be written in the
form

o y+ay=f(x

Where a(x) and f(x) are continuous functions of x

The alternate method to represent the first-order linear equation in a reduced form is

(dy/dx) + P(x)y = Q (x)
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Where P(x) and Q(x) are the functions of x which are the continuous functions. If P(x) or Q(X) is
equal to zero, the differential equation is reduced to the variable separable form. It is easy to
solve when the differential equations are in variable separable form.

First Order Differential Equations Solutions

Usually, there are two methods considered to solve the linear differential equation of first order.

1. Using Integrating Factor
2. Method of variation of constant

Let us discuss each method one by one to get the solutions for differential equations of the first
order.

Integrating Factor
Ifa linear differential equation is written in the standard form:

y’ +a(xy =0

Then, the integrating factor is defined by the formula

u(x) = exp (Ja(x)dx)

Multiplying the integrating factor u(x) on the left side of the equation that converts the left side
into the derivative of the product y(x)u(x).

The general solution of the differential equation is expressed as follows:

Y= _(u(z]ﬂjd: +C

Where C is an arbitrary constant.

Method of VVariation of a Constant

This method is similar to the integrating factor method. Finding the general solution of the
homogeneous equation is the first necessary step.
Y+ax)y=0
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Example
Find the Orthogonal Trajectory to the family of circles
x“+y " =2Cx
Solution:
1. We differentiate the given equation to find the DE satisfied by the circles.
dy ] . X+

Yo ymags e

170dX 2x
2. The explicit differential equation associated to the family of circles is

dy y?-x?

dx 2xy
3. Hence the differential equation for the orthogonal family is
dy  2xy
dx x2 — ",:
4. This DE is a homogeneous, to solve this equation we substitute V= ¥/ X
or equivalently '} = VX Then we have
ay._. .4y . . 2xy  _ 2v
dx = dx V and R ) P

Therefore the homogeneous differential equation in step 3 becomes

N 2‘.
oo P =
dx = \*2

Algebraic manipulations reduce this equation to the separable form:

dx  x|1-42 l
The constant solutions are given by '
3 2
v+ =0 = v(1+v°)=0

The only constant solution is v = 0.

To find the non-constant solutions we separate the vanables

1 —? 1
—.‘(l" - —ll_’(
v+ VvV X

Integrate

1-v? &
sdv= J —d x
v+ v X
Resolving into partial fi ]
2 2
1-v~ 1—-v*

3 2
v+ v v(l+v~©)

Hence we have

3
Jv+y

I R d‘.:J‘%l_ 2“ﬁ}d\':lni\'i—ln[\':dl

5 v 1+v°
Hence the solution of the separable equation becomes
In|v|-In[v* +1]=In|x|+InC

which is equivalent to

v
o = (_‘ X
v +1
where C # 0. Hence all the solutions are
v =: {
v -
- = Cx
ve+1

v .
Wegobackto y toget V= 0 and:———— = C _whichis equivalent to
Y i
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Orthogonal trajectory

Orthogonal trajectory is a curve, which intersects any curve of a given pencil of (planar)
curves orthogonally.

For example, the orthogonal trajectories of a pencil of concentric circles are the lines through
their common center

Parabolas with orthogonal

Concentric circles with orthogonal &7 3
trajectories (2. example)

trajectories (1. example)

Isogonic trajectory.
Orthogonal trajectories are used in mathematics for example as curved coordinate systems

(i.e. elliptic coordinates) or appear in physics as electric fields and their equipotential curves.

If the trajectory intersects the given curves by an arbitrary (but fixed) angle, one gets an isogonic
trajectory.

Population dynamics

Population dynamics is the portion of ecology that deals with the variation in time and space of
population size and density for one or more species (Begon et al. 1990). In practice
investigations and theory on population dynamics can be viewed as having two broad
components:

first, quantitative descriptions of the changes in population number and form of population
growth or decline for a particular organism, and second, investigations of the forces and
biological and physical processes causing those changes. The first of these components involves
descriptive data that are useful for quantifying trends, and with appropriate statistical treatment,
for forecasting future trends.
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Radioactive decay occurs in certain isotopes, which are variations of an element with different numbers
of neutrons in their nuclei. These isotopes are said to be radioactive because they are unstable and tend
to transform into more stable isotopes or different elements altogether.

The rate at which radioactive decay happens is characterized by a constant called the decay constant,
usually denoted by A (lambda). The decay constant determines the probability of an individual nucleus
undergoing decay per unit time. It is related to the half-life of the isotope, which is the time it takes for
half of the initial quantity of the substance to decay.

Mathematically, radioactive decay is often modeled using the exponential decay equation:
N(t) = No * e/ (-At)
In this equation:

N(t) represents the quantity of the radioactive substance at time t.
No is the initial quantity of the substance att=0.

e is the mathematical constant approximately equal to 2.71828.

A is the decay constant.

A radioactive isotope has a half-life of 16 days. We have 30 g at the end of 30 days. How much
radioisotope was initially present?

Solution:

Let tA )( be the amount present at time t and A the initial amount of the isotope. Then we have to solve
the initial value problem.

L. Y
dt

If 7 the half-life then the constant is given K by

er—Hig o k=—2_ D02
: 7 16 -

Now using the condition: 4(30) =30 . we have

—30k

4, =30e
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Newton's Law of Cooling
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From experimental observations it is known that the temperature T (t) of an object changes at a rate
proportional to the difference between the temperature in the body and the temperature Tm of the
surrounding environment. This is what is known as Newton's law of cooling.

If initial temperature of the cooling body is TOthen we obtain the initial value problem

—=r-T. ), T(0)=T,i
dt ( m) () 0°

where £ is constant of proportionality. The fdjffgrgntial,equa,tio;f in the i;rgb,lgm”iﬂsmljngq‘r;
as well as separable.
Separating the variables and integrating we obtain

%zjkdt

m

This means that
In|T-T, =kt+C
T-T, = ekt+C
T =T, + C]ekt where C, = e

Now applying the initial condition T(()) = ]:), we see that C, =T, =T . g'l'hus the

solution of the initial value problem is given by

T(t) =T, +(T, - T, )"

Hence, If temperatures at times t 1 and t > are known then we have

T0)-T,= (G,-T.)" , Tt,)-T, = (T, T, )¢

So that we can write

= k(t, —
e TR )

m

T(,)-T,

m

This equation provides the value of k if the interval of time * =1y * 1s known and vice-

versa.

Carbon Dating %o

The isotope C-14 is produced in the atmosphere by the action of cosmic radiation on nitrogen. %o
The ratio of C-14 to ordinary carbon in the atmosphere appears to be constant. %o

The proportionate amount of the isotope in all living organisms is same as that in the
atmosphere. %o

When an organism dies, the absorption of C =14 by breathing or eating ceases. %o
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Thus comparison of the proportionate amount of C -14 present, say, in a fossil with constant
ratio found in the atmosphere provides a reasonable estimate of its age. %o
The method has been used to date wooden furniture in Egyptian tombs. %o
Since the method is based on the knowledge of half-life of the radioactive C -14 (5600 years

approximately), the initial value problem discussed in the radioactivity model governs this
analysis.

A fossilized bone is found to contain 1000/1 of the original amount of C—14. Determine the age of the
fissile.

Solution:

Let A(t) be the amount present at any time t and Ao the original amount of C-14. Therefore, the process
is governed by the initial value problem.

dA
—=kA, A0)=4
o =4,

We know that the solution of the problem is

kt:

A(t) = Aye
Since the half life of the carbon isotope is 5600 years. Therefore,

41(5600):%;

A _ 5600k

— 5 or 5600k =-In2

Hence

i (0.00012378)¢
i =4,

A
B B
1000

Therefore

~ 1n1000

— O e o0l veans|
0.00012378 ;

Applications of Nonlinear Equations

As we know that the solution of the exponential model for the population growth is
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P(ty= P, e

£ being the initial population. From this solution we conclude that

lim P(f) = +o0
(@) If #*=0 the population grows and expand to infinity i.e. £—»o0

(b) If k<0 the population will shrink to approach 0, which means extinction.

Note that:

(1) The prediction in the first case (£ > 0) differs substantially from what is actually observed,
population growth is eventually limited by some factor!

(2) Detrimental effects on the environment such as pollution and excessive and competitive
demands for food and fuel etc. can have inhibitive effects on the population growth.

Logistic equation:

Another model was proposed to remedy this flaw in the exponential model. This is called the
logistic model (also called Verhulst-Pearl model).

Suppose that 2 = 0 js constant average rate of birth and that the death rate is proportional to the
1 df

population FE) at anytimef . Thus if P is the rate of growth per individual then

%ld—Pza—bP or @e_ FPla—-5hF)
P gt at

: 5 :
Where £ is constant of proportionality. The term can be interpreted as inhibition
term. When®=C | the equation reduces to the one in exponential model.

Solution to the logistic equation is also very important in ecological, sociological and even in
managerial sciences. The logistic equation

dP
—— = P(a-bP
o = Fle=bF)
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can be easily identified as a nonlinear equation that is separable. The constant solutions of the
equation are given by

Pla—bP)=0

= P=0 and P:%

For non-constant solutions we separate the variables

dF

P(a—bP)zdf

Resolving into partial fractions we have
e, e Lo
P aq-bF

Y p-tmja-pret+ o
I [

Integrating

P
In—|=at + ol
a—hHF

F
or a—bFP

= Clea‘f where O = e

Easy algebraic manipulations give

aC’le'ﬂ 3 ail)
1+bCe® b +e®

Pi)=

Here ¢y is an arbitrary constant. If we are given the initial condition
_ 4

1

. Substituting this value in the last equation and simplifying, we obtain
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ak,
bE +(a—-bRYe @

Py =

Clearly limited growth

o i

Note thati
Special Cases of Logistic Equation:

1. Epidemic Spread
Suppose that one person infected from a contagious disease iIs introduced in a fixed

&%
population of #people. The natural assumption is that the rate m of spread of disease is

proportional to the number X{£) of the infected people and number Y{£) of people not
infected people. Then

dx

i,
g Y

Since X+yv=nm+1

Therefore, wehave the following initial value problem

ax
pre kx(n+1-x), x(0)=1

The last equation iis a special case of the logistic equation: and has also been used for the spread of
information and the impact of advertising in centers of population.

2. A Moadification of LE:
A modification of the nonlinear logistic differential equation is the following
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.:f_P: Pla—bInFP)
dt

frevenue from the sale of a commercial product: in addition to igrowth or decline of population.

iChemical reactions:

In a first order chemical reaction, ithe molecules of a substance A decompose into smaller

substance that has not undergone conversion. The disintegration of a radioactive substance is an
example of the first order reaction. If X is the remaining amount of the substance A at any

time f then

dX
—=kX
i

k <0 Because X is decreasing.

Ina 2" order reaction two chemicals 4 and 8 react to form another chemical C at a rate
proportional to the product of the remaining concentrations of the two chemicals.

If £ denotes the amount of the chemical C that has formed at time £ . Then the instantaneous

amounts of the first two chemicals A and B not converted to the chemical C are €= 4 and

B- X, respectively. Hence the rate of formation of chemical C is given by

= k@ x)(p- %)

where % is constant of proportionality.

Miscellaneous Applications

> The velocity V ofa falling mass . subjected to air resistance proportional to
instantaneous velocity, is given by the differential equation
dv
m— =mg — kv
eIx

Here % >0 s constant of proportionality.
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> The rate at which a drug disseminates into bloodstream is governed by the differential
equation
d—x =A- Bx
dt

A B

Here are positive constants and x(£) describes the concentration of drug in the

bloodstream at any time L.
The rate of memorization of a subject is given by

dA
= h(M - A)-k,A
— Al )£,

Here foy 20, &y =0 and Alz) is the amount of material memorized in time t’ A s the

total amount to be memorized and # — 4 is the amount remaining to be memorized.

Preliminary theory

» A differential equation of the form

n-1

b
— +---+a1{x)—y+c1|:| (x)y = g(x)
fi‘xn 1 X

or ay () + g (Y 4ty Ry ag (R = g(x)

where @0 (X% @ (X), .- @, (), (X0 ape functions of # and % ®#0 s
called a linear differential equation with variable coefficients.

» However, we shall first study the differential equations with constant
coefficients i.e. equations of the type

d?’!y d?"!—].y

+
ax™ “n-t .:1’):”_1

&y

SR
X
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T SU : .
where “0:%12--2%#z3re real constants. This equation is non-homogeneous

differential equation and
> If (x)=0 then the differential equation becomes

Cf” d?‘!—l
&y d +ty_q ‘T
dx" dxt

d
+-+ay d—y+cxuy:[:]
x

Which is known as the associated homogeneous differential equation.

Initial -VValue Problem

For a linear nth-order differential equation, the problem:

d?’! d?’!—l
ayy (%) _f"' @y (%)

&
i +---+cz1(x)—y+ g (x)y = g(x)
Solve: % x 3

n-1
Subjectto:  Y@)=Yo.  YR)=30 VT x) =007

! n-1
Yo:Yo 2--2Y0  peing arbitrary constants, is called an initial-value problem (1\VP).

1

! ot n-1 = i Tatid]
P I= Yo X = 0 are called initial-

The specified values o) =Yo.
conditions.

For # =2 the initial-value problem reduces to

2
ay (1)t I:x:%mmx:w: 2(x)

Solve: dr
Subject to; ¥Fad=Yo. Yz =n
Solution of VP

A function satisfying the differential equation on | whose graph passes through
!

(%0.70) sych that the slope of the curve at the point is the number *¢ is called

solution of the initial value problem.
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Boundary-value problem (BVP)

For a 2" order linear differential equation, the problem

d* d
a3 ()2 +a (1) 2 +ay (D y = g (x)
o dx

Solve:
Subject to: yi@)=yy, Yl =xn

is called a boundary-value problem. The specified values ¥ =¥s: and
¥ = are called boundary conditions.

Possible Boundary Conditions

For a 2" order linear non-homogeneous differential equation
d* d

43() =5+ (0" +ag (1) = ()

all the possible pairs of boundary conditions are

yia) =y, yib) =,
Peon

yiia) =y, ¥k =,
N £ _f

yia) =y, yby =y,

Y@=, »' @)=

! !
where YoY0:%1 and Y1 denote the arbitrary constants.

In General

All the four pairs of conditions mentioned above are just special cases of the
general boundary conditions

aya)+ By @)=y
ay(E) + B0 (B) = ¥
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where o, . 8, 8 €{0.]]
Note that
A boundary value problem may have

» Several solutions.
» A unique solution, or
» No solution at all.

Definition: Linear Dependence

A set of functions

(A1 6o, f G0, o, £, G0

is said to be linearly dependent on an interval 1 if 3 constants “12¢2»--2“n not all
zero, such that

o Axitea ozt te, fx) =0, ¥Yxel
Definition: Linear Independence

A set of functions
AR, AL f(D)]

Is said to be linearly independent on an interval | if

cy At iz + e, fix)=0, ¥xe f,

only when

Case of two functions:
If # =2 then the set of functions becomes

(A0, f (0}
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If we suppose that

ol (x)+egfalx) =0

Also that the functions are linearly dependent on an interval  then either <1 O or
oo F 0 ]

Let us assume that €1 # 9. then

Al =-2f5)
-5'1 .

Hence /1% s the constant multiple of /2(%) .
Conversely, if we suppose
Az =cg (2
Then Chax+ef0=0 vrel
So that the functions are linearly dependent because®: = -1

Definition: Wronskian

Suppose that the function & f2(#)..... /(%) possesses at least #—1 derivatives
then the determinant

I
A

-1 -1 -1
_ﬁn fzn o fn?‘!

is called Wronskian of the functions J1(%:52(®.--~ 5@ and is denoted by
W (A0, AGD. - A,
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Lecture 14
Solutions of Higher Order Linear Equations
Preliminary Theory
» Inorder to solve an nth order non-homogeneous linear differential equation

ad* d® o
a1 e, (L +a () + gy (x)y = 2 ()
dx dx dx

we first solve the associated homogeneous differential equation

" ad ey
@, [I]ﬁ "‘%4&)# +-- +ﬂ1(x}§+ ay{x)y =0

-1

Therefore, we first concentrate upon the preliminary theory and the methods of solving the
homogeneous linear differential equation.

We recall that a function * = S () that satisfies the associated homogeneous equation
-1

d® ol i
) @, {x]ﬁ "‘%4(5]#4‘ "'+ﬂ1{x}£+ﬂn (x)y=0

Is called solution of the differential equation.
Superposition Principle

» Suppose that‘yl’yz"""y” are solutions on an interval £ of the homogeneous linear
differential equation

dx:! -1

] n-1
a’y +aﬂ_1(x}d—y+---+al{x)§—y+au( }y =1
x

Then
¥ = lel{x}"":z}’z {x}+ "'+'5x3"x{ }

&1.09,...,0 - . . . . . .
1:52s-->"n being arbitrary constants is also a solution of the differential equation.

A constant multiple Y= Clyl(x} of a solution yl(x) of the homogeneous linear differential
equation is also a solution of the equation.
The homogeneous linear differential equations always possess the trivial solution y=0 .

The superposition principle is a property of linear differential equations and it does not hold in
case of non-linear differential equations.

The function
2

y=x
Is a solution of the homogeneous linear equation?
2y -3 Ay =10
on (D,m].

Now consider
2
¥=cx
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Then ¥=2cx and v"=42c

2. r _ a _ 2 a _
So that 2y =3 +dy = 2ext - box® +dext =10

Hence the function

2
y=cx

is also a solution of the given differential equation.
The Wronskian

Suppose that Y1 ¥2 are2 solutions, on an interval { , of the second order homogeneous linear
differential equation

d* d
e —";+cz1 —y+cz|:,y =10
o dx

Then either W(Yl:)’ﬂ]: 0, Yxel
or W(yh.?g}i a, Yrxel

To verify this we write the equation as

diy  Pdy
—+—+v=0
dr®  d =4

w(yl,yz}=tj1 :

Now . = Y1Vo — M3

Differentiating w.r.to * , we have
d . .,
—— = N¥2 TV
dx
Since *Land 2 are solutions of the differential equation
d'y Pd
2+ iy=0
dx cdx
Therefore

Y+ Ey +0Oy =0
Yyt A+ vy =10

Multiplying 1% equation by *2and 2™ by *1 the have
Y1¥a+ Fyya+ @y =0
yvg+ Eyyg+ Gy, =0

Subtracting the two equations we have:
bt =i+ Pt - yon) =0

W w0

or dx

W

Thisis a linear 1% order differential equation in
W= o [ Fdx

, whose solution is
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Therefore

Wi,y =0, ¥xel
Wi, y,)=0 Y¥xel

q Fe#0 then

q =0 then

¢ aned

Hence Wronskian o Y2 s either identically zero or is never zero on '

In general
If yl’yz’""y”are % solutions, on an interval i , of the homogeneous nth order linear differential

equation with constants coefficients
-1
" a"
. Y + ity Y

d
+ota Pt y=>0
dx" dx" ! Yar

Then
Either W{J’1=J’Q=---=F,¢):U, Yxel
or W{ylsfg,---,yn}i 0, ¥xel

Linear Independence of Solutions:
Suppose that

Y. ¥ ¥,

are n solutions, on an interval I , of the homogeneous linear nth-order differential equation

-1

a, (x}d Y +aﬂ_1{x}lj Y +---+a1(x}§£+ @, (x}y =
Y

-1
x:u

dx"
Then the set of solutions is linearly independent on / if and only if

W{J}Lyg,...,yx}i 0

In other words
The solutions

are linearly depenjc{:lent if and only if
'" 5 )=0, ¥xel

Fundamental Set of Solutions
A set

VYoo rul

of n linearly independent solutions, on interval { , of the homogeneous linear nth-order differential
equation

d?ﬂy d:!—ly
oy {X} » +ax—1{x] -1
dx %
is said to be a fundamental set of solutions on the interval ¢ .
Existence of a Fundamental Set

There always exists a fundamental set of solutions for a linear nth-order homogeneous differential
equation

+---+a1{x}d—y+a0{x]y =0
dx
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on aninterval /.

The functions

¥ = e and Py = e_j'r

are solutions of the differential equation
:'_':'”‘ — 9}: p— G

i i 3x —3x
Since i+’[e3%e‘3lj= e e — 620, Vxel

33X 373X
Therefore y, and y, from a fundamental set of solutions on{—s0,0). Hence general
solution of the differential equation on the (—o0,%) is

3 3y
y=ce’ +ce"

Consider the differential equation
dy _¢dy
dx’ dx’

and suppose that ¥ = e,

D

dy

6 +11

Then

=&

Therefore

2.,
or 1_ L1121 6y =12¢% —12¢7 =0
dx

Thus the function y, is a solution of the differential equation. Similarly, we can verify
that the other two functions L.e. v, and y, also satisfy the differential equation.
Now forall xe R

i,:,?uf

e‘lr = Zeﬁx z0 Yxel
631'

Therefore v,,y, and y; form a fundamental solution of the differential equation
un(—m, .-,c]_ We conclude that

2 3x

X X
y=ce +c,e” +oe

solution of the differential equation on the interval (- oo,o°).
Non-Homogeneous Equations

A function Ve that satisfies the non-homogeneous differential equation
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am Fioal i
cz?g(x] f+a Tf+---+a1(x]d—i+an(x]y=g(x}
dx dx And is free of

P
parameters is called the particular solution of the differential equation.

Suppose that
Then

So that

Therefore

1s a particular solution of the differential equation
yy+9y, =27

Complementary Function
The general solution

A RO M R g

of the homogeneous linear differential equation

-] -1
i, {x}d id +ax_1{x}d—f+---+al{x)d—y+an (x}_}f =1
dx® dx

is known as the complementary function for the non-homogeneous linear differential equation.
-1

d” 7y dy
an{ﬂdx” +a, () o +---+a1[x]a+au{x]y=g{x]

General Solution of Non-Homogeneous Equations
Suppose that
g  The particular solution of the non-homogeneous equation
dn_}’ l:;.!,1:'2—1;1.‘? fiy
a,(x) 5 +a,(x) e +--+ay{x) = +aglxly = glx)
odx ax &%

The complementary function of the non-homogeneous differential equation

dny I:11:"1—1;'; d:}’
abxl—+a, lx)—— +-+alx] = +alxjy=0
n{ }.:;t’x” n 1{ }.::t’x”_l 1{ }dx III{ ]..‘F
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Then general solution of the non-homogeneous equation on the interval Lis given by
y=y.+ty,

or

y=cpn(x) o)+ +e v (x)+ v (x)=», () + 5, (x)

Hence

General Solution = Complementary solution + any particular solution.
Superposition Principle for Non-homogeneous Equations
Suppose that

Tp TPy
denote the particular solutions of the k differential equation

a, (™ + a (e 4 ey ey (xly = g, (),
i=12

A

,on an interval I Then
Yp=vp Rtrp @t ty, ()

is a particular solution of

[?z] +t

{x]y[?g—lj +___+a1{x:lyr+ﬂu {-’f}}-‘ = gl{x}+gg[x}+._.

a,(x)y

—1

Consider the differential equation

2x

P -3y +dy=—16x"+ 24x -8+ 2eF 1 2xe" "

Suppose that

Then ¥y, =3y, +4y, =8+ 24x-16x’

Therefore

is a particular solution of the non-homogenous differential equation
Y =3y +4y=-16x" +24x -8
Similarly, it can be verified that

¥y
y  =e¥ and y = xe¥
Y ]

2 ’3
are particular solutions of the equations:

p =3y '+ 4y =2e*"
and Y3y 44y =2xet - "
respectively.

Hence y =y ) ) =dx? 4 e 4 xe®
P 7, 2 3
is a particular solution of the differential equation

2x x

P o3y 4 dy=—16x" 4 24x -8+ 2% + 2xe” e
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Lecture 15
Construction of a Second Solution
Construction of a Second Solution General Case
Consider the differential equation

2(-’?:' +f31':-’f3' +a:,:,(x)y 0

We divide by () to put the above equation in the form
y'+ Py +Q(x)y =10

Where £(x) and Qix) are continuous on some interval £ .

tyl(xjiﬂ, vxel

Suppose tha is a solution of the differential equation

i i
Then yoH Py Uy =0

We define ¥ ~ ¥ {x} N {x} then
¥ = uylx +y1ux ¥ =] + Dy 4 "

’

PR Oy =y By O]+ +Cp + By’ = 0
%—)

Zgro

This implies that we must have
v + @y + Py’ =0

f

If we suppose W= then
/ /
v+ 2y +Eyw=10
The equation is separable. Separating variables we have from the last equation
.:z’
LW P X + Pdx =

_W F1

Integrating h1|w|+2h1[y1|=—Ide+c

or
Integrating again, we obtain

o[ Fdx
©=e —dx+c‘2
.3”1

- [ P
y=u(x)y (x) =c10 (X)J—zdx +eoa ().
M
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=1 0

, we obtain a second solution of the differential equation
o [ Fdx

Yy =0a) | ———dx

F1

Choosing “1 and®2 7

The Wronskian

E—IPcfx
Y1 Y| ———4x
¥
W(Yl(xlyz(x))= —_[P.:z’xl ~ [ Pdx
¥y £ {J—e 2 o

¥y

¥1

= e_-[de = 0,¥x

Therefore ¥ () and *2 (x) are linear independent set of solutions. So that they form a fundamental
set of solutions of the differential equation
'+ Py +0(x)y =10
Hence the general solution of the differential equation is
yr) =e1 0 (x)+eqpalx)

Given that
= x?
is a solution of
x’y' —3xy +4y=0
Find general solution of the differential equation on the interval (0, :c)
Solution:
The equation can be written as

3, 4
y' -=y +—1J‘:0,
X X

The 2™ solution y, is given by

.l- Pex
y2=n( I)Je—z“’x
N

" e;jn’.r,f.r In
2 2
Y2 =x —4d:r =x" de
X x

¥V, = _TEJ ldx =x%Inx
x
Hence the general solution of the differential equation on (0, zc) 1s given by
Y=oy, te,
y=c¢ x*+c,x"Inx

Lecture 16
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Homogeneous Linear Equations with Constant Coefficients
Homogeneous Linear Equations with Constant Coefficients
We know that the linear first order differential equation
dy

— +my=10
ax Y

# peing a constant, has the exponential solution on - o2,00)

y = Clg—mx

The question
The question is whether or not the exponential solutions of the higher-order
differential equations

Y™ + a1y 4t ayy T ey +agy =0,

exist on{“‘“=°°].

In fact all the solutions of this equation are exponential functions or constructed
out of exponential functions.

Recall

That the linear differential of order # is an equation of the form

a;ny dn_ly
dx” dx™ !
Method of Solution

Taking® = 2, the nth-order differential equation becomes

dly dy
, —— o, — g, yp=1
deg 1.:1’;{ 0

This equation can be written as
dly . dy

g——+b+cy=10
dx? dx Y

an () Sty 1 Db by ()Lt g () = 20

We now try a solution of the exponential form
y=e™
Then
¥ =md™ g = it g™
Substituting in the differential equation, we have
™ (am? +bm+c)=0

Since emxiﬂ, "-?’}:E{— -:x::,-::o}

Therefore am®+bm+c=0
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This algebraic equation is known as the Auxiliary equation (AE).The solution of
the auxiliary equation determines the solutions of the differential equation.
Case 1: Distinct Real Roots

If the auxiliary equation has distinct real roots * and *zthen we have the
following two solutions of the differential equation.

yi=e 1 and y; =2
These solutions are linearly independent because
Wiy, = flf yzf = {1y — oy J 120
1 Y1
Since 1 # 72 and e 2
Therefore W{y1.p,)% 0 ¥ae{-o,0)
Hence

Y1and ¥z form a fundamental set of solutions of the differential equation.

The general solution of the differential equation on (- o0.00) i
y=cpe" " fope™e?

Case 2. Repeated Roots

If the auxiliary equation has real and equal roots i.e
mo=m,my with ) =mg

Then we obtain only one exponential solution

y=c1e™?

To construct a second solution we rewrite the equation in the form

b
y+2y+iy=0
i i

Comparing with Y+ Py + =0
We make the identification

p=2

[
Thus a second solution is given by

-Ide o
_ g e — o T ) ;
Fi =M 3 X =¢ Tmr X

M €
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Since the auxiliary equation is a quadratic algebraic equation and has equal roots

Therefore, Disc. =% —4ac =10
We know from the quadratic formula
~bEafb? —dar

2

=

b
dm=——
we have @

Therefore

2mx

g
vy =a™ J-E—a!’x =xe
= my

Hence the general solution is

y=c1@™ +oqoxe =g +ogxle
Case 3: Complex Roots
If the auxiliary equation has complex roots €¥8 then, with

py =G+i8 g my =a-if

Where €¢>0 and #>0 are real, the general solution of the differential equation is
y =C'1é'('x+i"ﬁjx +::'2é'|:'x_i"'ﬁjx

First we choose the following two pairs of values of €124 <2
g1 =e3=1
c] =lLeg =-1

Then we have

.J’rl :€(a+iﬁjx +E(a—:’ﬁjx

g = @A _ (a1

We know by the Euler’s Formula that

2% = cosd +isin 8. fde R

Using this formula, we can simplify the solutions *1and *2as
Wy =™ (e’l’&x + é‘_i’&:l =2e™ cos fx
yy =™ (e!.’m —e_i"ﬁx} = Zie™ sin Gx
We can drop constant to write
b =% cos & )y = gin Jars
The Wronskian |
W(EM cos 8x, & sin ,{?x)= ﬁezm =0 ¥x
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Therefore, ¢ cos(8 ), & sin( £3)

form a fundamental set of solutions of the differential equation on (- 00,00}
Hence general solution of the differential equation is

y=c1e™ cos fx+eqe™ sin

or y:em(cl cos fe+eqsin &)
Higher Order Equations

If we consider #¢% order homogeneous linear differential equation

bl n-1
4y a y+...+a1ji+any:(]
x

iy + iy
dx " dx?1

Then, the auxiliary equation is an #¢%degree polynomial equation
@, +an_1m”_1 +.tapmtap =0
Case 1: Real distinct roots

If the roots #1-#z2-----#n of the auxiliary equation are all real and distinct, then the
general solution of the equation is

» :clé'mlx +Czé‘m!x +._.+cn£m"x
Case 2: Real & repeated roots
We suppose that #1 is a root of multiplicity * of the auxiliary equation, then it can
be shown that

n—lémlx

mx mx
2 xattL

-

are linearly independent solutions of the differential equation. Hence general
solution of the differential equation is

y=cig" V¥ +oqxg Lt +._.+|:7H:Jr”_l‘rj'mlJr
Case 3: Complex roots

» Suppose that coefficients of the auxiliary equation are real.
We fix #at 6, all roots of the auxiliary are complex,

¥ =EM[(CI +e9 X+C'3.?[2 )cos fira +£:?1 +cf2x+.:f3x2 )sin ﬁx]
name]y Cﬁiiﬁ, %iia‘?ﬁs %iia%
» Then the general solution of the differential equation
y=" (g cos Sxteoysn §x)+e™ oy cos Sx 4o, sin Ax)
+e™ (¢, cos Bxte,sin 8
> If # =% two roots of the auxiliary equation are real and equal and the

remaining 4 are complex, namely aTify, ay+ib
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Then the general solution is

y=e"V (g cos Sx+cosin G20+ (cacos Sax+cqsin G2+ cse’ Y +ogre ¥

If 71 =&+i8 s g complex root of multiplicity # of the auxiliary equation.
Then its conjugate 2 = «-i8 js also a root of multiplicity* . Thus from

Case 2, the differential equation has 2# solutions
él:a: +1'ﬁ:lx . xé[ﬁc+1’ﬁ:lx , xEE[ﬂc +1'ﬁ:lx L xk—lg[ﬂc +J'ﬁ:lx

él:ﬁc—z'ﬁfjx, xéli.:c—:’ﬁfjx, xEéI:ﬁc—z'ﬁfjx,m,xk—léliﬁc—:'ﬁ:]x

By using the Euler’s formula, we conclude that the general solution of the
differential equation is a linear combination of the linearly independent
solutions

g™ cos &, xe™ cos G, %™ cos ﬁx,_..,xk_lé'm cos S

» Thus if £=3 then

> Y :Emucl +i5 Jr+-:73x2 Jcos sy +Ldl +dqx +.:;t’3x2 Jsin ﬁrJ
Solving the Auxiliary Equation
» Recall that the auxiliary equation of #¢degree differential equation is %%
degree polynomial equation
> Solving the auxiliary equation could be difficult
Elp=0 n=>2

One way to solve this polynomial equation is to guess a root #1. Then
m=my s a factor of the polynomial £ ()

Dividing with #~#1 synthetically or otherwise, we find the
factorization By () = (m— ) Q0om)

We then try to find roots of the quotient i.e. roots of the polynomial equation
() =0
m=Z
Note that if ¢ is a rational real root of the equation
Filpp=0 nx2

then # is a factor of “0and ¢ of“»,
By using this fact we can construct a list of all possible rational roots of the
auxiliary equation and test each of them by synthetic division.
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Recall

1. That a non-homogeneous linear differential equation of order # is an equation of the
form
d?éy d?é—ly d:)*‘
i, —+a, ——+--+a, —tag y=glx
® dxx »-1 dxx_l 1 dr n¥ g( :'
The coefficients %2 can be functions of % However, we will discuss equations
with constant coefficients.

.

2. That to obtain the general solution of a non-homogeneous linear differential equation we
must find:

The complementary function"yﬂ-‘ , which is general solution of the associated
homogeneous differential equation.

¥
Any particular solution £ of the non-homogeneous differential equation.

3. That the general solution of the non-homogeneous linear differential equation is given by
General solution = Complementary function + Particular Integral
Finding
Complementary function has been discussed in the previous lecture. Inthe next three lectures we
will discuss methods for finding a particular integral for the non-homogeneous equation, namely
» The method of undetermined coefficients-superposition approach
» The method undetermined coefficients-annihilator operator approach.
» The method of variation of parameters.

The Method of Undetermined Coefficient

The method of undetermined coefficients developed here is limited to non-homogeneous linear
differential equations
» That have constant coefficients, and

» Where the function %%} has a specific form.
The form of &(X)

The input function g2(x) can have one of the following forms:

A constant function k.

A polynomial function

An exponential function e*

The trigonometric functions sl 87, cos( 8 x)

Finite sums and products of these functions.

Otherwise, we cannot apply the method of undetermined coefficients.
The method
Consist of performing the following steps.

Step 1 Determine the form of the input function &)
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Step 2
Step 3
Step 4
Step 5

Step 6

Restrictionon ?
The input function £ is restricted to have one of the above stated forms because of the reason:

e The derivatives of sums and products of polynomials, exponentials etc are again sums
and products of similar kind of functions.

e The expression

Assume the general form of ’p according to the form of (%)
Substitute in the given non-homogeneous differential equation.
Simplify and equate coefficients of like terms from both sides.
Solve the resulting equations to find the unknown coefficients.

¥
Substitute the calculated values of coefficients in assumed ¥

ay H+E:ly ! + oy

F

£ has to be identically equal to the input function glx).

Therefore, to make an educated guess, Y'P s assured to have the same formas& .
Trial particular solutions

Number

The input function gix)

. . ¥
The assumed particular solution #

Any constant e.g. 1

A

Sx47

Ax+ 8

2

3xc =2

2

Ax= 4+ Br+c

x3—x+1

Ax + Bx + Cx+ D

s dx

Acosdz+ 8 an 4x

cosdx

Acosdx+ Ban dx

Eﬁx

HeSx

(91— 2)e %

(Ax+ Be*

O | O | N|ojo] | WIN|F

x2£5x

(Ax + Bx+ e %

=
o

3x

g~ an 4x

ﬂeBx Cos 4x+3€3x ain dx

=
[

2

Sx“ e dx

(Ax° + B x+C) cosdx+ (A x2 + By x+C,)sin 4x

12

xegx cosdx

(Ax + Ble>% cosdx + (Cx + Dy °F sin 4x

If g{x}'equals a sum?
Suppose that

The input function glx) consists of a sum of #terms of the kind listed in the above table i.e.
glx)= g (x)+ gz (x)+ - + gy x)

The trial forms corresponding to &l (xhga(z) . gm(x) o YooYy Y

More Files Join VU WhatsApp Group:
https://chat.whatsapp.com/BL40k4jnM9iJiglhAA1SG3



https://chat.whatsapp.com/BL4ok4jnM9iJiglhAA1SG3

Then the particular solution of the given non-homogeneous differential equation is
Yp=Vp TIpy Ty,

In other words, the form of ¥ Zis a linear combination of all the linearly independent

functions generated by repeated differentiation of the input function g(x)

Example 4
Find a particular solution of the following non-homogeneous differential equation

y' =5y" +4y =8e*
Solution:

To find y,., we solve the associated homogeneous differential equation
y =5y +4y=0

X

We put y = ™ in the given equation, so that the auxiliary equation is

m2 ~Sm+4=0=>m=14

Thus Ve = 1" +cre*

Since g(x)=8e"

Therefore, y, =4e

Substituting in the given non-homogeneous differential equation, we obtain
Ae* —54e™ + 44e* =8¢*

So 0=8¢"
Clearly we have made a wrong assumption for y ,,, as we did not remove the duplication.

Since Ae” is present in y. Therefore, it is a solution of the associated homogeneous
differential equation
y =5y +4y=0
To avoid this we find a particular solution of the form
y i X
Yp= Axe

We notice that there is no duplication between y. and this new assumption for y ,

Now y, = Axe™ + Ae*, yp""" = Axe™ +24e"

F
Substituting in the given differential equation, we obtain
Axe™ +24e™ —5Axe™ —54e™ + 44xe™ =8e”.
or -34e* =8¢* => 4=-8/3.
So that a particular solution of the given equation is given by
v, =—(8/3)¢"

Hence, the general solution of the given equation is
y=ce'+ c,e" =(8/3)x €'
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Example 12

Determine the form of a particular solution of the equation
_1'”” 5 yn = ] — e—.\’

Solution:

Consider the associated homogeneous differential equation
'1"I’I + -}‘M — 0

The auxiliary equation is

m*+m® =0=>m=0,0,0,-1
Therefore, the complementary function is

2 -
Ye =Cp+Cax+c3x” +c4€ o

Since gx)=l-e " =gi(x)+gy(x)

Corresponding to g;(x) =1: V=4

Corresponding to g5 (x)=—e *:

3 _ -x
Vipy = Be
Therefore, the normal assumption for the particular solution is
; -x
yp =4+ Be

Clearly there is duplication of

(1) The constant function between y,. and y Py

(i)  The exponential function ¢ * between y. and y Dy’
To remove this duplication, we multiply y P with x> and y p, Withx. This duplication
can’t be removed by multiplying with xand x> . Hence, the correct assumption for the
particular solution y ,is

R Ax> + Bxe™™

Y

Undetermined Coefficient: Annihilator Operator Approach

Recall

1. Thata non-homogeneous linear differential equation of order # is an equation of the form

fi H lf.f ?‘1—1
C i + i, “:;
dx" dax"™

&
tota L tayy = glx)
e
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e The following differential equation is called the associated homogeneous
ol n-1

I:1'1—"y+c;t I:f—“}?+---+c;t1i£+c;:nu;u:[]
x

n-1 n—1
equation dx dx

- e JO S . - .
e The coefficients °" * * can be functions of * . However, we will discuss equations
with constant coefficients.

That to obtain the general solution of a non-homogeneous linear differential equation we
must find:

¥
e The complementary function ¢, which is general solution of the associated
homogeneous differential equation.

e Any particular solution F ofthe non-homogeneous differential equation.
3. Thatthe general solution of the non-homogeneous linear differential equation is given by
General Solution = Complementary Function + Particular Integral

e Finding the complementary function has been completely discussed in an earlier lecture

In the previous lecture, we studied a method for finding particular integral of the non-
homogeneous equations. This was the method of undetermined coefficients developed
from the viewpoint of superposition principle.

In the present lecture, we will learn to find particular integral of the non-homogeneous
equations by the same method utilizing the concept of differential annihilator
operators.
Differential Operators
e Incalculus, the differential coefficient € &% is often denoted by the capital letter £ . So
dy
that efx
The symbol £? is known as differential operator.

This operator transforms a differentiable function into another function, e.g.
D™ 1=4 | D(5x° - 6x%) =15x% —12x, Dicos 2x) = —2sin 2x

The differential operator £ possesses the property of linearity. This means that if J.g

are two differentiable functions, then
Naf(x)+bg(x)l = allf (x) +&0g(x)
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Where ¢ and & are constants. Because of this property, we say that £ is a linear
differential operator.

Higher order derivatives can be expressed in terms of the operator £ in a natural
manner:

dly d dy] 2
—:——:EI =D
Em dx[dx (D) =Dy

Similarly

3 Feees m. Y
% d7x

The following polynomial expression of degree # involving the operator £

In calculus, the differential coefficient €/ &% s often denoted by the capital letter
D so

a, D" +a”_1D”_1 +-Fa d tag
Is also a linear differential operator.

For example, the following expressions are all linear differential operators
D+3 D*+3D-4 5D° 6D +4D
Differential Equation in Terms of D

Any linear differential equation can be expressed in terms of the notation £ . Consider a 2nd
order equation with constant coefficients

.:;ty# +E:'yx +eov=gix)

dy

dly 2
ax Y T

Since

Therefore the equation can be written as
chEy+E:'£bf +oy = g(x)

(alD? + 5D +c)y = glx)
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Now, we define another differential operator £ as
L=aD? +bD+c

Then the equation can be compactly written as
Liy)=gix)

The operator L is a second-order linear differential operator with constant coefficients

Consider the differential equation
y +y +2y=5x-3
2,
Since 4 = D}',d—;l = D?'_\'
dx dv?
Therefore, the equation can be written as
(D2 +D+2)y=5x-3
Now, we define the operator L as
L=D*>+D+2
Then the given differential can be compactly written as
L(y)=5x-3

Factorization of a differential operator

0 An nth-order linear differential operator
L=a,D" +a, (D" +--+aiD+ay
with constant coefficients can be factorized, whenever the characteristics
polynomial equation

1 11
L=a,m" +a,_ ym""" +--+am+ag

can be factorized.

a The factors of a linear differential operator with constant coefficients commute.
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