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Figure 3.4: 51 and Sa
- AT AL AT
$iNS={0): 0=y <} epaf 2777 Cpmad com

has zevo content.
Hence, by using corollary implies that if f is integrable on 8y and 53, then f is
also integrable over

S=5uS={(z.y):-1<2<1, 0€y<1+|x[}

f, fIX)dX = [ f{x;ld.x+f fIX)dX.
L UE, g5 a2y
These past papers are grepared by

313 Iterated Integrals — Ap 4 (VU Gold alist MSc
Let us first assume that f is continuous on B = [a,b] = [e,d].
Then, for each y in [e, d], f(x,y) is continuous with respect to = on #f. b, so the

integral ;
Fo) = [ fa
[a}
axists.

Moreover, the uniform continnity of f on R jmp!
therefore integrable on [e,d].

We say that
I = fj y}dy—f (f flz,y) dx)

is an iteraded integral of f over K.

F iz contingous and

Iterated integrals: We will usually write it as

b
fl=fddy[f \y) dz.

\-( D https://www.badartoor.com/
| Subjects Past Papers

www.badartoor.com

3.13. Tterated Integrals 157

Another iterated integral can be defined by writing

d
Gs:)=f flzy)dy, a<z<h,

I3 /G.r}dar f(f_f;r:ydy)
which we usually write as
: 164
f2=£ dmff{m,y}dy-

Defining

‘R 2 < Q A
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S(P) =" MV(Ry).
7=1
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3.9. Upper and Lower Integrals 14

The upper integral of f over R, denoted by

[ rxyax,
i
s the infirmm of all upper sums.

Upper and Lower Integrals: The lower suim of

integral of f over R, denoted by
[ rexyax,
Jr

i the supremm of all lower sums.

heorem: Let [ be bounded on a rectangle fi et P bhe a partition of K.

1. The upper sum S(P) of f over P is the supremum of the set of all Riemann
surns of f over P.

2. The lower sum s{P) of f over P is the infimum of the set of all Riemann sums
of f over P
Remarks: If
m< fiX)<M forXinR,

then
mV(R) < s(P) < S(P) = MV(R);

therefore, E FIX)dX and [ fIX)dX exist, are unique, and satisfv the inequalities

mV(R) < f F(X)dX < MV(R)
i

154

mV(R) gfﬂ_f{xmxg MV(R).

Remarks: The upper and lower integrals ave also written as

r i hows b 1 .r ni oxs A & o

R 2 < Q A
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isee (3.18)), so (3.17) implies that

g— 3 (T + 7w~z ys — w-1)| < [PI(b—a)(d—c). (3.20)

=1 J=1

It now follows that

5 3 Ej:l Ty(xy — @11y — Yy-1)

[Fiet Fulmy — @e1)) [Z_?:l(y_; = yj_l}] M/ﬂ? I‘ﬁ’”mf@/
(d—c) Yy Telme — z4-1) (from (3.18)) MEIIJWJM

deyr ((ai—ai,)  (from (3.14)
52(6* — a?) (from (3.19)).

Similarly,

3o TlE —me)(yy —yp1) = : ; 2 — ).

i=1 j=1
Therefore, (3.20) can be written as

b—a
2

d—e
0

o - 5 — o) - 2 - A)| < |PI(b—a)(d — ).
Since the right side can be made as small as we wish by choosing ||P|| sufficiently

small,

1

not integrable on A,

Proof: We will show that if f is unbounded on B, P = {H, Ha,...
artition of i, and M = 0, then there are Riemann sums o g
that

Is any
over P such

o — o'| = M. (3.21)

This implies that f cannot satistyv definition of Riemann integr

For all Books of BS/ MSc Mathematics, Visit
https://www.badartoor.com/
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3.9. Upper and Lower Integrals 146

There must be an integer 7 in {1,2. ..., k} such that

‘R 2 < Q A
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3.2, Absolute | 137
bsolute integrability
e say that f is absolutely integrable on [a.b) if b{ is locally integrable on | and
f; |flz)| dx < oo, In this case we also say that fa fix) dz converges absoldely or is
absolutely convergent.
absolutely integrable
on [a, b), since |f| = f.
Example: Since W}fi ﬁfwfw
sinx 1
o Mf/f@m{ con

and [[FrPdr <ocifp> 1.
The comparison theorem implies that

this, we first
be an integer

km |sinz|
> o = odz

-1 +1)x |si e
= Bl (3.5)

—1 1 (J+1l)m g .
= E;=lm_—lh_ i |3I'I'.|.:I,‘|d.'l.'.

{3+1)m T
f |sin:r|d.'r=f sinrdr = 2,
Jjm ]

k-1 1

KT | gin 2| 2
[

=1

80 (3.5) implies that

However,

J+2
—= [T i-,
Jj+1 j+1 T

50 (3.6) implies that
k-1

fk:lT |5.III:E| - Zj‘j+2 dx
1 £ ‘JTj=] _‘H'] a

~ L[E g e
o a x & 2

For all Books of BS/ MSc Mathematics, Visit
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From this, vou can see that if f(x) = 0 on some subinterval [ai.b) of [a, b), but
not necessarily for all @ in [a, b), we can still use the convention introduced earlier
for positive functions; that is, we can write [0 f(z) dx < oc if the improper integral
CONVErges or 2

3.1. Locally Integrable Fu 136

rem: Suppose that f and g are locally integrable on [a,b), g{z) = 0 an
flx) = 0 on some subinterval [ay, b) of [a, b), and

flx)

m—ltrngll— glx)

= M.

i

e If0 < M < oo, then f;f[ﬂdﬂr‘ and [, glx)d

, 9lx) dr = oo, then jjf[m]lﬂ‘.m=m.
o If M =0 and f;g(r}dx = oo, then _I':_f(:r]-dn: < 0o,

Proof: From (3.3), there is a as in [ey,B) such

Ar
0= — <
2

an

iy = T

The first inequality n (3.4) imply that

i i
/g{m}dx{m if ff{x}dm{:x'-.

The second inequality in (3.4) imply that

Ljf{x}dr-—:ao if fbg{m}d:r{:x:-.

az

Therefore, f:i flz) dr and f;ﬁ glx) dz converge or diverge together, and in the latter
cage they must diverge to oo, since thelr integrands are nonnegative. If M = og,
there is a point az in [a1. b) such that

flz} =z glz), aa<z<h,
We have _[EE' flz)de = oo, If M = 0, there is a point ag in [ay,b) such that

flz)<glz), aa<z<h, 143

=0 we have f: flz)dr < oo,

For all Books of BS/ MSc Mathematics, Visit
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2.23.1 Positive Definite

Let r be a positive integer and Xo = (210, Zop, .. ., Tpo). A function of the form

p(X} = trr,ral@1 — 210)™ (23 — 220)" - - (Tn — Tn0)™, (2.102)

wheve the coefficients { @ ror, } are constants and the summation is over all n-tuples

of nonnegative integers (r1,ma, .., 7a) such that A Ay
rptratostfa=r ﬁ#ﬁ{fffj@m{

5 a homogencous polynomial of eif_qfw r o X — X, Provitmas v se sy v s v
cocfficients s nongearo. For ¢ jsfies the conditions of rth differential,

p(X) = (d, £)(X — Xq)

polvnomial if at least one of the rth-order mixed partial deriv
is nonzero. Clearly, p(Xo) = 0if p is a homogeneous polynomial of
=1inX—X;.

If p(X) = 0 for all X, we say that p is positive semidefinite; if p(X) = 0 except
then X = Xy, pis pesitive defingte. Similarlv, p is negative semidefinite it p(x} <
ative definite if p(X) < 0 for all X # Xg. In all these cases, p is semide

Wi as in (2.102)
p(—X +2Xp) = (—1)"p(X)
50 P cannat nidefinite if » is odd

: r
plz.yz) =2+ + 27 +ay +xz+yz
is homogeneous of degree 2 in X = (z,y. z). We can rewrite p
1 2
F4+iz+x

Example: The polyvnomis
Plz.y.2) =5 [(=

s s of f

s0 p is nonnegativg and p(T, 7,3Z) =

https://www.badartoor.com/

pers are prepared by Ahmad (VU Gold Medalist MSc
Mathematics 2019

134

2.23. Taylor's Theorem for Functions of n Variables 127

Example: The polvnomial

piiz,y,2) = x+y +2° + 2y
p1{z, y,2) (z+y)* + 27,

s0 p1 I nonnegative. Since pi(l, —1,0) = 0, py is positive semidefinite and —p; is
negative semidefinite.
The polynomial

‘R 2 < Q A
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AL ML A7)
2.21. Higher Mfffjwﬁﬂ tions 119

Substituting this into (2.52) vields

n

‘324’1 =Zﬂf iz, +iaﬂ & oz,

chi. (2.84)

iy dhy dxy g Sy - iy e dx, dx;
To compute fyo, (Un) from this formula, we evaluate the partial derivatives of =y,
9, ..., #n ot Up and those of £ at Xy = X(Uyp). The forowla iz valid if xy, xa,
., #n and their first partial derivativ differentiable at Up and f, fe,, fro.

-y fon and their fivst partd 1 at Xog.

Example: Lei g7 be polar coordinates in the ry-plane; thal

r=rcosd, y=rsind.

ose that f = fiz, y) s differentiable on a set S, and let
hir, @) =

flrcos@, rsind).

We have
dh Jf dx E.'__fay_ of . df

oh  Ofox  Ofdy af of
5 T e ey el el

(rcos@ rsind).

are evaluated at (z,y) =

Example: Suppose that fz and fy nilable on an ope
5 in B2, Differentiating (2.85) with respect to  vields

% = l:u&é‘ﬁ (Bé) +sinﬂﬁ (-gé)

)2 & 5
{+251n6‘cuﬁﬂ—f+sm i ‘f.

da iy Ay?
b0 @ vields 1 26

af 1 f
L‘{EQ@ E?— (d_) +5|n|5'ﬁ (-:]'_)
: of | &#fdx  O°f By
= —sinf-= + cosf dy sf?(ﬂ 5 55 D‘yﬂrﬁﬂ)
. Pf oax  #fay
+Sm9(£ﬂrﬂyﬁ+ @ﬁ)
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FX) — FIXy1) = fo) ([ Xy} (25 — 2p0),

and (2.53) implies that

> fay (Xg)ay — 250)

j=1

= D fay(Xo)lwyg — 250) + D Ufa)(Xy) — fiy(Xo)](35 — o).

fIX) = f(Xo)

J=t =l
From this and (2.52), M’!ﬂ I ‘ffw W
e e 2773 @pmad con
(x} .f Z f:l!_; X {3"_? = :Irjl]} SE L |zy — xgp| = nelX — Ky,
=1 J=1

which irnpli

2.17.4 Continuously Differentiable Function

We say that [ is continuoesly differentioble on a subset 5 of B if 5 s contained g
an open set on which fz,, feay «- -5 fz, are continuous.
The above theorem implies that such a function is differentiak

Example: If

S={{zyl:x#y}

For all Books of BS/ MSc Mathematics, Visit
https://www.badartoor.com/

These past papers are prepared by Ahmad (VU Gold Medalist MSc
Mathematics 2019 116

2.17. Differentiability of Functions of Several Variables 109

[ is contimonsly differentiable on 5.

Remark: If fz. fe,. ..., Sz, exist on a neighborhood of X and are contimous
at Xp. then f is differentiable at Xo. These conditions are not necessary for differ-
entiabilityv; that is, a function may be differentiable at a point Xo even if its first
partial derivatives are not contimous at Xp.

Example: let

BE
() = {':r B TN

Then

4 1

‘R 2 < Q A
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FX) = fIXo1) = fo (X525 — 24u0),

and (2.53) implies that

> fay (Xg)ay — 250)

FIX) - f(Xo) =
J=1
= 3 fe(Xo)(zy — @) + 3 [y (Xy) — fiy(Xo)(zg — zg0).
I=k =1

From this and (2.52),

FIX)— f(Xo) = D fo, (Xodzy —x0)| <Y _ |ay — ag0] < nelX — Xl
=1 J=1

which implies that  is differentiable at Xo. AHAD ST AT
e 2777 @pmai con
2.17.4 Continuously Differentiable Function

We say that [ is continuously differentiable on a subset § of B" if 5 is contained in
an open set on which fz,, feay «- -5 fz, are continuous.
The above theorem implies that such a function is differentiable at each Xg inS.

Example: If 2ag?
flz,y) = P
e Fola, ) = 2z . 'TQ + :5"2
z—y (z—y)f
Plm) - THY

r—y (r-—

Since fr and fy are continuous on

§={{zyl:x#y}

2.17. Differentiability of Functions of Several Variables 109

[ is contimonsly differentiable on 5.

Remark: If fz. fe,. ..., Sz, exist on a neighborhood of X and are contimous
at Xp. then f is differentiable at Xo. These conditions are not necessary for differ-
entiabilityv; that is, a function may be differentiable at a point Xo even if its first
partial derivatives are not contirmous at Xp.

Example: let
| —wsingly, x4y,
f{m"'y} - { U: = y__

Then

2 < Q[
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Yimi SALAS LD ™ 7 g Jo A0S R ] 0
XX, X — X

Proof: Let © be a given integer in {1.2,....n}. Let X = Xp + tEy;, so that
my=xp+t, Ty =zpif j#1i, and [X — Xg| = [t].

Tt
2 F(X) — F(Xg) — % melz; — za)

e X — Xo| —%
and the differentiability of f at X imply that
lim f(Xo +tEy) — f(Xp) —mgt _ i
t—0 t ’ M/fﬂ WJMW
Herte, Aree 82777 @pma com
This proves

, since the limit on the left is fz, (Xo), by

Linear Function

inear function is o function of the form

L{X) = mx + maxa + -+ - + My, (2.47)

veey TMp are constants.  From definition of differentiability, f is

differentiable at Xg if and only if there is a linear function L such that f(X)— f{Xq)
can be approximated so well near Xg by

L(X) - L{Xp) = L(X — Xo)

where my, ma,

that

FIX) — f(Xp) = L(X - Xo) + E(X){|IX (2.45)

Theorem: If f is diffeventiable at Xg, then f s continuous
Proof: From LX) = myz) + maxs + - - + mpag,
IL(X —

where

This and f({X) — Xo)+ BX) (X =

)l < L 112
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2.17. Differentiability of Functions of Several Variables 105

2.17.2 Differential

The linear funcrion
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2.14. Vector Valued Functions 0l

RiG)} = range of G

A ASL A7)
e d21 73 @pmed con

Figure 2.7: Composite of vector valued functions

Theorem: Suppose that Up is in T and is a limit point of T, G is continuous at
Up, and f is continuous at Xo = G(Up). Then k= f o G is contimuous at Up.

Proof: Suppese that = > 0. Since f is contimous at Xy = G(Uy), there s an
e1 > 0 such that

|F(X) — fIG(Up))| <«
if
X —G(Ug)| <e1 and X e Dy 2.31)

Since G is continnous at Uy, there is a 4 = 0 such that

IGIU) - G(Up)| <=1 if [U—-Upl=d and Ue Dg

By taking X = G(U) in (2.30) and (2.31), we sce tl

|R(U) — h(Un)| =gf (G(U) — fFIG(

| =<«
if
U - Ug| <

107

Example: 1

and
glz,y) =1—a’ — 297,

then Dy roa], Dg = R?, and

T={(z,y): 2" +2¢° < 1}.

We have proved that g is continuous on B2,
We can obtain the same conclusion by observing that the functions py(z.y) = =
and pa(®, y) = ¥ are continuous on B,

For all Books of BS/ MSc Mathematics, Visit
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to make it continyous at (0, 0).
The liit
lim  f(z,y)
{0 —i0,0)
does not exist.
Consequently, it is impossible to define the function at origin to make it contin-
I AES

Theorem: If f and g are continuous on a set S in B", then so are f+ g, f—g. and
Fo. Also. f/g is continnous at each Xo in S such that g(Xp) # 0.

AT ASL AT
e 2777 @pmad con

Vector Valued Functions

pose that g1, g2, ..., gn are real-valued functions defined on a subset T of B™.
We define the vector-valued function G on T by

G(U) = (g1 (U}, g2(U),...,gn(U)) ,

Then g1, g2, ..., gn ave the component functions of G = | R ¢ say
ihat

Em G{U)=L= (L, La....
(e (u) (Ly, L3,

100

and that G is continuous at Up if g1, g2, ..., gn are cach

Theorem: For a vector-valued function G,

Similarly,
that

|G(U) — G(Uy)| whenever |[U—Up| <4 and U e Dg.

2.14.1 Composite Function

Let f be aveal-valued function defined on a subset of B®, and let the vector-valued
function G = (g1,92,.-.,9a) be defined on a domain Dg in B™.

Let the set
T={U:UeDg and G(U)e Dy},

be nonampty.
Composite function: Define the real-valued composite function

R 2 < Q A
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Therefore, the assumption that there is a polygonal path in 5 from Xy to X must
b false.

For necessity, suppose that 5 is a connected open set and Xp € 5. Let A be the set
consisting of Xo and the points in 5 can be connected to Xp by polygonal paths in
5. Let B be set of points in S that cannot be connected to Xo by polygonal paths.
If Yo £ 5, then S contains an s-neighborhood N:(Yo) of Yo, since S is open. Any
point Yy in N:(Yp can be connected to Yo by the line segment

X=tY; +{1l—1t)¥o, 0=t=1,

which lies in N:(¥Yo) and therefore in 5. This implies that Yo can be connected
to Xp by a polygonal path in & if and only if every member of N:(Yo) can also.
Thus, N:(Yo) C A if ¥y € 4, and N(Yy) € B if Yy € B. Therefore, A and B are
open. Since AN B = 0, this implies that AN B = AN B =0, Since A is nonempty
(Xp € A), it now follows that B = @, since if B # 0, § would be disconnected.
Therefore, A = &, which completes the proof of necessity

Remark: Any polyvgonally connected set, apen or not, is connected. The converse
i= false. A set (not open) may b annected .

o o AL AL AT |
Regions in E": A region Sin 1 ; 2, 773, g _,“w «l set with some,

all, or none of its boundary; tho it of 5 is a limit
point of 5%

Example:

The set 51 obtained by adding the line segment

Li: X=t0.2)+(1—-£){0,1), D<t<l,

90

2.8. Polygonally Connected Set 83
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If 5 cannot be expressed as 5 = AU B, where

A#®, B#0, AnB=0, and ANnB=0. (2.13)

If & can be expressed in this way, then S is disconnected

Example: The empty set and singleton sets are connected, because they cannot be
represented as the union of two disjoint nonempty sets.

Example: The space R" is connected.

IFR"=AUBwith ANB=Wand ANB =, then Ac Aand B C B.

That is, A and B are both closed and therefore are both open.

Since the only nonempiy subset of B™ that is both open and closed is BE™ itsdf,
one of A and B is B™ and the other is empiy.

2.7.1 Polygonal Path AT AL A7)
If Xy, Xo,.... X, are points in R" Mfffjwﬂﬂ

Let L is the line segment from X to Xy, 1 <4< B —1, wesay that Ly, Lo,
vowy L form a podygonal path from X to X,

We say that Xy and Xy are connected by the polvgonal path.

gonally Connected Set

t S is polygonally connected if every pair of points in 5 can be connected by a
polvgonal path lving entively in 5.

Theorem: An open set S in B" is connected if and only g

Proof: For sufficiency, we will show that if 5 is disconnected, ¢
gonally connected.

Let 5 =AUB, where A and B satisfy,

A#£D, B#0,

2.8. Polygonally Connected Set 82

Suppose that X € A and Xo € B, and assume that there is a polvgonal path
in & connecting X to Xa. Then some line segment L in this path must contain a
point ¥y in A and a point ¥a in B

The line segment;

R 2 < Q A
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——

(&) < g(X) for X in S. then
Bl il 3
f(X)ax < \ o(X i
Jg

Theorem: If # ;s ;
‘orem: f 1S
If fis ntegrable on S, thep o 15 | f], and

\ .\ f(X)dX
S

Theorem: If f and g are integrable on S, then so is the product fg.

< [ o) ax.

e e eantinuons and v is integrable and nonnegative on @




su X),
Uﬂmwu .wqm v

The upper sum of f over P is

k
S(P) =" M,;V(R;).

J=0
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lim cosxdxr = lim sine
C— 00 O C— 0

-

S 1ot exist; thus, .\,a cos z dx diverges, but not to +oo.

In gbbmnnuou with Umw::_am 7?, it is important to recognize ﬁ_m.» the in

s [ f(z) dz and .\ f(z) dz must converge separately for .\. f(z)da

m.ou_ example, the existence of the symmetrie limit
oF

lim .\m fla) &H.

R—o00

. the principal value of oo f(z) && does not imply _&g

il o
N e -
F -
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L 1 0,y Z) = R
Z'é /{)’f,} 4 2)/,_935 f Then Prove %qj ¥ (N) = m
1 ol Z(b ehe mckxp :

2- 1 T.- 11T, - - I ¥
Diffe: entiability of Functions of Several Variables 105

2.17.2 Differential
The linear function
L(X) = fn(Xo)21 + foz(Ko)z2 + - + [z, (X0)Tn

This function is called the differential of f at Xo. We will denote it by dx,f
118 : 5 C

and its value by (dxuf)(x}-
Thus,

) = o (Xo)T1 fra(Xo)Z2 + -+ + + fz,(Xo)Zn. (2.50)
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where the integral on the right converges absolutely.

Remark: Dirichlet’s test isuseful only if f is oscillatary at b—, since it can be shown

that if f is nonoscillatory at b— and F ist A0 Iffmwl |f(x)g(x)|dx <

oc if only g islocally integrable and boun:

e 2777 Cpmal con

Remark: Dirichlet's test can also be used to show that certain integrals diverge.

Example: For example, most important Long Ques

oo
[ risinzdr
J1

diverges if ¢ > (), but none of the other tests that we have studied so far implies
this. It is not enough to argue that the integrand does not approach zero as r — oc
(a common mistake), since this does not imply divergence. To see that the integral
diverges, we observe that if it converged for some g > 0, then F(x) = [ f’l 9 sinx dx
would be bounded on [1, oc).
We could let
f(z) =2%inz and g(x)=x71

in Dirichlet’s test and conclude that

'X|
/ sinz dr
1

also converges. This is false.

3.6 Rectangles in R"

The
Slxﬂzx---xﬂn

of subsets Si, S, ..., S, of R is the set of points (1, T9,...,: rn) in R™ such that
x1 € 81,12 € 82,...,Tn € Sp. For example, the Cartesian product of the two closed
intervals

[ay, b1] % [az,bo] = {(z,y) : a1y Sz < by, a3 <y < by}

is a rectangle in R? with sides parallel to the 2- and y-axes.
The Cartesian product of three closed intervals

I
IA

[a1.b1] % [ag,bo] x [ag,bs] = {(z,9.2):a4

€T bl?
az <y < b, az < z < ba}

(Fat

o]

1s a rectangular parallelepiped in R* with faces parallel to the coordinate axes. A
coordinate rectangle & in R™ is the Cartesian product of n closed intervals; that 1is,

R = [aq,by] x [as,by] x -+ % [ay, by)-
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LiﬁLMS-"«-’irtuaIUni'.rr:rsit}fufl:'al- x .C_uiz P Inl} o _ O b4
Ty O D 9 < O quizvu.edu.pk/QuizQuestion.aspx?ver=58c327 13-3a77-4009-ac92-2838017dcf17 (3. Google Q o=
31
AL AL AT Time Lett A
e 2777 @ppa com Quiz Start Time: 03:53 PM, 30 July 2018
Question # 1 of 10 { Start time: 03:53:17 PM, 30 July 2012 ) Total Marks: 1

and
fy.r(:lh ylil:]
exists. Then,

S

® fue(@o, 30) = fey(zo,y0)

o frz(o,30) = fiy(zo, y0)

o Jelzo, ) = fulzo, )
Mone of these

O
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LG LMS-Virtual University of Paki X Quiz x +

0O C 5D v < O quizvu.edu.pk/QuizQuestion.aspx?ver=17ad3fa3-3141-4ce8-a300-24351943231

AAAD ASLyHAT7)
e ed 2777 Cpual con

o8

Quiz Start Time: 03:53 PM. 30 July 2018

Question # 3 of 10 { Start ime: 03:55:28 PM, 30 July 2018) Total Marks: 1
A cntical peint at which a function attains its maximum value among zll points where it is defined is called .
s
| |
Select the comect option
e ubjecClS FaSl Fapers
0O y
www.badartoor.com
0O p
global maximum
0O y
Mone of these
s

E O Type here to search
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LG LMS-Virtual University of Paki X Quiz x 4+ o & - o X
™ O D 9 < 0 quizvu.edu.pk/QuizQuestion.aspx?ver=88d81915-2062-4901-be11-9ffd9c15a3f0 (2] Google Q -
AT AL A7 Tire Lot JEARE

e f 2777 @puad com secls)

Quiz Start Time: 03:53 PM. 30 July 2018

Question # 4 of 10 { Start time: 03:56:48 PM, 30 July 2018 ) Total Marks: 1

‘which expression represents the differential of a function of n vaniables at the paint X0 7

> S g

o L(X) = fz, (X0} + fr(Xo)+. .. +fz (Xo)
LX) = fiXo)x + f(Xo)zz+... +f( Xo)Tn
O
LX) = fr,(Xo)z1 + fr,(Xo)zz+. ..+ fe (Xo)zn
O
Mone of these
O
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LNE LMS-Virtual University of Paki- x [l Quiz x 4+ o —

— ., - o . - e o A e - _— —
‘Cr O Y 1T < O quizvu.edu.pk/QuizQuestion.aspxiver=2337c52c-f727-45b9-aae8-8850b430de30 @ “ Google -

A AL AT
e f27 77 Cpmar com Quiz Start Time: 03:53 PM, 30 July 2018

B
[

Question # 5 of 10 { Start fime: 03-57-57 PM, 30 July 2018 ) Total Marks: 1
‘which statemeniis) is(are) true about the function
o+t
T,y =
fz,y)=—— y )
> et e
2z =+t
O fz (IJ y} = 2
TV (z+w)
2 2
y Tty
T, = + .
O f!'[ yj -y {Z _ y}z
o fulz ), fe(z,9)
are continuous evenywhere.
o
Fe
O is differentiable every where except at the points where
y=r
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Liﬁ LMS-Virtual University of Pakic X . Chuiz P Inl} o _ O b4
Ty O D 9 < O quizvu.edu.pk/QuizQuestion.aspx?ver=b1853d56-ba52-4cdc-9dde-fA7f415767d3 (3 v Google Q =
43
Time Left Ll
A ALY
e f27 73 Cpmar com Quiz Start Time: 03:53 PM, 30 July 2018
Question # 7 of 10 { Start fime: 03:59:57 PM, 30 July 2018 ) Total Marks: 1
|dentify the false statement(s)
St conet e
The partial derivative is a special case of directional derivative.
31(X) B
O JE:2
ERET T B e e B N
. with respect to third vaniable is
f; = 2.21
Mone of these
.
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Question # 8 of 10 { Start time: 04:00:51 PM, 30 July 2018 )

[ quizvu.edu.pk/QuizQuestion.aspx?ver=e89e3140-59d7-457 c-addc-b5f6a85e05¢1

Q :
75

Quiz Start Time: 03:53 PM. 30 July 2018

Total Marks: 1

A sufficient condition for a function of several vaniables to be differentiable at point is

Select the comect option
only the partial denvative should exists at that point.
O
All partial derivatives exists and are continuous at that point
L
anly limit at that point should exists.
O
Mone of these
O
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m © - 0O
0O C DY v < O quizvu.edu.pk/QuizQuestion.aspx?ver=d42f00bb-04a3-4aaa-a7 2f-2aacd013d18a

@ “  Google Q :
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Quiz Start Time: 03:53 PM. 30 July 2018

Question # 9 of 10 { Start time: 04:01:11 PM, 30 July 2018 )

Total Marks: 1
along the line -
y=—x
i
.
1
O 3
1
O 2
0
1
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\ o Start your online journey frornm X 'S} Calculus/Extrerna and Points © % | | LMS-Virtual University of Paki- X Quiz X  + o

0 T G N T & SN ¢ M quizvu.edu.pk/QuizQuestion.aspx?ver=1c5fffa8-ed8f-4dc2 -b807 -abcfa8 1abod 4 @ Google Q

A HSE AT 82 .
e 2777 @pmal com

Quiz Start Time: 04:51 PM. 30 July 2018

Question # 1 of 10 { Start time: 04:51:01 PM, 30 July 2018 ) Total Marks: 1

A paint on the graph of a function at which the tangent line is parallel to x-axis is called the ...

Select the comect option

crtical point

™ p

peint of inflaction

O “

point of relative extreama

Nane of thess

O “
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# Start your enline journey from X 'S} Calculus/Extrema and Points © % | |i$ LMS-Virtual University of Paki Quiz X  + o — O *
£y O D < O quizvu.edu.pk/QuizQuestion.aspx?ver=86cb311e-6972-4b10-87a0-55af82933¢83 (3 ogle Q o=
A ML/ A 66

Time Left »
/ /
e 2775 @pmadk con Quiz Start Time: 04:51 PM, 30 July 2018

Question # 2 of 10 ( Start ime: 04:51-15 PM, 30 July 2018 ) Total Marks: 1

A et A c R of real numbers is -—————— if there exists a real number m € R, such that

= m foreveryx € &

s

Select the comect option

beundad below

0O p
uniformly continucus

0O p
beundad above

0O p
Nane of thess

O 4
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. Quiz - UC Browser
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e e h27 73 @pmat com

Question # 3 of 10 { Start time: 04:52:52 PM, 30 July 2018 )

40

Quiz Start Time: 04:51 PM, 30 July 2018

Total Marks: 1

|dentify the true statement(s)

Select the comect option

the function

O

has a local extreme point at onigin.

flz,y)=="+y¢*

If

-
-

. fr(Xa)=0
then
At every point where

O f=(Xn) =0
function has local extreme point.
Mone of these

O

2
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[ quizvu.edu.pk/QuizQuestion.aspxiver=91fd1d29-db8c-4bfd-863a-17bf18fabbb0

49
AL AHSE AT Time Left N3
e h27 77 @ppart com Quiz Start Time: 0451 PM_ 30 July 2018
Question # 4 of 10 { Start fime: 04:53:47 PM, 30 July 2018 ) Total Marks: 1
. @ paint -
Xo
i local extreme point if
St o coret e
for all -~
(@) XeDy
partial dervatives exists and equal to zero.
does not change sign in -
. S5 Xo) N Dy
Mone of these
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[ quizvu.edu.pk/QuizQuestion.aspx?ver=7ad831c0-d1af-498e-9473-d867b99bE312

s ase oy
e 2773 @pma com Quiz Start Time: 0451 PM, 30 July 2018
Question #5 of 10 { Start fime: 04:54-32 PI, 30 July 2018) Total Marks: 1
df =
S —
9
O
S
®
A
@)
Mone of these
@)
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B Quiz - UC Browser — >

[ quizvu.edu.pk/QuizQuestion.aspx?ver=d81f8970-01ed-4c13-85fc-0af31a99c5ea
A ASE 377 Tine Lot
e d 2777 @"’{ s Quiz Start Time: 04:51 PM, 30 July 2018
Question # & of 10 ( Start ime: 04:54:54 PM, 30 July 2018) Total Marks: 1
For the functicn

flz,y) =32y’ +zy

in two vanables.

-
s

0
O

-1
O

1
L J

Mone of these
O

2
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[ quizvu.edu.pk/QuizQuestion.aspxiver=8ff06fa7-b0a5-491c-acbb-6ef352ea51cl

A AN
e 2773 @pma com Quiz Start Time: 0451 PM, 30 July 2018
Cuestion # 7 of 10 { Start ime: 04:56-19 PM, 30 July 2018 ) Total Marks: 1
and -
fy=lZ0, o)
exists. Then,
st ot o
® Fuzlzo,30) = fey(zo, 0}
o fez(z0,30) = fw(To, 10)
o f=(zo,30) = fylwo, yo)
Mone of these
@)
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Question # 8 of 10 { Start time: 04:56:40 PM, 30 July 2018 )

73

Quiz Start Time: 04:51 PM, 30 July 2018

Total Marks: 1

as

flz,y)

o adl s 000 MY

s
-

Select the comect option
1
O 2
1
L ] "3
0
O
1
O
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Question # 10 of 10 ( Start time: 04:57:08 PM, 30 July 2018 )

76

Quiz Start Time: 04:51 PM, 30 July 2018

Total Marks: 1

A tangent plane to the surface

ig always the limit of the ——————

z=flz,y)

ST—

secant plane

L
tangent line

O
nomal plane

O
Mone of these

O

E O Type here to search
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1§ LMS-Virtual University of Paki X Quiz x 4+

Ty O D 9 < O quizvu.edu.pk/QuizQuestion.aspx?ver=adbed69d-3805-45e0-891a-0d8894c8760c (3 Google Q o=

A ASL AT

Arecd 2777 @‘”’{ e Quiz Start Time: (2:28 PM. 01 AugENB
Question # 4 of 10 { Start fime: 02:29:13 PM. 01 August 2018 Total Marks: 1

|dentify the true statement(s)

b S e crctopin
the function
O flz,y)=="+y°
has a local extreme point at ongin. -
T ry
may or may not has a local extreme point at
O Xq
At every point where
O fo(Xa) =0
function has local extreme point.
Mone of these
O
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O C D & < [ quizvu.edu.pk/QuizQuestion.aspx?ver=1f92125d-aa2b-4a73-bf37-57dd4cTe8eda (2]

AT AT AT T Lt
e f2777 Cpmai com

]
=]
1]
m
r
L

Quiz Start Time: 03:53 PM. 30 July 2018

Question # 6 of 10 { Start time: 03:59:19 PM, 30 July 2018 )

Total Marks: 1
flz)=32* +52°,
then at
1 -
St b conetonion
5
Sdx
-1
Mone of these
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LNE LMS-Virtual University of Paki- x [l Quiz

T

v

)
ra]
iR
o
Il

Mone of these

‘Cr O t v~ 17 < O quizvu.edu.pk/QuizQuestion.aspx?ver=4efadf06-2f0d-4dfc-8084-ece94eZaa’3
AGHAD ML/ A7 40
Time Left >
e
e 2777 @pma con Quiz Start Time: 03:53 PM. 30 July 2018
Question # 10 of 10 { Start time: 04:02-09 PM, 30 July 2018 ) Total Marks: 1
. @ paint -
Xo
is local extreme point if
e
for all -
O XeDy
partial dervatives exists and egual to zero.
does not change sign in -
S5(Xo) N Dy
:

E O Type here to search




LNE LMS-Virtual University of Paki- x [l Quiz x 4+ im = - o X

O C 9 & < [ quizvu.edu.pk/QuizQuestion.aspxiver=1b36a183-bbc3-44e9-a420-fh9a99f6b531 (3 Google Q =
77
AAHAD ASE AT Time Lok SN
e 82777 Cpmar com Quiz Start Time: 02:22 PM. 01 August 2018
Question # 8 of 10 { Start time: 02:23:58 PM, 01 August 2018) Total Marks: 1

For the functions f(z) = 3x* + 5z?, the differential at x = - 1 exists because

st ot ap

. fl=z)

O lim = oo,
r+1T+1
1] 1

0O T G
r+-1 T+1

fla) +2-%z+1)

. rlj}ul r+1

flz)+2 -9z +1)
m —

O :rljrl r+1 =1

All Subjects Past Papers
www.badartoor.com

. Z24PM
H O Type here to search i B g an1g



Badar
Rectangle

Badar
Typewriter
All Subjects Past Papers 

www.badartoor.com


Example: Determine the convergence of the improper integral
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LG LMS-Virtual University of Paki X Quiz x 4+ im = - o X

O C 9 & < [ quizvu.edu.pk/QuizQuestion.aspxiver=7c1a3106-44c9-49b1-975c-b7{f7460e370 9 Google Q =
D ST AT Time Lot g
e h27 77 @paai com Quiz Start Time: 02:22 PM. 01 August 2018

Question # 9 of 10 { Start time: 02:24:15 PM, 01 August 2018)

Total Marks: 1

A function may be ____ at a point

even if its first partial denvatives are not continuous at

Select the comect option

Ao

-

uniformly convergent
O

differentiable
L

piecewise convergent
O

Mone of these
O
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LG LMS-Virtual University of Paki X Quiz x 4+ im = - o X

O C D o < [ quizvu.edu.pk/QuizQuestion.aspx?ver=e6437 1bc-8e73-420c-96bd-d2a448333b0 © - Google Q =

AT AL AT

e f2777 Cpmad com Quiz Start Time: 02:22 PM. 01 August 2018
Total Marks: 1

Question # 10 of 10 ( Start time: 02-24:46 PM, 01 August 2018 )
|dentify the true statement(s)

S oot

A function of several variables is differentiable if all of its partial derivatives exists.
A function of several variables is continuous then it is differentiable.
O Liz) =2z — 3z
iz & lingar funciion.
i -
° Of(X)
dE2

y T
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2.17. Diferentiability of Functions of Several Variables 109

[ is continuously differentiable on §.

Remark: If fr. feo. .. .. fr, exist on a neighborhood of Xy and are continnous
al Xp. then _||r is differentiable at Xg. Thess conditions are nol NECEEEAry far differ-
entiability; that is, a function may be differentiable ot & point Xg even if its Arsi
partial derivatives are nol continuous at X

Example: l=f

f“_lwz{ i, sy D AR
L T=V Meweh 275 @ppa com

Then

1
— CO8 »
< —H £ —u

Selr. y) = 2{x — y) sin T # 1,

anl

. fle+h.z2)— flz x) . hEsin(1/Rh)—0
Sz, x) =1 =] —_— = s
= h T
so [, exists for all (=, y), bud S not continuons on the line y = .

Example: Lei

(, I =1.

e 1 .
flz.y) = { (r— y)" sin L x#u,

The same is true of fy, since

1
Jyla.y) = —2(x — y)sin + cos y Xy,
xr—y Tr—y
and I P 12 /i
. . r.x+k)— flxr, r) ) ~ainl—1k) =10
ylx, ¥) = lim = lim = (L.
Jul=, x) k—0 k k—0 k
xII“','
flz.y) — £(0.0) — fo(0,0)x — £,(0,0)y
vz + P
[ e o :
= eyt Sy 7 * Y,
0, =1,
andd Schwares inequality implies that
(z —y)? 1 22 g7 L —
LA < [.—_,r] =St 4y, rFE .
"r'l. J-'_-' + ”_1 r i 1'.-".."._' + .”2
Therefore,
. Sl y) — J(0,0) — f2(0,0)r — f,(0,0)y
lim _ : =
(e.y)—(0,0) Vrt+ 2

so [ is differentiable at (0,0), but fe and fy are not continuous at (0, ()
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2.17. Differentiability of Functions of Several Variables

— - -

2.17.5 Geometric Interpretation of Differentiability

If a function f of one variable is differentiable at g, then the curvey

tangent line
y = T(z) = f(zo) + f'(zo)(z — Z0)-

The tangent line approximates it so well near xg that

lim {(z) = T\E) = {J;

I—T0 r — I

Moreover, the tangent line is the limit of the secant hne‘m
S Uy gt M\ sl e aDDTGACRES T Dlﬂ‘erentlaba]_lrtgﬂ
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2.17.2 Differential
The linear function
L(X} = fn (Xu)l‘l T fmz'fxu}cﬂ*z +» o0+ [ (Ro) T

This function is called the differential of f at Xo. We will denote it by dx,f
= ; 50

and its value by (dxuf)(x}-
Thus,

) = o (Xo)T1 fra(Xo)Z2 + -+ + + fz,(Xo)Zn. (2.50)
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: Y= rsing,

15 differentiahe on & set 5, i
L dll t

-

LY
i

I = TCUSQE

ke F(r cos, rsin 0).

most important MCQ /ﬁ’l/f Iff/fﬂfw
e e 2777 @pmal com
: Oh 3f(9:1: afﬁy of af E
S, 5.5, " 3, . —c0s0——+sing-t -
i or z0r " By oy~ *®%; oG @
.x". Oh 2l ga_ﬁ, if;gy. o _?'Siﬂgﬂ-!—’rcosgg _-7
L 00 dx 00  dy 90 Oz ay_‘_#{ e

and f, are evaluated at (z,y) = (rcosf,rsinf). .
and fy just calculated are differentiable on
with respect to 7 yields

SuppOSP that f T
differentiating (2.85)

; (%) -sin0f: (5) e
| sin 6 of e+ GhR)
Zh:) +ome (RS T

|‘ A=
LR s ay |
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: Iim cosrxdxr = lim sine
e ch 2775 @pmat con c—oo /o c—00

S not exist; thus, fnm cos z dx diverges, but not to 4eo.

T connection with Deﬁmtmn 7?, it is important to recognize that the i

f f(z) dz and f f(z) dz must converge separately for f f (a:}
. For example, the existence of the symmetric limit

11111/ f(:r)dm
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#ﬂ#jjfjj@'ﬂ'r{ﬂ v 5§ i

f f is inteo 150 is | f|, and
Thﬂﬂl‘(‘!l]l. If £ is Imtegrable on §. thes Lfl,

[ / f(X)dX| < / f(X)|dX.
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se that the limit points of E are X, X, .. . X,.. Let Ry, Ragees

os such that X, € R? and ) AL/ HATH
e b2/ 77 Cpmad con
V(R;) < ;; , 1<ism. (3.2

R; has no limit points (why?) and, being

jerstrass theorem).
/
ered by rectangles Ry, Rg, «-s

ints of E that are not in u'-'”
-be finite (again by the Bu]zanw ~Wei

ntains p points, then it can be cov
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