Lecture 23:
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m Graphs and its applications

m Preliminary Definitions

m Asymptote.
m Horizontal Asymptote.
m Vertical Asymptote.

ASYMPTOTE

An asymptote is a line to which the graph gets arbitrarily

close. That means that for any distance named, no matter how
small, the graph will get within that distance and stay within that
distance for some section of the graph with infinite length.More
precisely
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HORIZONTAL ASYMPTOTE
The graph of y = f(x) has a horizontal asymptote of y = b, if
and only if, either

lim f(x) =b or lim f(x)=b. (1)

X—3—0Q




VERTICAL ASYMPTOTE

The graph of y = f(x) has a

vertical asymptote of x = ¢, if and
only if, either

X—C

lim f(x) = =®c0 or Ilim f(x) = Foco. (2)
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ASYMPTOTES OF A RATIONAL FUNCTIONS

Let r(x) be a rational function with polynomial
plXx) = anxp + -..

+ ag of degree n in the numeratorand polynomial
q(x) = bmXm 4

t bp of degree min the denominator
m If n < m, then r(x) has a horizontal asymptote of y = 0.

m If n = m, then r(x) becomes unbounded for large values of x
(positive or negative).

m If n = m, then r(x) has a horizontal asymptote of y = }’)".

ASYMPTOTES OF A RATIONAL FUNCTIONS




ASYMPTOTES OF A RATIONAL FUNCTIONS
Discuss the Asymptotes of the following rational function
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ASYMPTOTES OF A RATIONAL FUNCTIONS

EXAMPLE(1):

Discuss the Asymptotes of the following rational function
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ASYMPTOTES OF A RATIONAL FUNCTIONS

EXAMPLE(1):

Discuss the Asymptotes of the following rational function

1}
= —, 3
rx) = 2 (3)
m T his is defined Vx £ 0.
. _ 1 1 1 1 1
m Consider the sequence of numbers x, = 5,35, 7. 5.+, ¢ for
foi—= 1 20 e .17 m
m [ hese numbers are getting closer and closer to zero.
m Since r(x,) = x%, = —}f = n.
m So, r(x,)=2,3,4,---  k,--- forn=2,3,3,--- , k,---,
which is getting larger and larger, so approaching the vertical
line x = o. — = = = o

ASYMPTOTES OF A RATIONAL FUNCTIONS

EXAMPLE(1):

m [ hus there is a vertical asymptote at x = O.

The graph of v = % is
Hyperbola
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ASYMPTOTES OF A RATIONAL FUNCTIONS

EXAMPLE(2):
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ASYMPTOTES OF A RATIONAL FUNCTIONS

EXAMPLE(2):

Discuss the Asymptotes of the following rational function

10x ; o il i
r(x) = 2 1+ X 1\ ( “ n}, r L = "( }VF4)

m Defined Vx # —2 2

m The numerator and denominator are linear functions (degree
of polynomials are the same).

m we can see that as x get large then 2 in the denominator
becomes insignificant.

m Thus r(x) =~ 1% =10

m [ hus horizontal asymptote occurs at x = 10. 5 - -

ASYMPTOTES OF A RATIONAL FUNCTIONS

EXAMPLE(2):

102

The graph of ¥ = 3
Rational Function

30

: ™
:  Horizontal Asymptote

r(x)=10x/(2+x)

| Vertical Aymptote 9




ASYMPTOTES OF A RATIONAL FUNCTIONS

EXAMPLE(3):

Discuss the Asymptotes of the following rational function
B 4x2
4 — X2’

(5)

r{x)

m Defined Vx # 2.

m Clearly the function passes through the origin, so the x and
y-intercept is (x,y) = (0,0).

m Note that this function is an even f§7nction, the edge of the
domain is x = 2, so we see there are vertical asymptotes at

=
m Thus, for x large r(x) ~ 23 — —4.
=X
m [ hus, a horizontal asymptote occurs at y = —4. _ . =

The graph of %
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ASYMPTOTES OF A RATIONAL FUNCTIONS

OBLIQUE ASYMPTOTE:

r(x) = 24 = f(x) + £9.

Obviously deg(g(x)) < deg(q(x)).

[

2

m Implies g8X) _, 0as x = +o.
=

=)

q(x)
Thus r(x) — f(x) as x — +o0.

Particularly if deg(p(x)) is one more less than deg(q(x)),
then f(x) is a linear function whose graph is a non-horizontal
line in the plane.

m That line is called oblique asymptote.

ASYMPTOTES OF A RATIONAL FUNCTIONS
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ASYMPTOTES OF A RATIONAL FUNCTIONS
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OBLIQUE ASYMPTOTE:
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ASYMPTOTES OF A RATIONAL FUNCTIONS

EXAMPLE(2):
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ASYMPTOTES OF A RATIONAL FUNCTIONS

EXAMPLE(2):

Discuss the Asymptotes of the following rational function

3 -1
x2—x—2'
3x+1

Xl =

m Clearly the quotient is a linear function.
m Thus it is our oblique asymptote.

m For more understanding see the graph.




ASYMPTOTES OF A RATIONAL FUNCTIONS

OBLIQUE ASYMPTOTE:

2% — 1 S+ 1
xz—x—2=(‘l+1)+(x—2)(rz:+1)
oy
—_1 . -

Special points:
(0. %), (—%.8)




ASYMPTOTES IN POLAR COORDINATES

POLAR EQUATION OF A STRAIGHT LINE:

m The polar equation of any line is p =% cos(6 — a).
m where p is the length of the perpendicular from pole to the

line.
m « is the angle which this perpendicular makes with the initial
line.
Plre, B)
.—"‘A".
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POLAR EQUATION OF A STRAIGHT LINE (PROOF):

m Let OX be initial line and P be any point on the line whose
polar coordinates are (r,0).

m [herefore, OP = r and ZPOX = 86.

m Let us draw a perpendicular OY on the line from P produced.
=

[

Now using AOPY', we have @

cos POY = 9F =2
p = rcos POY = rcos(60 —«), (8)
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ASYMPTOTES IN POLAR COORDINATES

—

m Now we determine the asymptotes of the curvgr =s

P= 3 toal 9-@ L b

ASYMPTOTES IN POLAR COORDINATES

m Now we determine the asymptotes of the curve r = s(0).

=1 ?/(Y-':E,




ASYMPTOTES IN POLAR COORDINATES

m Now we determine the asymptotes of the curve r = s(0).
los(B—)=0 Asc >
=] s G —od)z= © 81— &
=57 Bi-ad = K-

ASYMPTOTES IN POLAR COORDINATES

m Now we determine the asymptotes of the curve r = s(0).

b= P2 02(b=D Mg
= o= p-< (6D Tw Pmyd
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ASYMPTOTES IN POLAR COORDINATES

m Now we determine the asymptotes of the curve r = s(0).

P= lﬁ,{amfwbﬁw)j
= = Mo, T ces(® s
.
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VTN osis > O +TR)
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ASYMPTOTES IN POLAR COORDINATES

m Now we determine the asymptotes of the curve r = s(0).
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ASYMPTOTES IN POLAR COORDINATES

m Now we determine the asymptotes of the curve r = s(0).

b= _J/"_T'J:g> let ¥l

i ] e A
] — = O
oAb 2de

] J)“-%S\ ( d“>

eV A8
=5 Y= 9«797

m Now we determine the asymptotes of the curve r = s(0).

=




ASYMPTOTES IN POLAR COORDINATES

m Now we determine the asymptotes of the curve r = s(0).

m For this we have to determine the constant p and a.

Iy

ASYMPTOTES IN POLAR COORDINATES

m Let P(r,0) be any point on the curve AB whose equation is

r= p(0).
m Let us draw a perpendicular OY on the line p = rcos(6 — «)
which is MY'.

m | herefore

PM =LY = OY — OL = p— OPcos(6 —«)
=p—rcos(f0 —a). (9)




ASYMPTOTES IN POLAR COORDINATES

m Now r — oo as the point recedes to infinity along the
curve.Let 8 — 6; where r — co.

m [ herefore we have @ =— % — cos(0 — a) by (9). when
r— oo, PM — 0.

m So that @

PM 1
T —pPM- s 0and 2 5o (10)
r r g

ASYMPTOTES IN POLAR COORDINATES

m Let
cos(0 —a) = O
7T
cos(@ —a) = cos(i)
0 —a = g (.0 — 0, as r = o0)
7T
H]_ = ﬂ—+—§ o
- (11)




ASYMPTOTES IN POLAR COORDINATES

CONSTRUCTION:

m Again from (9), we have when r — oo

p = IinlJ[rcos((-) — )]
. 7T
— I|_\rrf1w[r cos(6 — 01 + 5 )]
= lim [rsin(61 — 0)]
. sin(6; — 0) 0 .
= _— — W]
Hll_T)1 ! % ] D
ASYMPTOTES IN POLAR COORDINATES
CONSTRUCTION:
m
— i cos(6; —0)
Sl
_ ||m9_91(cos(911 _, 0)) (13)
I'm9—1~91(_72—9)
m Now let u = 1 this implies 9% = —r—gg—; '{l(;?herefore (13)
becomes




ASYMPTOTES IN POLAR COORDINATES

[ |
de
= lim ——. 14
P Hljt}l du (14)
m Hence the asymptotes is
. deo .
Hllrgl—a = rcos(f@ —a)
7T
= rcos(6m— 07 + 5)
= rsin(6; —0), (15)

ASYMPTOTES IN POLAR COORDINATES

WORKING RULES:

m We have to change r to % in the given equation and find out
the limit of 6 as v — 0'@7

m Let 0, be any one of the angle possible limits of 6.

m We have to determine then —% and its limit as v — 0 and
e — 6.

m Let this limit be p.

m Then p = rsin(6; —0) is the required asymptote.




ASYMPTOTES IN POLAR COORDINATES

EXAMPLE(1):
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ASYMPTOTES IN POLAR COORDINATES

EXAMPLE(1):
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ASYMPTOTES IN POLAR COORDINATES

EXAMPLE(1):
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ASYMPTOTES IN POLAR COORDINATES

EXAMPLE(1):

Find the asymptotes of the curve

rsin(8) = 2cos(20) (16)

m Stepl:(16) implies

2cos 26 o
r = =
sinf@
1 sin @
- = 17
r 2cos 26’ (17)

ASYMPTOTES IN POLAR COORDINATES

EXAMPLE(1):

m according to working rules , we can write (17) as

sin @
I = i
2 cos 26

(18)

@O
m Step2: As u — O then 8 — nmt, ne€ Z.

m Step3: Now we determine — Iimg_;,m(%)




ASYMPTOTES IN POLAR COORDINATES

EXAMPLE(1):

S
~ lim (ﬂ) _ im cos 26 cos 6 — sin B(—2sin 26)
0-—nm \ d6 0—nr cos? 20
B cos? (2n7t)
~ cos(27) cos(7t) —sin(7r)(—2sin(27)
B 2
~ cos(nm) -

ASYMPTOTES IN POLAR COORDINATES

EXAMPLE(1):

m Step4: This limit be p. Thatis p = —(_21),,. Hence, the
required asymptotes are
rsin(nt—60) = _(_21):7
r[(=1)" tsing] = ( 21)n
rsin(6) = 2. (20)
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MAXIMA AND MINIMA

ABSOLUTE MAXIMUM:

MAXIMA AND MINIMA

ABSOLUTE MAXIMUM:

m A function f has an absolute maximum (or global maximum)
at cif f(c) > f(x) for all x in D.

m Where D is the domain of f.
m The number f(c) is called the maximum value of f on D.

Global
\ Minimum
i
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MAXIMA AND MINIMA

ABSOLUTE MINIMA:

- V. -~
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MAXIMA AND MINIMA

ABSOLUTE MINIMA:

m A function f has an absolute minimum (or global minimum)
at dif f(d) < f(x) for all x in D.

m Where D is the domain of f.

m The number f(d) is called the minimum value of f on D.

0

Global
Minimum

XZ
-Y _—0




MAXIMA AND MINIMA

LOCAL MAXIMUM OR MINIMUM:

m A function f has a local maximum (or relative maximum) at ¢
if f(c) > f(x) when x is near c.

m This means that f(c) > f(x) for all x in some open interval
containing c.

m Similarly, f has a local minimum (or relative minimum) at d if
f(d) < f(x) when x is near’¢/ -

Global

Maximum O

Global
\ Minimum

e - OO

«




MAXIMA AND MINIMA

EXAMPLES:

MAXIMA AND MINIMA

EXAMPLES:

Let f(x) = x?, x€R
m f(x) has absolute and local minimum at x = 0.
m Having no absolute or local maximum.
m The right most diagram showing the function behavior when
x € (—o0,0)U (0, 00).




MAXIMA AND MINIMA

MAXIMA AND MINIMA

LocAlL EXAMPLES:

Let f(x) = F(x) =x*+x3—11x2 —9x+ 18 =
(x—=3)(x—1)(x+2)(x+3), xeR
m f(x) has the absolute minimum at x & 2.2 and has no
absolute maximum.
m It has two local minima at x & —2.6 and x =~ 2.2.
m Having local maximum at x ~ —0.4.




LOCAL EXAMPLES:

MAXIMA AND MINIMA
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Lecture 27:

CRITICAL NUMBER

A critical number of a function f is a number ¢ in the domain of f
. / / .
such that either f (¢c).= 0 or f (c) does not exist.

=
CRITICAL NUMBER

A critical number of a function f is a number ¢ in the domain of f
. ' ' :
such that either f (¢) = 0 or f (c¢) does not exist.

REMARK(3):

From Fermat's Theorem it follows that if f has a local maximum
or minimum at ¢, then c is a critical number of f.




CRITICAL NUMBER

EXAMPLES:

mIff(x) =2x2+5x—1, x € R, then f (x) = 4x+ 5. Hence
the only critical number of f is x = —%

CRITICAL NUMBER

EXAMPLES:

mIf f(x)=2x2+5x—1, x € R, then f’(x) = 4x + 5. Hence
the only critical number of fis x = —%.




CRITICAL NUMBER

EXAMPLES
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EXTREME VALUE THEOREM

If f is continuous on a closed interval [a, b],
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EXTREME VALUE THEOREM

If £ is continuous on a closed interval [a, b],then f attains an
absolute maximum value f(c) at some number ¢ and an absolute
minimum value f(d) at some number d.
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FERMATS THEOREM

If £ has a local maximum or minimum at some number c ,
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FERMATS THEOREM

If £ has a local maximum or minimum at some number ¢, and if
f (c) exists, then f’(c) = 0.
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FERMATS THEOREM

If f has a local maximum or minimum at some number c ,




FERMATS THEOREM

REMARK(1):
V'
m [ he converse of this theorem is not true.
m In other words, when f’(c) = 0, f does not necessarily have a
local maximum or minimum.
m For example, if f(x) = x3, then f(x) = 3x2 equals 0 at
x =10.

FERMATS THEOREM

REMARK(1):




REMARK(2):

FERMATS THEOREM

m Sometimes f'(c) does not exist, but some number f(c) is a
point of a local maximum or minimum.

m For example, if f(x) = |x|, then ' (0) does not exist.

m But f(x) has its local (and absolute) minimum at x = 0.
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RELATIVE MAXIMA AND MINIMA

A
'
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v fx)docs |
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f(x)>0 fix)<0 f(x)<0 f(x)>0

RELATIVE MAXIMA AND MINIMA

FIRST DERIVATIVE TEAT

m |f f’(x) > 0 on an open interval extending left from ¢ and
f (x) < 0 on an open interval extending right from ¢, then f
has a relative maximum at c.

m If £ (x) < 0 on an open interval extending left from ¢ and
f (x) > 0 on an open interval extending right from ¢, then f
has a relative minimum at c.

m If f'(x) has the same sign on both an open interval extending
left from ¢ 3nd an open interval extending right from ¢, then
f does not have a relative extremum at c.




RELATIVE MAXIMA AND MINIMA

m Let f(x) = 3x* —4x3 — 12x2 + 3.
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RELATIVE MAXIMA AND MINIMA

SECOND DERIVATIVE TEAT
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RELATIVE MAXIMA AND MINIMA

SECOND DERIVATIVE TEAT

Let c is a critical point at which f (¢) = 0.

Let f (x) exists in a neighborhood of c.

Let f (c) exists.

Then f has a relative maximum value at ¢ if f (¢) < 0,

and a relative minimum value at c if f (¢) >0 .

If f”(c) —2 01 ;c'yhe test is not informative.

RELATIVE MAXIMA AND MINIMA

SECOND DERIVATIVE TEAT
|




RELATIVE MAXIMA AND MINIMA

SECOND DERIVATIVE TEAT
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SINGULAR POINTS

\
o A
SINGULAR POINTS




SINGULAR POINTS

EXAMPLE

m Discuss the singular points of f(x) = (x — 1)% —3(x—1) on

[0, o0].

m Look for values x where f/(x) is not defined, but f(x) is
defined.

&l f'(x) =. 2 .3

3(x—1)3
m Notice that the denominator is zero when x = 1, so that
f'(x) is not defined when x = 1, even though f(x) is defined
when x = 1.

SINGULAR POINTS

m A point on the curve at which the curve exhibits an
extra-ordinary behavior is called a Singular Point.

m Mean to say where f (x) is not defined but f(x) is defined.

m Points of inflection and multiple points are the types of
singular points.

o

A : EndJ_x int
Stationary Slal ","”‘“ 2
--ﬁ-&'—__ < p "-.\.. / /
Endpoint g = Singular
- > v




SINGULAR POINTS

EXAMPLE

. — = X
| |
: 2 s *

SINGULAR POINTS
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SINGULAR POINTS

DEFINITIONS

m A Point on the curve through three branches of the curve pass
is called Triple Point.

m A Point on the curve through which r branch of the curve
pass is called Multiple Point of rth order.

m A Double Point P on a curve is called a Node if two real
branches of a curve pass through P and two tangents at which
are real and different. Thus the point P shown is a Node.

SINGULAR POINTS

DEFINITIONS

g

W=~




SINGULAR POINTS

m A Point on the curve through which more than one branch of
the curve pass is called Multiple Point.

m A Point on the curve through which two branches of the curve
pass is called Double Point..

SINGULAR POINTS

m A Point on the curve through three branches of the curve pass
is called Triple Point.

m A Point on the curve through which r branch of the curve
pass is called Multiple Point of rth order.

m A Double Point P on a curve is called a Node if two real
branches of a curve pass through P and two tangents at which
are real and different. Thus the point P shown is a Node.

m A Double Point Q on a curve is called a Cusp if two real
branches of a curve pass through @ and two tangents at
which are real and coincident. Thus the point Q shown in the
adjoining two figures is a Cusp.




SINGULAR POINTS

-"'/”\_

SINGULAR POINTS

A Double Point R on a curve is called a Conjugate Point or
Isolated point if there efists no real points of the curve in the

neighborhood of R.
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SINGULAR POINTS

WORKING RULE FOR INVESTIGATING THE NATURE OF THE

DOUBLE POINT AT THE ORIGIN.

m Find the tangents at the origin by equating to zero the lowest
degree terms present in the equation of the curve. If origin is
a double point, then we shall get tangents real and imaginary.

m If the two tangents at the origin are imaginary, then the origin
is a conjugate point.

m If the two tangents at the origin are rea!,L and different, then
the tangent is a node or a conjugate point.

m If the two tangents at the origin are real and coincident, then
the origin is a cusp or a conjugate point.

SINGULAR POINTS

To study the nature of the curve near origin

m If the tangents at the origin are y? = 0, solve the equation of
the curve for y, neglecting all terms of y having powers above
second. If for small non zero values of x, the values of y are
real, then the branches of the curve through the origin are
also real, otherwise they are imaginary.

m If the tangents at the origin are x> = 0, solve the given
equation of the curve for x insteaggi of y and proceed as
mentioned in the above point.

m In other cases, solve for y or x, whichever is convenient.




SINGULAR POINTS

EXAMPLE

Determine the nature of the singular point (0,0) of
f(x,y) =x3+y3—3xy
(n 3o aubl Hoo
2
&) B D

o
A= g

SINGULAR POINTS

EXAMPLE

Determine the nature of the singular point (0,0) of
f(x,y) =x>+y3—3xy

m According to the last discussions, the tangents at the origin
arex =0and y =0

m Hence the origin is either a node or isolated point.

m When x is so small, the equation of the curve is y? = 3x
which represent two real branches through the origin. ¥

m Hence the origin is a node.




SINGULAR POINTS

EXAMPLE

SINGULAR POINTS

EXAMPLE

Determine the nature of the singular point (0,0) of
f(x,y) = (x*+y?)(2a—x) — b2x.

x =0

=y = bR tRaC=0
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SINGULAR POINTS

EXAMPLE

Determine the nature of the singular point (0,0) of
f(x,y) = (x2+ y?)(2a — x) — b?x.
m According to the last discussions, the tangents at the origin
are x = 0.
m Hence the origin is either a cusp or isolated point.

m To see whether the origin is a cusp or an isolated point. Solve
the equation of a curve for x.

m By neglecting y?, the equation of the curve can also be

written as &
SINGULAR POINTS
EXAMPLE

—x3 — b2x + 2ax? =

x2 —2ax + b% =
432—4(1)(b?)

x = ax Va2 — b2.

Hence origin is a cusp if a2 — b% > 0.
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SINGULAR POINTS

WORKING RULES TO CALCULATE SINGULAR POINTS AND ITS
NATURE USING PARTIAL DERIVATIVES

m If f(x,y) be a curve then its singular points are the
simultaneous solutions of f(x,y) =0, fx(x,y) = 0 and
fy(x,y) =0.

m [ he values of tangents at singular points are the roots of
£l ()P 4+ 260y (x) + s = 0.

m If £, iy and f,, are not all zero then the point (x, y) will be
a double point.

m If (fxy)2 — fuixfyy > 0 the point (x, y) would be a node.

m If (fxy)2 — fuixfyy = 0 the point (x, y) would be a cusp.

m If (fX_V)2 — fifyy < 0 the point (x, y) would be an isolated
point @
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Lecture 34:

Sphere:

Sphere is the set of all points in the space that are equidistant from a
fixed point. The fixed point is called the Centre of the sphere and the
constant distance from the points of the sphere to the Centre of the

circle is called as the radius of the sphere.
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Lecture 35:

Example:

Find an equation of the cylinder with directrix C: y—z* =0 and having elements
parallel to 7=[1 2 3].
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Example:

Find an equation of the right cylinder whose directrix is the circle with
centre(5,3,0) and the radius 4.
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Lecture 36:

Cone

A surlaos generaled by astrzight line passing Uiiough a lxec point amd
intersacting ¢ tixed plame curve not containirg the fixad peint is called 2
cone The given e |5 called the directrie and the fived polat Is sllen

called the vertex of thacone. The straight Ine is called the generator of
and any partizula position o the genarator Is called 2n element ar

rulin 3 of the cona.

Right cone
Aright cone is a cone with its verte above the centre of its base.

/' Right Cone

r - Radius
| h - Height
| - Slant height

ekt

Right cireular cone

Acircular cone is right circular if the centres of its sectionsform a line \

perpendicular to its base. C?\
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Lecture 40:

Spherical Trigonometry

Main Branches of Mathematics

e Arithmetic
e Algebra
e Geometry

Geometry

e The mathematical study of the properties, measurement, and relationships of points,
circles,lines, planes, surfaces, angles etc.
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Types of Geometry

* Plane geometry
e Solid geometry
e Spherical geometry
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Trigonometry

e Trigonometry is a branch of geometry that studies relationships involving lengths and

angles of triangles.
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Solid geometry
e [tis the study about three dimensional objects like spheres, cubes, prisms, cylinders etc.
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Spherical geometry

e The study of figures on the surface of a sphere

Spherical Trigonometry

e Spherical Trigonometry deals with triangles drawn on the surface of sphere.




Lecture 41

Intersection of a plane and a sphere:

//'M" “3\ /;

Great Circle:

A great circle of a sphere is the intersection of the sphere and a plane
such that the plane passes through the center of the sphere.
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3 reat circle

Small Circle:

A small circle of a sphere is the intersection of the sphere and a plane such
that the plane does not pass through the center of the sphere.

small circle




Spherical Angle

It is the angle between two intersecting arcs on a sphere, and is measured by
the angle between the planes of great circles containing the arcs.

Spherical Triangle:

A spherical triangle is a part of surface of sphere formed by three great circular
arcs intersecting pairwise in three vertices.




Spherical triangle:

. The three sides are all the arcs of

great circles.

. Any two sides are together longer than
the third side.

. The sum of the three angles is greater
than 180°.

. Each individual spherical angle is less
than 180°.

Plane triangle:

. The three sides are straight lines on

the surface of plane.

. Any two sides are together longer than

the third side.

. The sum of the three angles is always

equal to 180°.

. Each individual angle is less than

180°.




Lecture 42:

The Cosine Formula
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Lecture 43:

Latitude
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Lecture 44:

Method to find the Direction of Qibla
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The classical longitude [ of a place can be found by the following way.

1. If Ao < X\°FE < 180° then I = (A — Xo)°CE

j 2. If 0° < A\°E < X then I = (A9 — A)°CW «~

3. If 0 < \°W < 180° — \g then [ = (Ao + \)°CW G
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