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MTHE2 1 Ouer 2

Ouestion # 10 of 10 ( Steet ieme 02 1553 PUL 78 Novermber 2017 )

The bmet of the sequence

2(1 ¢+ 3/m)
141/m

1
By = = 4
]

Sedect the comect opbon

O




MTHE21 Oz 2

Question # 6 of 10 ( Start e 02 1119 PM. 28 November 2017 )
lim sup s, = oo #
L R

Scanned with CamScanner



MTHE21 Oz 2

Ouestion ¥ 9 of 10 ( Star teme: 0214 42 P, 28 November 2017 )
Every Cauchy sequence has o
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MTHE21 Our 2

Question # 3 of 10 | Start me 02 08 24 P 28 Hovember 2017 )
VWhich of the lollowing grven sets i compadct subsel of K

Sedect the comect opbon

(1.5]

(1.2.4)

| . X /

(2.3)
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MTH621 Ouez 2

Question # 5 of 10 ( Start eme 02 10 35 P, 28 November 2017 )
Which statement(s) s(are) true about the followng sequence sg = | and s, =1 — ¢ ¢

Select the comect opbon

0< 8,1 for all n.




MTHE21 Oz 2

Queston # 4 of 10 ( Start e 02 09 40 PM. 28 November 2017 )
Identfy the Gentical sequences

Scanned with CamScanner



Question # 2 of 10 ( Start teme: 020717 PM_ 28 November 2017 )

i the sequence 13 INCreasng then ¢

-Mﬂ
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MTHE21 Owz 2

Question # 7 of 10 ( Start bme 0212209 P, 28 November 2017 )

Thmif:r“'. l<r<lm
-0
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MTHE21 Quz 2

Question # 8 of 10 ( Start e 02:13.27 PM. 28 November 2017)

The set of terms of {s,, } 5 contamed n the set of terms of {5, } mples

Sedect the comect opbon

sup{s.} = sup{s.,}.
O

[ wplen) < mpion).
O

- sup{s.} = sup{s., }. D P938 | /

| (s} is convergent

O

Scanned with CamScanner



Question § 6 of 10 ( Stan tewe 08 56 73 PM 30 Novesitser 2017 )
¥ (s.) corvergeao |t (1, ) converges 10 5 men te sequence (s, ¢ 1)

ﬂhm-ﬂ-iﬂll

O

* wil Do cONverpent 8nd B3 md A 4

& Pg34 |

may Do Coveergent 8nd may be dvergent 1 depends On the paCAN green tequences (o, ) 8nd (1. )

O
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MTHERT O 2

Queshons § 2 of 10| Start teme 8 54 27 PM 30 Nearevsniion 2017 )
VWit Maliemertis) e | Vam Tor e olowng sequance (o |

Seldoct B (orect opten

The segue~ce @ dvegent

0

Th-q-ln-g-l-mhl
m-—nnmﬂmﬂ

0
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MTHE21 Qua 2

Queston # 8 of 10 ( Sttt eme 08 57 41 P 30 November 2017 )
The vaeof the lim L o
LR

Sedoct the cormect opton

o .‘!‘.'l"ﬂhrf-ﬂtjp Pg 33 ‘

m L =3 for all p

lm L o 1 for allp.

Ili-‘

Lol forallp - L
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MTHEZ | Ouer 7

Ousntion # 5 of 10 { et teme 05 56 07 I 30 Nowssstes 7017 )

§=(240(6)

Sadect e coreac] opten

term by




MTHE2 | Cuer 2

Ouasbon # 4 of 10 ( Seat tewe 88 55 16 PN 30 Nowesber 2017 )
P seguerce A Comvergent Pen

Sedect the conect opteon
[ "t Wy
0]

€ bourded atove but may ot be bounded betow

0

|1 8 bounded below but may nct b bounded stove

o)
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MTHG2Y . Ouie 2 Quir

Juestion # 6 of 10 { Stan e 102125 PM, 14 Febwuary 2020 )
Generalized Mean Value Theorem says. If [ and g are continuous on the closed interval |o, b and differentiable on the

= o L IRPIIE—

for some o in (o, b).

(b)) — gla)] = [F(b) — fla)lg'(<)

for some < in {a, b).

@' {x) = O for all = in (o, b)

@' (&) = f'(x) tor sl = in (a, b)

Scanne d with CamScanner



Thevalioofo 3+ Bin = =

e = HHAY AL/ A7)
e ch27 77 @pmar conw
Select the correct option

= —1
O
. z+ L
O I.

=4 1/=.
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The value of the limn

km zlogz,
Select the correct option
B . A AL/ AT
. BY Pg117 vz
1 _ |
O
2
O
3
O
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fi=)

if lim; .0 f(z) = 10 and lim; 9 g(z) = —2then lim, *“[g{_ﬂ is
A AL /AT
Arec k2777 Cpmad con
Select the correct oplion
10
O
b
O
0]




if f(z)=logz and g(z)= | '*,thﬂn ffgis
Select the correct option e k2777 Cpmad con
.
(f'g)(x) = log = h
O
(f'9)(z) = log .
O

{f E}{E}_ 1 ‘.:
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The lim, v2(dx - E}:

HAAD AL AA77)
e 2117 Cpma con
Select the correct opbon
0.
O
1
-1
O
2
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The limt

}i{]:ﬂ:r -
S;Humma:tnplim

[ A AL AT
® D Pg1 1 8 Mfffj@n{ﬂ./
. _

0.
O

6
O
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For the function defined as

f(z) = cx,

for every € > 0 the formal definition ensures

Select the comrect ophion

|f(x) — ex| <, |z — xp| <8, where 0 <4 <e. A840 /ﬁ,ﬂ*f@’/
O Aee 2773 @pmai con

| f(z) — ez <, x — xp| < §,where 0 < & < €/|c].

| flx) — ﬂ=ﬂ| <1 |-T — xp| < 8, where —€ < § < .

|f(z) — cxz| <, |2 — zp| < d,where 0 < 6 < e.
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MTH621:Quiz 2

Question # 8 of 10 ( Start time: 10:19:34 PM, 14 February 2020 )

li!.‘lj] x log x, has the following indeterminate form
x4

Select the correct option

o0 X O0.

O

=|

@(m(m). B Pg117 ‘ /
O

0™,
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;|
Th&lilﬂ: % 4 4conzx 2sin’z e

Select the correct option

e |
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The limat

lim /7 — 1.
Select the comrect oplion
1
o A AL A7)
e S 2717 Cpmard con
0.
. B
does not exist.
O
-1
O

Scanned with CamScanner



1

For the function f(x) = z sin x # 0, which statement is true

HAAD AL/ A7)
e ch 2173 Cpmai com
Select the correct option
lim f(z) = 0.

-+l

The function s not defined at

0 z=1{.

o [7e n Pg78 "

lim f(z) = 0.

x -+
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For the piecewise defined function $f(x) = \left{ {

z, <0,
:nzﬂi.ni,, x >0,
Select the correct option
0
AL S/ AT,
» B Pg1 08 J Mfffi@n{{mf
: .
O
1
O
|1
O




The value of

lim —

elect the correct option
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For the function =, identify the faise statement(s)

A ASL A7)
e 2717 @pmad con

lim, g I%l doesn't exist,

]jIll; 1ﬂ%=1
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MTH621:Quiz-2

Question # 3 of 10 ( Start time: 06:37:57 PM, 04 August 2021)

Investigate the limit of lim 3% — — —

r—:0 <

Select the correct option

1

CY Pg124 A

none of these




MTH621:Quiz-2

Question # 8 of 10 ( Start time: 06:39:11 PM, 04 August 2021 )

If f is differentiable at a local extreme point zy & D?., then

Select the correct option

zo = 0.
O
f'(zq) = 0.
. CH Pg110
\f'(z0)| < O.
O
f'(za) # 0.
O

Scanne d with CamScanner



MTH621:Quiz-2

Question # 10 of 10 ( Start time: 06:39:37 PM, 04 August 2021)

The inverse of the given function f(z) =2 +4, 0< a2 <2,is

Select the correct option

) =5
O

Fly) =%

f) =45
O

) =45

Scanne d with CamScanner



MTH621:Quiz-2

Question # 3 of 10 ( Start time: 06:41:31 PM, 04 August 2021)

Which function has 0/0 form

Select the correct option

flz)=2hzats =2.

O

f(z) =cosx 4+ xatz = 0.
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MTH621:Quiz-2

Question # 4 of 10 ( Start time: 06:41:42 PM, 04 August 2021)

The derivative of the function =" is

Select the correct option

TL

nr-.
O

mn—I'
O

n

pn—1
O

nmn—l

| BPng Ve
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MTH&21:Quiz-2 Quiz Start Time: 06:4(

Question # 5 of 10 { Start time: 06:41:55 PM, 04 August 2021 )

The Mean Value Theorem says, suppose that f is differentiable on [a, b, f'(a) = f'(b), and ju is between f'(a) and f'(b).

Select the correct option

Then f'lc) = p for some ¢in (a, b).
. Pg111
O

Then f'(c) # u for some cin (a, b).

Then f'(e) may be 0 or u for some cin (a, b).

Then f'(c) = 0 for some cin (a, b).

Scanne d with CamScanner



MTH621:Quiz-2

Question # 9 of 10 ( Start time: 06:43:17 PM, 04 August 2021 )

The inverse of the function f(z) = z*, is

Select the correct option

Yy =9
O

fy) ==
O

F) =

Scanned with CamScanner



MTH621:Quiz-2

Question # 2 of 10 ( Start time: 06:46:23 PM, 04 August 2021)

The function g(z) = 22 is

Select the correct option

undefined on [0, 00).

O

decreasing on [0, oc).

increasing on [0, o0). j
° p Pg97/

having negative values on [0, 00).

Scanne d with CamScanner



MTH621:Quiz-2

Question # 3 of 10 ( Start time: 06:46:37 PM, 04 August 2021 )

Investigate the lim:t of lim (EJ- —I—:r.:) = ————,

_ T
x—0

Select the correct option

O

none of these

—1

Pg82

Scanne d with CamScanner



MTH621:Quiz-2 Quiz Start

Question # 4 of 10 ( Start time: 06:46:48 PM, 04 August 2021 )

The series 3" ayb, converges if a,. 1 < a, form —— —k, lim a, =10, and
T —

by + b+ .. +bu| < M, for some constant M.

Select the correct option

<

- BD Pger

O

®
O

O

Scanned with CamScanner



MTH621:Quiz-2

Question # 1 of 10 ( Start time: 08:14:09 PM, 04 August 2021)

Investigate the limit of li]:n[I T sin 1?
T—

Select the correct option

none of these

O

0

z Pg78&pg108 /
H P

O
1




MTH621:Quiz-2

Question # 9 of 10 ( Start time: 08:15:58 PM, 04 August 2021 )

Investigate the limit of lim —i— = — — ——.

x—0~

Select the correct option

none of these

O

Scanned with CamScanner



MTH621:Quiz-2

Question # 6 of 10 ( Start time: 06:47:13 PM, 04 August 2021)

Investigate the limit of li.lﬂﬂ 2esinye =———.

Select the correct option

none of these

O

0
Topic 108,
® pg80_81 /
1
O

Scanned with CamScanner



MTH621:Quiz-2

Question # 2 of 10 ( Start time: 08:14:26 PM, 04 August 2021)

If a function f is continuous on the closed interval then f attains its

Select the correct option

extreme values in the closed interval.

=Y Pg110 il

may or may not attain extreme values in the closed interval.

derivative in the closed interval.

extreme values at one point in the closed interval.
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MTH621:Quiz-2

Question # 3 of 10 ( Start time: 08:14:39 PM, 04 August 2021)

If f: I — IR hasaderivativeatc € I ,then fis

Select the correct option

having one sided limit.

O

continuous at c.

discontinuous at c.

undefined at c.

Scanne d with CamScanner



MTH621:Quiz-2

Question # 4 of 10 ( Start time: 08:14:50 PM, 04 August 2021 )

Investigate the limit of lim (% + :c) = — — ——,

r—0"

Select the correct option

0

O

none of these

Pg82 W

Scanne d with CamScanner



MTHG621:Quiz-2 Quiz Start Time: 08:14 PM, 04 August 2021

Question # 5 of 10 ( Start time: 08:15:02 PM, 04 August 2021 ) Total Marks: 1

Rolle's Theorem says, suppose that f s continuous on the closed interval ll:!, h: and differentiable on the open interval {a, B} and j{a:l = flh).

Select the correct option £ Reload Math Equations

Then f'() = 0 for same ¢ in the open intarval (a, =c ),

O

Then f'{c) # 0 for some ¢ in the open intervat (a, b),

Then f'{c) = 0 for some ¢ in the open interval [a, b)), P 1 1 1
. g

Then f'l¢) exists for some ¢ in the open interval (a, B).

Scanned with CamScanner



MTH621:Quiz-2

Question # 6 of 10 ( Start time: 08:15:16 PM, 04 August 2021 )

The function h(x) = — 23 s

Select the correct option

is undefined on (—oo, 00).

O

decreasing on (—o0,

E» Pgo7

increasing on (—o0, 00).

positive on (—00, 00).
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MTH621:Quiz-2

Question # 7 of 10 ( Start time: 08:15:30 PM, 04 August 2021 )

The series Y a,b, convergesif a,.i < a, forn > k, lim a, = —— — — — , and

T30

by + by +...+by| < M, for some constant M.

Select the correct option

O

=]

o p Pgé1 -
N =

Scanned with CamScanner



MTH621:Quiz-2

Question # 8 of 10 ( Start time: 08:15:43 PM, 04 August 2021 )

Thefunctinnf{m}—{m' Vel s
S l2 1<x<?,

Select the correct option

ls nonincreasing on

O I=100,2.
Is having negative values on

O I=100,2.
is nondecreasing on

. Pg97 -0x
Is undefined on

O I1=10,2.
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MTH621:Quiz-2 Qi

Question # 10 of 10 ( Start time: 08:16:14 PM, 04 August 2021 )

The function g(xr)= —z is decreasing on — — — ——.

Select the correct option

none of these

(_D’:' 'r[]:]

Pg97

[0, 20}
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iz#3 Topic (152 112-1

Due date 16-18 August 2021

Mth621 real analysis 17Tfeb2019 (pg4d)
Mth621-QUIZ#3-FALL-2019-BY-SHAZIA 16Teb2019 (pg10)
Mth621-QUIZ-3-POINTS-BY-MTA-1171eb2019 (pg1)
Mth621-QUIZ-BY-KINAT-SHAFIQUE-2 mix quiz (pg52)
Mid.Mth621.s50l.files preparation Group-5 2018,2017, quiz4,2,3
mix (pgs2)

Mth621 mega.quiz3 17feb2019 4files (pg68)

621 16Aug quiz.pdf (pg10)

Mth 621 quiz..pdf (pg10)

Mth621.Quiz#3(16Aug2021) made by stylish (pg10)

Mth621 quiz#3(16 aug2021).current quiz. Solved by stylish(pg10)
Mth621 quiz no 4-1 17aug2021 (pg21) exactly quiz3

Mth621 quiz no 4 17aug2021 (pg17) exactly quiz3

Mth621 verified by tajji Badsha 18aug2021 (pg10)

Mthe21 quizz#3 17august 2021 for final by @ TALHA (37pqg)
Mth621.Quiz#3(152to175)..(1TAug2021).Made by Stylish(pg23)
621{18AUG} solved quiz by billi (112 pg)

Mthé21..mega quiz 3.Solved By MS h‘pgﬁﬂ)
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MTHE21 Quiz 3 - Lecture 23 10 27

Queston # 9 of 10 ( Start teme 09 48 57 PM_ 18 January 2018 )
For the function f(x) = zsind, x # 0, which statement is true

Scanned with CamScanner



MTHE21 Quaz 3 - Lecture 23 10 27

Question # 7 of 10 ( St tene: 07 5240 PM. 16 January 2018 )

For the functon defined as

for every « - 0 the formal defndon ensures
Seldect the comect opbon

I(z) = ex,

f(x) ~ exa| <, |z ~ xg| < 8, where 0 <8< e

O

Ifiz) — exa] <, Iz ~ 2zg| < 8, whare 0 < § < «/flel.

[1/z) ~eml <, |z — a0l < b where e <d<e.

O

O

1 {rl cxy) <, : n-r: l,-hlnn' $<ce

% Pg/8
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MTHE21 Quez 3 - Lecture 23 10 27

Question # 9 of 10 ( Start eme 07 54 42 PM, 16 January 2018

The imit B

Sedect the comect opbon

O

2 -

does not exst
O

O

Scanne d with CamScanner



MTHE21 Quaz 3 - Lecture 23 1o 27

Question # 6 of 10 ( Start bme 07 5132 PM_ 16 Jonuary 2018 )

The lim, .0 - "-:.""' 5

Select the commect opbon
0 Ll
-3
O

Scanned with CamScanner



MTHE21:Quez 3 - Lecture 23 10 27

Question # 6 of 10 ( Start teme: 09 47 44 PM_ 18 January 2018 )
i lim f(z) = 10 and lim g(x) = —zmh-ﬂ-;{--

Select the comect opbon

10
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MTHE21 Quaz 3 - Lecture 2310 27

Queston § 8 of 10 ( Stan tene 09 48 27 PM_ 18 January 2018 )
For the pecewse defined functon Six) = Ve |

e, r<0,
.I"liﬂj.-. z >0,

Sedect the comect opbon

| n Pg108 \/




MTHO21 Quiz No 3

Question # 3 of 10 ( Start time: 03:208 42 PML 16 Febroary 2079 )
It & function [ s conteous on the closed interval then [ attain ity

Select the correct oplion

o j...,........m:p Pg110

:mnnnmmudminm

:

may or may not athan extreme vaiues n the cioted interval

denvatiee i the Ciosed interval
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Question # 10 of 10 ( Start rme 0232 30 P, 16 Febromry 2019 )

D a <),

s,
ﬂum:mﬂ.ﬂ-[z I';-r'él.-

Sedect the correct aplion

I=102. /

J=D2

=02

o uncefinec on

O ]2
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MTH621:Quiz No 3

Question # 4 of 10 ( Start time: 03:29:43 PM, 16 February 2019)

The derivative of the function +" is

O
0:"
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Quiz Start Teme 0226

MTHE2T Ouz Ne 1

Question # § of 10 ( Start time 0330 23 FM 16 Fetrosry 2019 )
T Mean Value Theorsm says, suopose that f v dfferentiable on ja. b). f'{a) = f'(b), and p = between [*{a) and f*(b)

Select the correct aption

J:Tmf‘irl * uhmrhli.ll
O |
|
Then ['(c) = ptor some e in [, b)
0 |

| Then 1*(c) = U tor some e (s, b)

Than [7(«) may b O or jo for some ¢ la, b)

Pg111
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MTH621:Quiz No 3

Question # 2 of 10 ( Start time: 03:28:07 PM, 16 February 2019
if f:1— R hasaderivativeatc = I then fis

Select the correct option
continuous at c.
-
discomtinuous at c.
O
undefined at c.
O
having one sided Nmit
O
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Question # 10 of 10 ( Start rme 0232 30 P, 16 Febromry 2019 )

D a <),

s,
ﬂum:mﬂ.ﬂ-[z I';-r'él.-

Sedect the correct aplion

il: 0,2 . /

O

o I = in, 2
= hawng negstive values on

O I=02
1 unoefrec on

O ]2

Scanned with CamScanner



MTHE21 Quaz No 3

Question # 4 of 10 ({ St eme 01 01 38 AM 17 February 2019 )

The function hiz) = -2 &

Sedect the correct opbon

“-Mtln{—w.unl.

O

-mnt-mma. B Pg 97 ‘ '/

S ——

O

mm( o0, 0o).

| positive on (00, 20).

O
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MTHE2T Quaz No 3

Question # 1 of 10 ( Start tme 12 5951 AM 17 February 2019 )

The function g(z) = 2* o

Scanned with CamScanner



MTH621:Quiz-3

Question # 1 of 10 ( Start time: 05:37:55 PM, 17 August 2021 )

The series > (—1)"a, converges if 0 <an < ap and lim a, = — — — — — :

Ir—=D0

Select the correct option

—1

O

ol p Pg62

None of these
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I |
MTHE21:Quiz-3 Quiz Start Time: 10:57 PM, 17 August 2021

Question # 2 of 10 { Start time: 10:58:26 PM, 17 August 2021 ) Total Marks: 1

Let f be bounded on |a, b, and let P be a partition on [a, k). Then
The upper sum s{P) of f over Pisthe — — — — — — — af the set of all fiemann sums of f over P,

Select the corract option ~ Reload Math Equations

mf trmum

O |

) p Pg1 31

Scanned with CamScanner



MTHG621:Quiz-3 Quiz Start Time: 10:67 PM, 17 August 2021

Question # 8 of 10 ( Start time: 11:03:35 PM, 17 August 2021 ) Total Marks: 1

Generalized Mean Value Theorem says, If fand g are continwous on the closed interval |a, b] and differentiable on the open interval (o, k). then

Select the correct option 2 Reboad Math Equations

g [x) = 0 for all x in (a. b).

O

G Igth) - glal] = [fib) - Maile (<) i

for some cim (o b

I
5 o s w Pal121
for some ¢ in (@, bl g

g [x) = £ (x) for all xin (a, B, -

’ i
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MTH621:Quiz-3

Question # 1 of 10 ( Start time: 03:52:38 AM, 18 August 2021 )

Qui

If fis continuous at x,, then f is dif frentiable at x,.

Select the correct option

B Pg105

false

true

Scanned with CamScanner



MTH621:Quiz-3

Question # 10 of 10 ( Start time: 01:19:07 AM, 18 August 2021 )

s |
iy,

The radius of convergence of > an(x —x,)" is given by — — — — = lim |
fi—D0

1 fthe limit exisis in the extended real system.

Select the correct option

R

O

none of these

=] L

B Pg70
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MTHGE21:Quiz-3 Quiz Stan

Question # 3 of 10 ( Start time: 08:00:34 PM, 18 August 2021 )

If fis dif frentiable at x,, then fis continuous at x,.

Select the correct option

. B9 rgios

false

Scanned with CamScanner



MTH621:Quiz-3

Question # 7 of 10 ( Start time: 01:09:33 AM, 18 August 2021)

The function g(z) =2%is — — — — - on

inreasin g

decreasin g

Scanne d with CamScanner



MTH621:Quiz-3

Question # 3 of 10 ( Start time: 01:20:54 AM, 18 August 2021)

The function g(z) = «* is inreasing on — — — ——

Select the correct option

O

none of these

E® Pg97 s -

Scanned with CamScanner



MTH621:Quiz-3

Question # 5 of 10 ( Start time: 01:24:53 AM, 18 August 2021)

The series )y  (—1)*a, —— ———— if0<a,.1 < a, and lim a, =0

I—0

Select the correct option

CONVETJES

=Y Pg62

diverges
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MTH621:Quiz-3

Question # 3 of 10 ( Start time: 03:53:08 AM, 18 August 2021)

The series Y _ a,b, converges if a, , < a, forn > k, lim a, =0, and
b + bpy+...+b,| — — — —M, for some constant M.
Select the correct option
<

O

Noneof these

[ ] ) B PgS9 \/
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MTH621:Quiz-3 Quiz Start Tin

Question # 6 of 10 ( Start time: 03:53:57 AM, 18 August 2021 )

Suppose that f has n derivative at x, and n s the the smallest positive

integer such that f" (z,) #0. If n is even, x,18 — — — — — — — — — if £ x,) =

Select the correct option

None of these

O

a local maximum of f.

not a local extreme pomnt of f.

Pg1 23 . a local minimum of f. v
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MTH621:Quiz-3

Question # 8 of 10 ( Start time: 03:54:19 AM, 18 August 2021 )

Investigate the value of lim g s

T—0O0

o EDPg119 s
5 ﬂ
5 ;
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MTH621:Quiz-3 Quiz Start Time:

Question # 9 of 10 ( Start time: 03:54:48 AM, 18 August 2021 )

Suppose that f has n derivative at x, and n is the the smallest positive
integer such that f" (x,) #0. Ifnisodd, z,18 —— — — — — — — :

Select the correct option

a local maximum of f.

O

None of these

O
I Pg123 [omemmmas

a local minimum of f.
O
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MTH621:Quiz-3

Question # 10 of 10 ( Start time: 03:55:01 AM, 18 August 2021 )

The radius of convergence of the given power series > nlz" is — — — —-

Select the correct option

e B ri2

none of these
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MTH621:Quiz-3

Question # 2 of 10 ( Start time: 08:00:21 PM, 18 August 2021 )

!x..
If % b, is rearrangement of an absolutely convergernt series
n=1

> ay, then > b, also — — — — — — absolutely, and tothe same sum.
n=1 n=1

Select the correct option

diverges

converges

=Y Pg64
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MTH621:Quiz-3

Question # 4 of 10 ( Start time: 08:00:49 PM, 18 August 2021)

b
In the Riemann integral f_f[a:] de , if it exist, is — — —
1]

Select the correct option

di f ferent

=Y Pg127 ,_/
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MTH621:Quiz-3

Question # 5 of 10 ( Start time: 08:01:01 PM, 18 August 2021)

- - 0 - n -
The radius of convergence of the given power series Y :‘T is ——— ——.

Select the correct option

Oﬂ
o Pg71 g

None of these
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o DTSR
MTHE&21 :Quiz-3 Quiz Start Time: 08:00 PM, 18 August 2021

Question # & of 10 [ Start time: 08:071:15 PM, 18 Avgust 2021 ) Totzl Marks: 1

Suppose that [ hos n dervative at r, and n s the the smallest positive

integer such that f" (zo) = 0. If n is even, o168 — — — — — — — — — if jl"l-"-l [xa) = 0O.

Select the correct option & Relosd Math Equations

None of these

Pg‘l 23 [P

e

not a {ocal erfreme pomt of f.

a local manymum af f.
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MTH621:Quiz-3

Question # 7 of 10 ( Start time: 08:01:27 PM, 18 August 2021 )

]_ill'l}l x log x, has the following indeterminate form
x—U4

Select the correct option

9
2

O

o0 X 0O0.

e B Pg117

0=

Scanne d with CamScanner



IS

MTHE21:Quiz-3 Quiz Start Time: 08:00 PM, 18,

Question # B of 10 [ Start time: 08:07:39 PM, 18 August 2021 ) T

If fis unbounded on [a, b, then fis — — — — — — - on |a,b|.

Select the correct option

B Pg129

integrable
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MTH621:Quiz-3

Question # 9 of 10 ( Start time: 08:01:52 PM, 18 August 2021 )

Investigate the value of lim zloger =— — ——.

I—ro—+

Select the correct option

O

None of these

CY Pg117 o~
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MTHE&21:Quiz-3 Quiz Start Time

Question # 10 of 10 ( Start time: 08:02:04 PM, 18 August 2021 )

Ififip = "= on a,b|, then fis not integrable on a,b].

Select the correct option

bounded

EY Pgi20  _-
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[EE——— |
MTH621:Quiz-3 Quiz Start Time: 09:58 AM, 18 August 2021

Question # 1 of 10 ( Start time: 09:58:31 AM, 18 August 2021) Total Marks: 1

Let f be bounded on [a, b}, and let P be a partition on [a,b]. Then

The lower sum s(P) of f over Pisthe — — — — — — — of the set of all Riemann sums of [ over P.

Select the correct option © Reload Math Equations

SUP rerm

B9 g1zt T

o e i o el T P e T Pt r st ] AP A s PP s T
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9 Pg126
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Pg150
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If /is integrable on [o.5)and o ¢ <5, then the finction # defined by m-fmi: 1
statement 1s true

Ei g a dillaeutiable huichou on |2 &

r|
— —_— N — N,
| Fix)es 3 constaul hmchon agyfe. &
p
— = . .
£ 11 nonol i D bitge O
-

l- .-r-:: ‘--';nﬂ P Oom g ! ]
r1'E )15 Lapciutz conte | p Pg1 46 ?
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& Pg146
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If f(x)=¢", then f"*(x) =

page 131

_-_. — —— _— == m—
| .
&
e
| i - —_—
— . W
|
ne'
r—
I -_. _.—_—I— — —
f.'
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MTH621 Real Analysis |

i Upper sum of / over P
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Identfy the anti-derivative of the function f(x) = x° +sin x

*lmlt{Pl!'J'-.t select your cotract epition )

X

- F{:'}-?*cuu
IJ

r Ff_ll': iR
o

| Fiz)=s=co1 2
Fa)=X

N R U
L bl
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Let
0 il xis irrational,

flx) = {

1 if ris rational.

Let P = {zy.xy,...,Zn} be o partition of a,b]. Since every interval contains

both rational and rrational mombers

m; =1 wand AM;=1, 1=<j<n.

H:"llt‘E',
EIP} = Zl'[zj_':j—l:l=b_ﬂ
=1
s(P) = ) 0-(z;—zj) =0
=l

Since all upper sums egqual b—a and all lower sums equal O, from definition we

lienve

rE .
‘/._flz..":ﬁ_lﬂ‘:r.':b—ﬂ st ff[.r]ldI:{J_
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QW

— Deds (Lipschitz comtimuity):
.;_;’E
Let ‘g:hﬂ'@. \Ua% Hhat %Ea Lipschitz  cmmuous
{ there edists U>o sucdh that
\‘%ﬂc'l- i?tg]l < M. h*'_-ll; fhlx,aeﬁg.

"*Tj)_ﬂ‘_ Qﬂj LEFSCLJ{Z mﬂ‘h"ﬂ:ﬁ -"guﬂc’:iun Ls
um%:rmﬂﬁ contimuos |

Boof: Lok ﬂ?:ﬁ@ be Lipschitz combimuos.
Then, Uer exists Moo such Hhet:
\Beo—Lep| Mgl ) Sryeh
ld €20, We choose c&:-ﬁ_{ie?ends only on )
\§ xyeh, and -yl <3, then
o0 fap| < M by <M-B = W 5 =¢,
Le. Hm)—%ylc&.
Gimee €20 was mhi’urmB g gtﬁ un'i’g)moﬂ aHimusus.
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M.Waseem Sajjad Gill
M.Sc. Mathematics
From Nice Institute Of Computer Science

Virtual University Of Pakistan (Haroonabad
Camps)

Session: 2017-2019
Email: waseemsajjadgill @ gmail.com
Phone: 0324 7178198
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Question 1

Define (f+glx), (f=g)(x). (fg)lx) and (f/g). for the functions f(x) =
V4= 27 and g(z) = vT - 1.

Solution:

First of all observe that Dy = [~2,2| and D, = |1, oc).

Then f+ g, f—g. and fg are defined on Dy D, = [1,2] by
(f+9)(x) = Va-z2+/z-1,
(f-g)x) = Vi-2-va-1,

and

(f9)(x) = (VA= 2)(vVe=T) = YA =)z - 1).
The quotient f/g is defined on (1,2] by

the last expression in is also defined for —oo < ¥ < <2, it does not

represent fg for such x, dnce f and g are not defined on (-oc, -2|
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If cis a contant, then lim,_, . c=¢ and lim, .., r = x5 Therefore

R e
- Jiy9 - (i

= 09— =5,

and
lim(r+1)=limr+liml=2+1=3.
== =2 F=e]

Therefore,
tim - z? < limg—.2(9 — =) 2

5
ss2 r4+1 lIm,a(z+1) 3

and
Eﬂqn-:‘}{: +1) ﬁyﬂ{ﬁ—;’]ﬂ{:+l}=5*3 = 15.
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Question 3

ol 2>,
Check the continuityof ¢(.rr) = W at x=0

Solution:

every open interval contaming rg = 0 also contains
points xy and xo such that |g(izy) — g(x2)] is as close to 2 -

Therefore, limg_, 2, g() does not exist.
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Question 4

Discuss the continuity of f defined on [0, 2] by

2
g <<l
fu%_{x+L S S

Solution: : [f 0 < x. xg < 1. then

\f(x) — f(xo)]

|z — x| = |x — xo| |z + ol
< 2r—xp|<e if |r—mxo|<e/2.

Hence. f is continuons at each xg in (0,1). If 1 < x, xg < 2, then

[f(x) = f(xo)| = |[(x+1)—(x0+1)=|r— xo
< g if |r—x<e.

Hence. f is continuous at each xg in (1, 2).
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Question 5

Discuss the continuity of f(x) = x, 0<x < .

Solution: (‘onsider

2

If(x) = fO)|=vz<e if 0Lz<e,

so limz0, f(x) = f(0). 1f 29 > 0 and x > 0, then

' P =) <e if |r—x VL
— , = |vr—Jrol = S € — Il < €/ Ig

so limgz—z, f(x) = f(x0). Hence, f is continuous on [0, 00).



Question 6

Piecewise Continuous Functions

Piecewise continuous function: A function f is piecewise continuous on [a, b if

o limg s, f(x) exists for all xg in la, b):
o lim; ., fl(x) exists for all zg in (a,b];

o limszr, flx) =limens, flx)= f(xg) for all but finitely many points xg in
(a,b)
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uestion 7

sind, z#0,

the function f(r)= {
0, r=0,

Solution:

The function is continuous at all rg except zg = 0.

As r approaches 0 from either sde, f(x) oscillates between —1 and 1 with ever-
increasing frequency, so neither lim, o, f(x) nor lim,_,,_ f(x) exists

Therefore, the discontinuity of f at O isnot a jump discontinuity, and if p > 0,
then f is not piecewise continuous on any interval of the form [~p,0]. [=p,p| or

0.l
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Question 8

Removable discontinuity: Let f be defined on a deleted neighborhood of xy
and discontinnous (perhaps even undefined) at zy; We say that f has a removable
discontinuity at xg if lim,_, ., f(x) exists

In this case, the function

J(x) if x € Dy and x # xy,
g(r)={ d ,
im, ., f(zx) if x=x,

is continuous at ry.
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Question 9

If f(r)=logr and 9(I=-1—:1;2—, we define fog? agnd go f?

Solution:

The domain of the given functions are
Dy =(0,0¢) and D,=z€R/zx#=*l

Since g(x) > 0if r € T = (—1.,1), the composite function f o g is defined on
(—1.1) by

(f 0 9)() = log ——.
gof

The function go f is defined on (0,1/¢) U (1/e,e) U (e, 00) by

1
1 - (logz)*

(go filx) =



Question 11

Define Intermediate theorem?

Suppose that f is continuous on |a,bl, f(a) # f(b), and p is between

f(a) and f(b). Then f(c) = p for some ¢ in (a,b).

Define Uniform Continuity?

A function fis uniformly continuous on a subset S of its domain if. for every £ > 0,
thereis ad > 0 such that

|f(z) = f(£')| < € whenever |r -2 | <8 and z, 2 €8S.



Question 12

Check the uniform continuity of the function  f(xr) = 2.

Solution:

For the function f(x), we have
If(z) - f(@)|=2lz—-2'| <e if |r—-17|<e/2

I'he function f(x) is uniformly continuons on (—o00, 00),
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Question 14

2 is uniformly continuous

Show that the function g(x) =«
on [—r,r] for any finite r.

Solution:

2 2
lg(z) — g(2’) = |z° — ()7
= | — I’| |z + J:'| < 2r|r - .1:'|
SO

e
-

lg(x) —g(z’)| <e f |r—2|<d= = and —r<z, 1 <r.




Question 15

The funetion g(x) = x? is not uniformly continnous on (—o0, 00).

Solution:

we will show thar if 8 > 0 there are real numbers r and ¥ such that

e —2'| =6/2 and |g(z) —g(z")| 2 1.

To this end. we write
lg(x) — g(£')| = |£* — (£")?| = |z — 2’| |z + 7).

If |t —%'| =6/2and z,£' > 1/4, then

|z = 2| |z + 7| }g(%*{*%) = 1.
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Monotonic functions: A function f is nondecreasing on an interval [ if
fl 4!'; - 'f 1'-_1 AN ll' Ineva X1.n § [ J: . Cn.
or nonincreasing on I if

f(xy) 2 f(x2) whenever ry and x» are in I and ry < x5,
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Question 17

If fisnondecreasing, then lim,_,,, f(z) =a

Proof:
We first show that lim; e, f(r) =a

If Al > o thereisan xg in (a,b) such that f(xg) < M Since fisnondecreasing,
f(x) < Mifa<zx<zy Therefore, if @a = —oo, then lim._,,, f(z) = -0
Ifa> <00 let M=a+¢ wheree >0
Then a < f(z) <a +¢ so
If(z) ~a|<e if a<z<ux.

If a = <00, this implies that f(~oc) =a Ifa > <00, let § = g —a Then
is equivalent to

If(r) —al<e if a<z<a+s,
which implies that f(a+4) =a
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Question 19

the function flx) = |x|.

Solution:

The functions can be written as

. . x >l 1, x>
.f[-r}={ | - .f"f-'r]l={

-x, x<0, -1, <0,

i =10 _ o 2
=+ x—0 | 4 T
g =) ==
Eeall= x - E=ill= I
are differont, L e
o 02 = 1(0)

- r—10
toes not exist thus, f is not differentiable at 0, even though it 15 continoouns at
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Question 20

Calculate the derivative of h{x) = sin ;, x #+ 0.
Solution:
It 1
flr)=sinxr and g(z)= = # 0,
e h(z) = f(g(=))
= s5in %.‘ T ?E “!
and
W(r) = f'(g(x))g(x) |

(=) (). oo
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Question 21

For the plevewise defined lunetion
P, r < 0,
fir) = o | Investigatl @ the one sided derivatlves
- FrEme, x>,
Solution:
Solution: For the given function, we have
dr?, r <0,

'.{.rhljlf O t— r>i

We will caleulat ¢ the one sided derivatives

: \ P End = i 1Y
lim fir) = lim L = |im rain-—=1[,
=il sl T o= L g el I
.
lin rl =1
B ' fix] T b x* = O
p=all= F — |} w =l

hep ee j'“_l‘l _r: Ly _r' (] = 0
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Question 22

Differemtiable function: A function [ is differentiable on the dosed mterval Ja, i
if fis differentinble on the open interval (a,b) and f (a) and §f* (b) both exist

Continuously differentiable We sav that fis continuously differentiable on |a, b
if fis differentiable on [a,b], ' is continnous on (a, b),

ot
fila)= lim f'{r)

an o

FL(b) = lim ['(<).
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Rolle's 1'heorem

Theorem: Suppose that f s continuous on the closed intorval fo, b and differon-
tinble on the open interval (a,b), and fla) = f(b). Then f'(c) = 0 for some e in the
apen interval (o, b),

Proof;

Sineo f s continnous on [a,b). f attaing o maximom and a minimum value
on |a, b, Il these two extreme values see the smne, then f s constant on (a,b), so
S{z) =0 for all xin (a,b).

If the extreme values differ. thon at least one must be attained ot some point e
in the opon interval (o, b), and f'{e) =0
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Question 24

Detine

The Mean Value Theorem

Theorent Suppose thal fis dilerentiable ou [a, b, fla) & (b)), and g s between
ffla) and ff{b). Then ffle) = u for some e in (a,b).

Generalized Mean Value Theorem

Theorem: If f and g are continnous on the closed interval [o,b] and differentinble

oft the open interval (a. b), {hen

:.'”JL'IJ] ' .‘-n'('“ifrl,i':' = l.r';'l"l .Jr["f'-]].'n'll[f'] for some ¢ in (@ b).
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Question 25

H f 15 Cconlinnous on the clossd mt erval _|';I.f!_ and 'I'II!'Ei'f!‘!l'. inhle on tl'w

ofp en mierval fa]‘:ltli_ iken

(&) = fla)
Flec) = / b {”I for some ¢ m (a, b).
i

Proof:

The function
hix) = [b-alf(z) = [F(B) = fla)lx

1s conlmuous on :ﬂ.!ﬂ_h and diferentiable on [a,b)
Furthermori
hia) = hib) = bf(a) = fibla

Therelore, Rolle s theorem tmplies thal A'(c) = 0 for some ¢ in (a, b)

Sinee h'(e) = wl'r - u:f’;r_l - .fI_II-}l - f':_”.',
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Lipschitz Continnity
A lunction that satisfies inequality

for all r and ' in an mterval where M > 0 is some real number is said to satisly a
Lipschalz condition on the interval
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Question 27

Give an example of a function which is continuous but net LUpchiz continuous.

Solution:

Example: The function f(r) = ,L,,-"'j.rl if continuous at ¥ = (0, but not Lipschits

continuons at o i1,
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Question 28

Define Upper Integral

If fix bounded on [a,b] and P = {xp.2y,....#,} is a partition of |a,b], let
Miy= sup [f(x)
Fj-)Srer;

The upper sum of [ over P is

S(P) =Y My(z; — 25-4).
j=1

and the upper miegral of f over, |a,b]. denoted by
f flx)dz,

I8 the infimum of all upper sums.
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Lat
v J 0 il isirrational, Y
flz) = { 1 il r is rational, Find Z‘ﬂﬂdﬂf
Solution:

Let P = {zg,21,....,25} be a partition of [a,b]. Since every interval contains
both rational and irrational numbers

Hence,

S(P) = Y 1-(5y—z4-1)=b-a
J=1

Since all upper sums equal b—a we  have

ff{:]d’::i-—n
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| 1 ifxis rational,
Let P = {rg,7y,...,24) be a partition of |a,b]. Since every interval contains
soth rational and irrational numbers
my =10 l€j<n

Hence,

s(P) = Y 0:(x5-x54)=0.

y=l
Since  all lower sums equal 0. from definition we have
J(z)ds =0.

==
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I [ s bounded on fe, 6, them f fixjds < TI (=)l
o e

Proaf:
Suppose that Py and Py are partitions of o B and P |s & refinement of
bty

We bave provesd

S5(P) 2 S5(F) = S(P)-2IMNriPy (%)

anel

(P Sa(P) £ s(P)+2MAfP]  (es).
Letiimg P =Py in (*"] mial P = P b (") shows thsl

s(Fy) £ o(F) md S(F)<S(H).

Sunee o ™) < S{”). this implies that o P} < S{P) Thus every lower sam |s
i lower ol for the st of all upper sims

Sinew [0 f(x)abe In ths fnSumm of this st i) follows that

qmermm

for every partition .F". off fun, b
This mienn s thal Eﬂ:}d-.r Is an wpper bhound for (he st of all |ower sims
Rknew ﬁﬂ:]d; s the wupremmm of s st



Question 33

I _,|—I'- mon ok onie oo u.I';-';. L ‘I"J'-Ili'-'-:=||!,I.||l|- oy, b
Proof:

Let P={xg,x1,...,Tp} bea partition of o, & Since [ is nondecreasing

fiz;) = M= wup [f(z)

N L
LE ST m,; inf  f(rx]
rj—1<rts

Hetce

S5 F) 8l ) = E[_Juli flxj-1))l=; T;
=1

Sinee 0 < 5§ = xj-1 < | P} and flz;) = flzj-1) 20

S(P)=-s{F) < f*!';ﬁ:!fi\r:l flz;_1])

= ||PY(S{b) — Jla)l.

[herefore
S P) = s P) < 1 PULS(E) = fla)) <

=0 [ is integrable on [, &
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Question 34:

If [ is contimons on [a, b, then f is integrable on [a, b

Proof:
Let P = {z4, ... 7y ) be a partition of [o, b
Since f is contimaous on |o, b there are points oj and <, in [rj ., 7] such that

fleyl =My = sop  [f(r]

#1555
and
J(G)=my = inf_ flz)
Therefore,
S(P) = s(P) =" [Fley) — [e)] ty = 254)
j=1

Sinee f s unlformly continnons on |u, b, there is for ench £ > 0a § > 0 such
I Bt

’ ¥ £
) = flall < ——.
W r aned ' arelio fo b and |r—2| <8 WP| <& then e, _,a;| < & sid from

S(P) - a(P) < ﬁ ;L:,:::, i) =g

Hence, fis integrable on [a, b
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Question 35

Det ermine whether the function f{x) =1 + x is integrable on [a,b]?

Solution:
o 1
flx) =sinz and g(z)= o =z # 0,
then :
h(z) = fg(x)) =sin =, = #0.
and

W () = £'(a(«))g(z) = (m 1) (—ﬁ) . 2 #0.

I
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Question 36

If fisintegrable on [a,b] and @ < ay < by < b, then f is integrable on [ay, b ].

Thus P = {z,,2,41,...,7,} i5 a partition of [ay,by] over which the upper
and lower sims of f satisfy
S(P)-as(P) <e.

Therefore, f is integrable on [ay, 8]
If fis integrable on [a.b and a <a; < by < b, then [ is integrable on [ay, b ].
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Q1 Prove that If f is integrable on [a,b], then so is | f|
Proof: Let P be a partition of [a,b] and define

My = mp{fle): 2 i sesn]
my = mi{fle) e Se <),
M; = sup{|f(z)|:zj-1 <z <},
m; = inf{|f(z)|: zj-1 <z < 35}
Then Mj-m; = suwp{lf(z)| = |f@)|: 251 < 7,7 < 73)
< sup{|f(z) — f(@')| : zjo1 Sz, 2" < x5} (5.25)
= M; —m,.
Therefore, S(P) —3(P) < 8(P) - s(P),

where the upper and lower sums on the left are associated with | f| and those on the
right are associated with f.

Suppose that € > 0. Since f is integrable on [a, b], there is a partition P of [a, b]
such that S(P) — s(P) < e.

This inequality and (5.25) imply that S(P) — 3(P) < . Therefore, |f| is inte-
grable on [a, b].

()2 Is continuity implies differentiability?

Counter example: Consider the function  f(z) = |z|.

The functions can be written as

xz, x>0, 1, x>0,
f($)={ = f'(I)={

—x, = <0, -1, =<0
i) T (4.1)
r—04 = 0 >0+ T
g TE—IO o, 2 (4.2)
r—0— r—10 r—0— T
are different,
o f@) = £(0)
im

—  x-0 xT 0
does not exist thus, f is not differentiable at 0, even though it is continuous at 0.

Q& Theorem: If f is continuous on a finite closed interval [a, b], then f is bounded on
[a, b].

Proof: Suppose that t € [a,b]. Since f is continuous at ¢, there is an open interval

I; containing ¢ such that
lf(z)— f@®)| <1 if ze€lin]a,bl.

The collection H = {I, : a <t < b} is an open covering of [a, b].
Since [a, b is compact, the Heine-Borel theorem implies that there are finitely
many points t1, t9, ..., t, such that the intervals I, , I,, ..., I cover [a,b].
According to continuity of the function and with t = #;,

f@) - ft) <1 i  xel,nlab].
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Therefore,

|f(z)] |(f(z) — f(t:) + f@)] < |f(x) — f@:)| + | f(t)]

< 14+]|f(t)] i =z€L;,NJa,b).
Let
M=1+ max ¥ -3 1E

Since [a,b] C U, (L, N [a,b]), and we have |f(z)| < M if z € [a,b].

Q4 Example: Let

0 if = is irrational,
flz) = TN
1 if z is rational,
Let P = {zg,x1,...,Zn} be a partition of [a,b]. Since every interval contains

both rational and irrational numbers

m;=0 and M;=1, 1<j<n

Hence,
S(P) = Zl-(mj—fﬁj_l)=b—a
j=1
§(P) = ZO-(IJ-—:C]-,Q:O.
g=1

Since all upper sums equal b — a and all lower sums equal 0, from definition we
have

b b
[f(:n)dﬂ::b—a and ff(I)dIZU.
a Ja_
Qs Example: Caleculate the derivative of

h(z) = sin 1, A N
T

L 1
f(z) =sinz and g(x)= =z # 10
then 1
hz) = flola) =sin . 2 #0,
and
! ! ]. 1
W) = Flo@)ax) = s -z . zA0.

!26 Example: Show that the function g(x) = 2? is uniformly continuous on [—r, 7] for
any finite r.

Solution: To see this, note that
l9(2) = 9(2) = |a® = (@)*| = la = 2| |& + 2| < 2rfx — ],
SO

lg(z) —g(a')| <e if |x—1"|<5=% and —r<z,z' <r
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mn
Q7 Lower integrals: The lower sum of f over P is s(P) = ij(g;j —zj-1),
\ =1 & ~

b -
and the lower integral of f over |a,b], denoted by / f(z)dz,
a

is the supremum of all lower sums.

Q§ 4.7 Generalized Mean Value Theorem

Theorem: If f and g are continuous on the closed interval [a, b] and differentiable
on the open interval (a, b), then

[9(b) — g(a)lf'(c) = [F(b) — f(a)lg'(c)  for some ¢ in (a,b).

Example: If
Qg . f()—{I’ (=g = 1L

z+1, 1<x<2

Then the function

OD<ax <1,

ﬂﬂ=[fﬂﬂﬁ=

el ool

+r—1, 1l<x<2,

.'I':f(_j:)‘) 0<I<1
FJ(I):
~ 2 e o
F'(2) = lim Mz lim (z*/2)+2—-1-3
r—2— r—2 r—32— ot )
. r+4
= Jm S—=3=4@)
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5- A theorem was from
Monotonic Function? 5 marks
6-evaluate lim->0 In sinx/In x??
7-"and Rest two was from the
last 5th chp of about integration
on closed interval. My Yesterday

Pepch AAAD ASL A7)
Mth621 Areah 2717 @pued! con

Mcqs were based on concepts
and 6,7 was from mcqs file of
quizz.

1-Define Removeavle
continuity? 2 marks

2-Deifine chain rule for
composition of functions? 2
marks

3-Define Second mean theorem
of Integration?

4- Find uniform continuity of 2x?
5- A theorem was from
Monotonic Function? 5 marks

6-evaluate lim->0 In sinx/In x??
7 - and Rect twn wae fronm the

® | > O |
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Removable discontinuity: Let f be defined on a deleted neighborhood of xy
and discontinuous (perhaps even undefined) at xp. We say that f has a removable

discontinuity at xq if limz—., f(r) exists.
In this case, the function

f(;r.) ifr e Df and T # rQ.
g(x) = {

limgre f(z) if z= 20,

1s contlnuous at .



— J\4) y\.r;u;t‘-r“u,lkj AT R
a

@

- / o) f)

= f(a) f " gla)dr+ f(h)‘[ gl .

5.6 Integration by Substitution

Theorem: Suppose that the transformation r = &(t) maps theinterval e <t < d
into the interval a < ¥ < b, with ¢(¢) = a and ¢(d) = 4, and let f be continuous
on [a, b].

Let ¢ be integrable on [e,d]. Then

8 ol
[f(r)rir:[ F(o(1)d (1) dt. (5.45)

Proof: Both integrals in (5.45) exist: the one on the left by the fact that if f
is continuous on [a,b], then f is integrable on [a,D], the one on the right by the
continuity of f(¢(t)).

The function

F(z) = [ £ () dy

iH ar ‘rllli-i(](‘l“l\'}l[i\-'('- l)l- f o1 lﬂ?b] 5].!1(1. {ll(l‘(‘fl)l‘(’-. HJH(I on I‘ll(’- ('J()H(ll i]l[(.l'\-'éll \\-'i[ll

endpoints & and /.

5.6. Integration by Substitution 152

Hence, by fundamental theorem of calculus,

g
f flx)dr = F(3) — F(a). (5.46)
By the diain‘rule, the function
G(t) = F(o(t))

is an antiderivative of f(¢(1))¢'(t) on |e,d]. Therefore, we have

d
[ F(o(1) & (t) dt G(d) — G(c) = F(é(d)) — F(é(c))
F(8) — F(a).

Comparing this with (5.46) yvields (5.45).

Example: Evaluate the integral
1/v2
I= / (1-22%)(1 - 2%)~ V4.

-1/ vz

Solution: We let
flz) =(1—-22%)(1—22)"12, _1/V2<z<1/V2,
ﬂ!l(l
r=¢(t)=sint, —-w/4<t<n/4

Then ¢'(t) = cost and

(5.47)
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4.7 Generalized Mean Value Theorem

Theorem: If f and g are continuous on the closed interval [a, b] and differentiable
on the open interval (a,b), then

[9(b) — g(a)]f'(c) = [f(b) — f(a)lg'(c)

for some ¢ in (a,b).

Proof: The function

h(xz) = [g(b) — g(a)]f(z) — [f(b) — fla)]g(x)

is continuous on [a, b and differentiable on (a, b).

Furthermore
h(a) = h(b) = g(b)f(a) — f(b)g(a).

Therefore, Rolle’s theorem implies that h'(¢) = 0 for some ¢ in (a,b).

Since  '(c) = [9(b) — g(a)]f'(¢) - [£(b) — f(a)]g/(c).
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3.10. Uniform Continuity 95

Example: Check the uniform continuity of the function

i) =28

Solution: For the function f(z), we have
|If(z) — f(2")| =2)z—2'| <e if |z—2'|<e/2.
The function f(z) is uniformly continuous on (—oc, 00),

Remark: A function f is not uniformly continuous on S if thereis an g9 > () such
that if 4 is any positive number, there are points  and z’ in S such that

I;‘I‘ - ;l‘" <éd

but
|f(x) — f(x')] 2 eo.
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Theorem: Suppose that f is monotonic on (a,b) and define

a= inf f(z) and B= sup f(z)

a<r<h a<r<b
1. If f is nondecreasing, then lim,,,, f(z)= « and lim,_,_ f(z) = .

2. If f is nonincreasing, then limz—o, f(z) = 2 and limz—p_ f(r) = a. (Here
a+ =—-xifa=—-occand b—=oc if b=0c.)

3.12. Limits Inferior and Superior 98

3. f a < zo < b, then limp_sy,, f(z) and limy—z,_ f(x) exist and are finite:
moreover,
lim f(r)< f(xg) < lim f(x)
T—rxg_ Ty

if f is nondecreasing, and

rll;ﬂ‘}, f(x) 2 flxp) 2 ri;g; flx)

if f is nonincreasing.

Proof: We first show that lim;—,, f(z) = a.
If M > a, thereis an xp in (a, b) such that f(rg) < M. Since f is nondecreasing,
f(z) < Mifa <z < xy. Theredore, if « = —oc, then lim,,,, f(z)= —oc.
Ifa>—o0c, let M =a+ ¢, where £ > 0.
Then a £ f(r) < a+¢, so

|[f(z) —al<e if a<z<xo. (3.14)

If @ = —o0o, this implies that f(—oc) = a. If a > —oc, let § = g — a. Then
(3.14) is equivalent to

|f(z) —a|l<e if a<z<a+),

which implies that f(a+) = a.
We now show that lim,_,,_ f(z) = 8.
If M < 3, there is an x¢ in (a,b) such that f(xe) > M.
Since f is nondecreasing, f(z) > M if xg < = < b. Therefore, if 8 = oo, then
lim,_yp_ f(z) = co.
If B<oc,let M =53 —g,wheree > 0. Then 8 —¢ < f(z) £ 8, so
|flx) =Bl <e if xo<zx<h (3.15)

If b= oc, this implies that f(oc) = 8. If b < oo, let § = b — xq.
Then (3.15) is equivalent to

If(z)— Bl <e if b—éb<z<b,

which implies that f(b—) = 3.
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4.1.1 Differentiability Implies Continuity

Theorem: If [ is differentiable at rg, then [ is continuous at rg,

Proof:

J(x) = f(x0) + [['(x0) + E(x)](x — xa),
where E is defined on a neighborhood of 2y and

lim E(x) = E(xg) = 0.
-+

4.1. Derivative

1056

where

{ Lo-L%) _ f'(xg), x€ Dy ol x # 20,
E(x)= .

0, z = IXy.

Examnles
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Theorem (The chain rule): Suppose that g is differentiable at xrg and [ is differen-
tiable at g(zg).
Then the composite function h = [ o g, defined by

h(x) = f(g(x)),

is differentiable at xg, with

W (xo0) = f'(g(x0))d (x0)-

Proof: Since [ is differentiable at g{xg), we can write

(t) = f(g(xa)) = [f'(g(x0)) + E(t))[t — g(za)),

where

'_.l;mmff(t) = E(g(xo)) = 0. (43)

4.1. Derivative 107

Letting t = g(r) vidds
f(g(x)) = f(g(x0)) = [['(9(x0)) + Elg(x))]lg(x) — g(x0)].
Since hix) = f(g(x)). thisimplies that

hiz) — h(zo) _ [ ((z0)) + E(g(:))]”") - g(za)_

X —X9 I—>I

44
Since g is continuous at rg we have

Jlim E(g(x)) = E(glxo) = 0.
Therefore, (4.4) implies that

Wiro) = tim ML= z0)

I—+Xyp X —-—Xp

= f(g(x0))g (x0),
as stated

Scanne d with CamScanner



Scanned with CamScanner




4.5 Rolle’s Theorem

Theorem: Suppose that f is continuous on the dosed interval [a, b and differen-
tiable on the open interval (a,b), and f(a) = f(b). Then f'(¢) =0 for some ¢ in the
open int erval (a, b).

Proof: Since f is continuous on [a,b], f attains a maximum and a minimum value
on [a,b] If these two extreme values are the same, then f is constant on (a,b) so

f(x) =0 for all xin (a,b)

If the extreme values differ, then at least one must be attained at some point ¢
in the open interval (a,b), and f'(¢) =0
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Example: Determine whether the function f(x) = 1+ z is integrable on [a,b]?

Solution If I
flz) =sinx and glx)= = ¥ #0,

then
1

h(z) = f(g(x)) = sin > 7 #0,
and

r r

W(z) = f'(g(x))g(x) = (ms -!-) (—-l-) . 2 #0,
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Theorem: If f is continuous on a finite closed interval [a, b], then f is bounded on

[a, B].

Proof: Suppose that t € [a,b]. Since f is continuous at ¢, there is an open interval
Iy cont aining ¢ such that

[fx)=f(t)) <1 if =xelnfa,b]

The collection H = {I; : a € t < b} is an open covering of [a, b].
Since [a, 8 is compact, the Heine-Borel theorem implies that there are finitely
many points ¢y, ta, ..., t, such that the intervals Ip, I, ..., I
According to continuity of the function and with ¢ = t;,

cover [a, b].

II(J.)—f(fI)I< 1 if I Ef[‘ ﬂ[u,b].

3.8. Bounded Functions 93

Therefore,

|f(x)] I(F(x) — f(t:)) + F(ta)| < |F(x) — ()] + | A(8)]

< 14|f(ty)] if =xe Iy Nfa,b]

Let

M=1 i t:ll.
+1’§‘.-1_:’E.|f( |

Since [a,b] € U, (I N[a.b]), and we have | f(z)| € M if x € [a, b].
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Theérem: Suppose that f is monotonic on (a,b) and define

= aé‘:ﬂ;a f(x) and g= aiﬁb f(z).

1. If f is nondecreasing, then lim,_,,, f(r) =« and lim,_,,_ f(z) = 3.

2. If f is nonincreasing, then lim;_,o, f(z) = 8 and limz_s_ f(x) = a. (Here
at+ =—-ncif a = —oc and b— = o if b= oc.)

3.12. Limits Inferior and Superior 98

3. If a < g < b, then l'imx_,m+ f(z) and lim,_;,, f(z) exist and are finite;
moreover,

Am @) < f(z0) < Lim f(z)
if f is nondecreasing, and

lm f(z) > f(z0) 2 lim f(x)

T—T0_

if f is nonincreasing.

Proof: We first show that lime_., f(r) =a.

If M > a, thereis an xy in (a, b) such that f(xy) < M. Since f is nondecreasing,
f(x) < M if a < x < xg. Therefore, if & = —oc, then lim;_q, f(xr) = —oc.

If x> —oc, let M =a+¢, wheree > 0.

Then a € f(x) < a4 £, s0

Iflz)—a|l<e if a<z<zy, (3.14)

If @ = —oc, this implies that f(—oc) = a. If a > —oc, let § = 29 —a. Then
(3.14) is equivalent to

[f(z)—a]l<e if a<zr<a+,

which implies that f(a+) = a.

We now show that lim,_,;,_ f(z) = 5.

If M < j3, there is an z¢ in (a, b) such that f(xg) > M.

Since f is nondecreasing, f(x) > M if rg < x < b. Therefore, if 5 = oc, then
limg. f(2) = 00.

If3<oc,let M=3—¢g wheree > (. Then f—¢e < f(z) £ 3, so

[f(x)-Bl<e if zp<z<hbh (3.15)

If b= oc, this implies that f(oc) = 8. If b < oo, let § = b— xy.
Then (3.15) is equivalent to

|f(x)—-fBl<e if b-d<x<h,
which implies that f(b—) = S.
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Continuously differentiable We say that f is continuously differentiable on |a, b]
if f is differentiable on [a, b], f’ is continuous on (a, b),

fila) = Jim f'(z)

, and
fZ(b) = lim f'(z).
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Example: Show that the function g(z) = z? is uniformly continuous on [—r, r] for
any finite r.

Solution: To see this, note that
l9(z) = 9(') = |&* = (¢/)?| = |r = 2| |« + 2'| < 2rfx = 2|,
S0

lg(x) — g(2’)| < e if Ir—r’|<6=% and —r <z, <r.
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4.7 Generalized Mean Value Theorem

Theorem: If f and g are continuous on the closed interval [a, b] and differentiable
on the open interval (a,b), then

[9(b) = g(a)]f"(c) = [F(b) = f(a)lg'(c)
for some ¢ in (a, b).

Drnnlf: Tha Hanedionm

Scanned with CamScanner



N
A k21 1T Cpall cm

L
L]
i

Scanne d with CamScanner



J i R il

Q. prove continuity for the given function. 2
questions

Q. second mean value theorem statement

Q using mean value theorem prove that x-1/x <
Inx < x-1 for x>1

Qif F'(x)=f(x) prove integral f(x)=F(a)-F(b) for

[a,b] rogtin

Qif gis continuous at x0 and f is continuous
on g(x0) then show that fog is continuous at
x0.

1
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« b e
/ f(z)dr = fla)dr + flx)der. (5.37)
Ja Ja Jh
A A AAH
Proof: See Lecture. Araad 7711 et v

5.4 Fundamental Theorem of Calculus

Theorem: If f is integrable on [a,b] and a < ¢ < b, then the function F defined by

F{.r]—/ £(t)dt

satisfies a Lipschitz condition on [a, b, and is therefore continuous on [a, bl.

Proof: If x and ' are in [a,b], then

F(z)-F(2') = /J f(t)dt - fI f(t)dt = fl f(t)dt.

Since | f(t)| < K (a <t < b) for some constant K,

f/'m}m

<Klg-a|, a<z, 2’ <bh.

L
O
N
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3.5, Continuity 85

Example: Find
Tl |
lim =
s-+oc Jrd 4 2r - |

Example: Fiul

3.5 Continuity
Continuity (Informal)

o We say that [ is contmuous al xp if [ is defined on an open interval (a, b)
contiining ry and

lim fiz) = f{xa)

o We say that [ is continuouws from the left at xy if [ s defined on an open

interval (a, ry) and

'|[L‘|| [(x) = [(10)

o We say that [ is contmuous from the right ot rg i [ 5 defined on an open
interval (g, b) and

Iun_]u- flxe)
Continuity (Formal)

e A function [ is continuous st r, if and only if [ is defined on an open interval
(@, b) containing ry and for ench £ > 0 there s a 8 > 0 such that

fix) JIENIE whenever |r <4

o A function [ is continuous from the right at xg i and only i J is defined on

an interval (g, b) and for each ¢ > 0 there s a 8 > 0 such that

f(x) - f(xe) r whenever g <r <rp+d

1L
L]

v
N\
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3.1. Limits R0

First observe that if Lz # 0, there s a &5 > 0 such that

| Ly Ly
glr) — La| < II" glx)| > l_;‘ if O0<|x—ml| <y

Now suppose that 0 < |r = rg| < min(dy, 62, 83). Then

(I)r,. Ly flx) L |Laf(x) = Lyglx)| ”’”lﬂmﬂ/
T o) lal lox)La read 2/ 17 Cpmai con

;LL:..'”‘-'“” Liglx)l
f:-l‘} Lalf(x) = Ly] + Ly|Lg — glx)]
9
TP |Lallf(x) = Ly | + [ La|lla — glx)l]
2
!L,HJ( Lal + | Ly|)e
Example: Find
lim e and lim (9 = #*)r+1)
rs2 r+ 1 2-4d

Solution: If ¢ is a constant, then lmg o, ¢ = ¢, and lmg.op, # ro. Therefore

; y
i (9 = %) lim O~ Hn «*
: ]

g—+2 ¥oag

lim 0 — (lim 2)*

g-02 -

and
lim(r+1)=lime+liml=2+1=3
r—+2 -+ r-sd

I herefore

y 0-2' lime9(9-2%) b
im -
r—3 41 Ty, (x4 1) 3
and

im(9— ) +1) = lim(9—2*) lim(e+1)=5-3=15

r—2 g2 #-+d
Example: The function

J(r) = 2x sin/r
satisfies the inequality
f(r)] < whenever U< <d=¢/2
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Theorem: If f is integrable on [a,b] and a < ¢ < b, then the function F' defined by

AT AL /AT
Aead 27 7S Qe con

satisfies a Lipschitz condition on [a, b], and is therefore continuous on [a, bj.

F(x) = [ f(t)dt

Proof: Consequently,

Flz)-F(Z)| < Klr-2], a<z 2 <h

Theorem: If f is integrable on [a. b and a < ¢ < b, then F(r) = L' flt)dt is
differentiable at any point xg in (a,b) where [ is continuous, with F'(xg) = f(xp).

If f is continuous from the right at a, then F' T continuous

o= Jl0}.

Proof: Since

1

x ]

j S(xo) dt = f(xo)

We can write

Flx)— F(xo)

I — Iy

1 " -
flin) [Um f(z0)] dt.
I = a0 Jgy

From this

| . X
U |J(t) = J(xp)|dt].
xr — Xp ™

Since [ is continuous at rg, there is for each £ > 0 a § > 0 such that

F(z) — F(xq)

4 = Ip

<

- f(xg)

‘f(” -~ flJ‘uH <e if |J - J"c|| < é

and ¢ is between x and xg.
Therefore, we have

v
N\
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4.5, Rolle's Theorem 1

4.5 Rolle’s Theorem

Theorem: Suppose that [ s continsous on the closed interval o, b and ditferen-
tiable on the open interval (o, b), and f{a) = f(b). Then [{c) = 0 for sene ¢ in the

Ot b

Proofl: Sinee [ s continnous on la. b, / sttains & maximm and a minimam valoe
on |a, 8. If these two extreme values are the same, then [ s constant on (a, b), so

J(x) =D for all x in (a.b)

sOfe pudnt «

If the extre

T, oW
in the open interval (a,b), and f(¢ 0

1o Valies (

4.6 The Mean Value Theorem

Theorem: Suppose that [ is differentiable on jo,b), f'(a) # (D). and p is betwoen
Fla) aned f'(B). Then f*{c) = p bor some ¢ in (a,b)

Prool: Suppose first that
fla) < p< F(b)

and defiowe
glr) = f(r) - pr

Then
q'l.ln ['(x) i, a% r* b

and by our supposition ["(a) < p < [7(b), we have

dla)<D aml #(b) >0

Sinee g = contipoees on (a b g attains a minimarn At some point © m o b
Due to Letnma and g'(a) < 0 and  g'(b) >0, imply that there is a d > 0 such

glr)<gla), a<r<a+d and glr)<glb) b-4d<cr<h

herefore ¢ & a ml ¢ # b Hemee, 0 < ¢ < b, and thesefore ¢'(c) 0, w the
fnct that if f s differentiable st a local extreme point g then [(re 0. From
o J{e) = p. The prool for the case where ['(b) < p < ['{a) can be obtained by

applyving this reult to - f

Theotem: If [ s contivnous on the closed mterval o, 8 and differentinble on the

open interval (a,b), then

b (a)
PO (Y

b-wu

for sotne ¢ in (a,b)

v
N\
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3.3, Limits at £x K3

3.3 Limits at £

If f is defined on an interval (o, ¢ ), then [(x) approaches the lisit L as x approaches
o, and write

lim f(r)= L

Paned

For each £ > 0, there is a snmber § such that

J(x) = L) « ¥ =2>p

Figure 3.3

Examples: Lot

x) sina

J(x) =1

Find limits when r — £

Solution: We have

h!n J(x) =1,

s

1 |
f(x)=1 g<¢ il z
r f
v
We have -
lim g(x) =2
r-+x
snce
2x 2 2 2
r ‘) 2| 2 « - il =
" |+ x l+x r ¢

However, lint, o Mx) does not exist, sinee b assumes all values between —1
and 1 in any semi-infinite interval (1, 20). Discuss the limits st » < -

1
flx) —~ gl x)
x x

V-
\
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4.11 Taylor's Theorem
Recall the following lemuma: If [ s differentialde at 1y, then
fl2) = f{ra) + [[(20) + El£)l(r = xa).
where E is defined on o neighborhood of £ amd
_Iu.','l Elz E(xrqg 0,
To generalize this result, we first pestate it the polynomial
Ti(2) = f(za) + ['(20)(2 — 20

which is of degree < 1 and satisfies

WA ASE A7)
e s K21 13 e e

Ti(xa) = [{xa) Ti(xo) = [(ra
Ti(x) approgimates [ so well near zp that

fix) f_lu_“
—

we that [ has n derivatives at oy s T3, s the polyno-

Taylor polynomial: S

il of degree < huat

T, '(ra) ), 0€rEn

How well doss T, approximate [ near o

Since T,, s n polynomial of degree < n, it can be written as
To(2) = ag+ aylx — xg) + + aglr fo)"
where iy Are cOnstants

Differentiating vields

We obtained o, undogug

Thervfor

['(ra) ['""xg
I [{xa) + u \x o)

Special case of Taylor series: |
picked power series, | think it’s right

V-
\
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2.6. Limit Superior and Limit Inferior 39

Although emch gy, ocours as a term of {2,). (g, )} s not necesarily a subweguence of
[#a ) because if we write
W =In

There is no reason to expect that {n, ]} is an increasing sequence as required in

definition of subsexquence

However, it is always possible to pick a subsequence {n, | of (n,} that s in
crvasing. ainl then

(=)

L MLLH TR of u.} il

2.6 Limit Superior and Limit Inferior

Theorem

real number 5 such that, if £ > 0,

i <i4 for large n (24

wined

B > 8 for wnhnitely many n (2.5)

e ! (o) in bounded below and does not diverge to ¢, then there is a unigue
real number s such that, if ¢ > 0,

Ay > 8 for large n (26

|

5 < 8+ ¢ for infinively many n (2.7

Proof: Proof of the first part. Since (s, ) is bounded above, there is a nunber 4
such that sy, < 7 for all n. Since (s, ) doos pot diverge to —og, there is a number
o such that s, > o for infinitely many n. If we defios

My = sup| s, sii1 Cree—

then o € My < 4, so (M} is bounded. Since (M) is nonincreasing (why?), it
comverges. Lot

. lm M, (2.8
Ao

I » 0, then My < 8+ ¢ for large k. and sinee s, < My for n 2 k. § satisfies (2.4

If (2.5) were [nlse for some prositive there would be an miteger h such that
sy SF-=2 W n2K
However, this implies that

My <& if k2K

L
L]
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N\

Scanned with CamScanner




e 2173 Cpadl e

148

5.4. Fundamental Theorem of Caleulus

Example: If

Then the function

2
F(x) -—-/ fiyde=4¢ *’
0 E4+r-1 1<zr<?,

is continuous on [ll, 2].

We can conclude
r= f(x), D<r<],
F'(r) =

r+1=f(x), l<r<?

. ; 2ty
) = o —TW) o EID0 e
x 0+ r z -0+
T (0 2/9 p
F (2 = muiﬁL%kl;mpgiiii—Li
r—3 r K | -2 F o .,

= 3 “
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2.8, Monotonic Sequences 1

Example: I «, 1+{=1)"In, then (s} s bounded below (s, > 0) bat anbounded
above
[=».) is bounded above [ ~s, < 0) but unbounded below

] 1)%, then (s, ) Jedd s 7t
on = (~1)", then (s} is bounde rhread 2777 Clpmetl con

I s = (= 1)"n, then {s,) is not bounded above or below

Theorem: A convergent soquence is bounded
Proofl Dy taking 1, we see that if By, oo 50 = &, then there is an integer N
stuch that

Therefore,
M (s, M ~ b~ + 8l <1 %|al i n N
arud
|8.] € mnx{isgl, I8y syl 14 8]}
for all m, so [s, ) is bounded

Theorem: A sequence (2.} converges 1o s il and ouly if every peighborhood of »

contains s, for all but finitely many n

2.3 Monotonic Sequences

A sevpende {5, ) is nondecreasng if s, > s, for all n, or nenimcrrasing il s, < s,
for all n

A monolone seguence is a sequence that » either nonincrensing or pondecreas
ing Ws, > s, i for all o then (s} is increasing, while if s, < s, forall n, {s.)

[T [

Theorem

o If {5,) is nondecreasing, then lim, .. s, = sap{s, )

o I (5] s nonincrensing, then limg ox 55 = inf{sy)

Recall
Prool: Let 7 = sup{s,}. I 3 < o, then by definition if £ > 0 then

The definition of supretoum and imfmoam of o st

!

for sotme integer N

il m > N, it follows that

—
—

[ s
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5 marks prove from this

5.4. Fundamental Theorem of ('Bl_ﬁ-e

Theorem: Il § is integrable on [0, b and a < ¢ < 6, then the fusction F «

Filr) / Fit)ae

Prool Consequent by

Filz)=Fi) < Klze -+ a<s, 2 <h

differentiable at any posint g in (@ b) where [ s continmous, with F'(rg)

If [ is continuous from the right at a. then F (a) = fla). U [ s«
from the left at b, then F°.(b) = [(b)

Proof: Sino

F Firy I x

-, < fixy) / fir) = flrg)|dt
x Iy ¥ o Ja
From this

Fi I ) 1 .
|22 =A%) | gl < / L) = [ o)l e

1 Iy o — xg -
Since [ s continmous at 5y, there is for ench » 0 ad >0 such that

() = flag)] < f |r—rgl<é

and f s between r amd ny

Therefore, we have

Flr Flrs) I e
flzg)] < ¢ i O0<|zs—ap| <é
r—Jo &= an

Henew, F'iry f(xy)

differentiable at any poiut ry in (o, b) where [ s continuous, with F ‘(xg)

If s continwous from the right at a, then F (a) fla). MW f s«
from the left at b, then F* (b) = f(b)

1L
L]
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Theorem: If [ is integrable on jo.b and @ < ¢ < b, then Flz) = [’

Theorem: H [ is integrable on a8 and @ < ¢ < b, then Flz) I’

befinsl b

satintien & Lipschits condition on [a, b, and is therefore comtinous on e, b

f(t)dt s
Jlrg)

OFIL LS

s A ASLAATH
Wo can write e e 213 Cpmei, con

fit)alt is
fira)

LTI LTEINY

ra
N\




Example: Prove that

lim r =0
r—l* m’."m/”
a7 7S e 0

Solution: See Lecture

Example: Show that
lim (”l 4 .r) L, lim (lll i+ r) 15
¥ —+h4 r =) I

Solution: See Lecture

Theorem: A function f has a limit at rg if and only if it has left- and right-hand
limits at rg, and they are equal. More specifically,

lim f(x) =L

£ —+Ly

if and only if
lim f(x)= lim f(z)=L
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3.1 Monotone Sequences

AAD AT AT
3.1.1 Definition: Aead 77 Cpmadsom

(i) A sequence (a,), ,, said to be monotonically increasing, if (a,),,, 29, ¥n 2 |

(1) A sequence (a,], ;, said to be monotonically decreasing, if (a,),,; @, ¥n 2 |

We can describe now the completeness property of the real numbers.

Completeness property
very monotonically increasing sequence which is bounded above is convergent.

3.1.3 Theorem:

If [a.}, 11 s monotonically decreasing and is bounded below, it is convergent.

f:

Follo’ facte

(i) (a,), 1 monotonically decreasing if and only if (a,],;, monotonically increasing.
(ii) la,), >, bounded below, if and only if {a,), ,, is bounded above.

(i) (a,), >, Is convergent if and only if (a,), ;, Is convergent.

I]l

3.1.4 Examples:

(i) Sequence (2x), ,, is monotonically increasing and is not bounded above.
1
(ii) Sequence {;}. :1 Is monotonically decreasing and is not bounded below, say by 0

(iii) Sequence ((-1)"),  is neither monotonically increasing nor decreasing.

Ban-l +2 -
(v) Let @, =1, @, = T ¥ n 2 2 As shown in problem 2, module 0, @, 2 § ¥ nand

1L
L]
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Lek %:Aé?—ﬂ?. let x,eh.

71 I NPT SN . ap—— | £ & conbinuous

b % ¢ W& means Yl ‘ole>o, there  exists

o= Ok, ,&) >0 (1‘*e. , 020 pojfehﬁg_%{ cleperdfnﬂ cm(:)
M}) -

such  thed o i£ xf.& wih |x7_rg°l<8)
then i‘—?(:c)w‘—?(‘.xo)

<e,

Thee ase od course examples jﬁmdl.ms- |
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b sotisly e defmibon of conkimitty o .
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btk saksdy s

Scanned with CamScanner




'l'ﬁe __ap.rcjve,r xo i's )
-[%e xPos-\'er xo Srcws

'EDMS‘, ﬂ?:v ‘-enxecl €>0}

UJ”\ fQ ujplen xo S
small, quite o
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e Jovqer and QNSJ ;
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In other words, :Ef s urtioerg cond{muous
R h U cmbnuous ad each xef, and dhe
) Cﬂf\'e??cn&wg b euch ¢ in e definikion
4 wnkinully of x,  can beq-%e some. K, <.

—— 0‘;:_;056711 {:—ac‘a unt’ tmﬂj asTinuous 'nc:‘icm is
~ contmuous

ol Leb AR be ool combimuces
lel  x.eA. ek &0
Sace % is anidvmly ambmusus, fe s e0
Bere eists S (23) >0, sud that:
Y xyeh, and lx-'j\(g, then IUE&)"‘%(MQ.

b "‘;?m’deox, el and [X-x| <, then T%nk#@k&.

Sce €20 wos  arbitrary g is comtimuous o x,,.
Since x.ef  was wh'{'rwg, '?LS antinuous o A
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