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2.17.1 Linear Function

A linear function is a function of the form

E(X) = myxzy + maoxo + -+ + MuTp,

where my, mo. ..., m, are constants. From definition of
differentiable at Xy if and only if there is a linear function L s

can be approximated so well near Xq by

L(X) — L(Xy) = L(X — Xy)




For the functon f(x.y) =3x’ ' + v n o vanables, £(0,0) -
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it is an rth-order partial derivative of f. The function

f(z.y) = 32°y° iy

has partial derivatives evem st-order partial derivatives are

fz(z,y) g 6xy° fy(z,y) = 9r°y* + .

erivatives are

6y31 fw(Is y)
18xy* + 1, fy.-r(I: y)

There are eight third-order partial derivatives. Some examples are

Its second-order parti

1822y,
18xy2 + 1.

fooy(Z,9) = 189", [fore(Z,9) = 18)°, [fias(z,¥) = 18¢°.

Compute fz2(0,0), fyy(0,0), fry(0,0), and f,.(0,0) if

B 1:ﬂy+zg‘2}ngn{:—ﬂ1 (z.y) # (0,0),
f(I,y) o { 0‘ +v (I!y) & (01 0)

If (x,y) # (0,0), the ordinary rules for differentiation, applied sep:
and y, vield

2 sin{x - Bas ., anand -~
Me) = Cotfliteicpinicate
2¢(x2 s % o
_ 2z(x u{:;‘f;’%i,n{r u}, (z,y) # (0,0),
and —_— ! 2
fe) = sy ostey

riy+zy?) sin(z—
o %uq (I! y) # (010)'

These formulas do not apply if (z,y) = (0,0), so we find f;(0,0) and f
their definitions as difference quotients:

fI({L ﬂ) — lim f(Imﬂ) o f([}&o) 2t lim u L 0,
r—+0 I 0 I
_ i L0y - (0,00 . 0-0 _
fy(ﬂ,ﬂ] — :I—pn}: Y —}'IIIIT—D.

Setting y = 0 in (2.32) and (2.33) vields

fo(2,0)=0, f,(x,0)=sinz, z#0,




y—0 y y—=+0 Yy

Setting y = 0 in (2.32) and (2.33) yields

fI(I*! 0) = 0, fy(I,D) =sinr, # 0,

2.16. Directional Derivative

S0
£us(0,0) = lim 2250~ 1s(0.0) _ . 0-0_,
r—l I =0 I
o 0v0) oy AN — SRCNE) o SRS T
r—0 - r— I
Setting 0in (2.32) and (2.33) vields
f:(0,y) = —=siny, f,(0,y) =0, y#0,
A
S0 108 / 168 -
fa0,0) = N P00 100 . —tay-0_Tym
y—+0 y y -+ y
o Ju(0,y) fy4(0,0) L mme U=

2.16.2 Equality of Mixed Partial Derivatives

Theorem: Suppose that f, f., f,, and f,, exist on a neighborhood N a
and fg,, is continuous at (xg, yp).
Then fy.(xo,yo) exists, and

fy:(I{h Yo) = fry(-'rﬂu Yo)-

4

Proof: Suppose that £ > (. Choose § > 0 so that the oper
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2.18 Maxima and Minima

We say that Xg is a local extreme point of f if there is a 4 > 0 such that

f(X) - f(Xo)

does not change sign in S5(Xg) N Dy.
More specifically, Xg is a local mazimum point if

f(X) < f(Xo)

or a local minimum point if

f(X) > f(Xy)
for all X in S5(Xy) N Dy.
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2.17.3 A sufficient Condition for Differentiability

Theorem: If f,,, fz,, ..., fz, exist on a neighborhood of X, and SFeNEeREinuous
at Xg, then [ is differentiable at X,.

Proof: Let X¢o = (x10,%20,...,Zno) and suppose that £¢ > (0. Our assumptions
imply that thereis a 4 > (0 such that f, , f;,,..., fz, are defined in the n-ball

S5(Xo) = {X : |X - Xo| < 6}

and
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1.12 Pointwise and Uniform Bounded Functions

A sequence of functions {F,,} on the set S is said to be pointwise bounded on S if
the sequence of functions is bounded for every x € S. that is, if there exists a finite

valued function ¢(x) defined on S such that

|Fa(z)| <d(z), zZ€Sn=1,223,...

We say that {F,} is uniformly bounded on S if there exist a number M such

that
IFa(z)l<M, z€S5,n=1223,...




conclude that J(U) = u tor some C mn 5.

Theorem: A function f is uniformly continuous on a subset S of its domain in R"
if for every € > 0 there is a 0 > () such that

f(X) - f(X)| <e

whenever

X -X'| < é
and X, X’'e€ S.

Remark: We emphasize that 4 must depend only on £ and S, and not on the
particular points X and X’.

Theorem: If f is continuous on a compact set S in R™, then f is iniformly contin -

uous on S.




‘.1.‘ — Pll <P
Since {F,} is pointwise BOWREAEH, there exists M; < oc such that
IFn(pz)l < i‘f!i., n € N,

- — - : I ! . . s

If we take
M = max{Ml,...,M,.},

then |F,(z)| < M + ¢ for every € S. This proves the first part of the theorem.

. w i rF = % - i a9 r AR . SR —..r] il - P ——— p——




We say that {F,} is uniformly bounded on S if INGEISSSIE number M such
that

| Fa(z)I< M, z€S,n=1,23,...
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2.19 Differentiable Vector Valued Function

A vector-valued function G = (g1, 92, ...,9n) is differentiable at
U = (u10,u20,...,Umo)

if its component functions g, g2, ..., gn are differentiable at Uy.

Lemma: Suppose that G = (g1, 92....,9n) is differentiable at

Up = (w10, u20,--.,Umo),

and define
1/2

i=1 j=1 J

Than i f e~ N tharaiec a AN N aench that
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The set S =((x.y).2* +y* <lor ¥ +y* 2 4) is not aregion in R2, since L is
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Example: Intervals are the only regions in R. The n-ball B,(Xy) is aregion in R",
as is its closure S,(Xg). The set S = {(z,y) : 22+ y* <1 or z?+y* > 4}isnot
a region in R?, since it is HOPGORNSsS

The set S} obtained by adding the line segment

L;: X=10,2)+(1-1)0,1), 0<t<],

90/ 168
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2.8 Polygonally Connected Set

A set S is polggénally connected if every pair of points in S can be connected by a
polygonal path lying entirely in S.

Theorem: An open set S in R" is connected if and only if it is pelygonally
connect ed.
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nmit A. dince A 1S a limit point ol every Si and every Sk 1s closed, A 15 1l €
Sk (A set is elosed'if and only if it contains all its limit points). There)
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k
S(P) — ZmJV(RJ)
j=1
The lower integral of f over R, denoted by

L £(X) dX.

isithesupremum of all lower sums.

Theorem: Let f be bounded on a rectangle R and le

Then

1. The upper sum S(P) of f over P is the suprem;]
sums of f over P.

~ T 1 e = B i i E o L . - " P
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Theorem: If f and gl@F@iitegrable on S and f(X) < ¢g(X) for X in S, then

[gf(X)dXSLg(X)dX.

Theorem: If f is integrable on S, then so is |f|, and

]S £(X)dX

4 :
sLIf( )| dX

Theorem: If f and g are integrable on S, then so is the product fg.
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3.9 Upper and Lower Integrals

If fis bounded on a rectangle R in R™ and P = {R;, R»,..., Ri} is a partition of]
R.
Let
M; = su X), m;= inf f(X).
= gup [X), mj = nf J(X)

The upper sum of f over P is

k
S(P) = ) M;V(R;).

=1
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3.2 Absolute integrability

We say that f is @bSolitelgistcgrable on [a,b) if f i1s locally integrable on |a,b) and

fﬂ |f(z)|dz < oc. In this case we also say that f f(z)dx converges absolutely or is
absolutely convergent.

Remark: If fisnonnegative and integrable on [a,b), then f is absolutely integrable
on [a,b), since |f| =

—— - —




Example: The empty set and SilgléoN sets are connected, because they cannot
represented as the union of two disjoint nonempty sets.




2.6 Heine-Borel Theorem

We are going to state and prove the Heine-Borel theorem for R".

This theorem concerns compact sets. Asin R, a compact set in R" is a closed and
bounded set .
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Theorem: If f is continuous on a compact set S in R", then f is Boundéd on S.




