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0 Question 1

Let the operators v-# -7 and v:# - & be unitary;
here, H 1s a Hilbert space. Then show that ¢ is normal.

Prove.
T =N
Since we know that
U* =U"!
S0
pu~' =0~

(UV)* = (UV)~! = I Hence its proved that U is normal.




Let the operators v » - # and v # - # be unitary;
here, H is a Hilbert space. Then show that |v]=:
provided # =(o}.

OR

Let the operators v # - # and v.# - #be unitary;
here, H is a Hilbert space. Then show that o' (=¢7) is
unitary.

e ' : : o] -
Since U 1s biyjective it shows that U™ 1s bijective

(U")'=MU*") =U=WUH1

Hence it implies that U™ is unitary.




Let the operators ¢ #-x and v # - #zbe unitary;
here, H is a Hilbert space. Then show that U is
iIsometric; thus |ta)=] for all rc#.

| U, lI* =< Uy, Uy >

| Uxll* =< x,U°Uy >
.
UM =< x,Ix >
L = xx>
| U I° = || x|

[t proved.




Let #, and #, be Hilbert spaces, s-# -4, and 7 4 - H.
be bounded linear operator and “ any scalar. Then
show that (sr) -r's’ |assummng M, = H,) .

<x(ST)'y >=< (ST)x,y >
< X, (ST)'y 2< (SxTx),y >
L EISE)Y =< S,y < Ty >

<X’y >=<xS5y>x<x,T'y>
<X (ST)'y >=<x,(5'+T'y) >

Hence we have proved that

IT) = S°T*




Question 5

Let #, and 7, be Hilbert spaces, s-# - #, and 7.4, - A,

be bounded linear operator and ¢ any scalar. Then
show that (ar) -ar’.

Frove.

<x,(al’)’y>=<(al)x,y >

<x.(al*)’y>=< a(Tx),y >

<x el ) y>= B<Tx,y >

<x,(aT’)’'y>= a<x,T'y>

Cxlalr"Vy>=<2.8y >
) = X




Question 6

LLet #, and #, be Hilbert spaces, s-#, - #, and 7-#, > A,

be bounded linear operator and = anv scalar. Then
show that (") =r.

Prove.

ST XY >
A R o N
[t implies that

(T*)" =T so its proved.




% "
I-l'l-lh T80 i

Let #, and #, be Hilbert spaces, s #, - #, and 7 #, > H.

be bounded linear operator and “ any scalar. Then
show that ir'r|=lr’|= | .

| Tx|P =(Tx, Tx)=(T*Tx, x)= |T*Tx| |x} = | T* Tl IxIF.

Taking the supremum over all x of norm 1, we obtain ITIF=IT*T.

we have

ITE=IT*TI=IT*||T|=TF.

Hence |T*T||=|T| . Replacing T by T* and we also have

IT** T =1T*F =|TF.

Here T**=T




Question 8

Let #, and #, be Hilbert spaces, s:#, - H, and 7: 5, - H,

be bounded linear operator and ¢ any scalar. Then
(T"y. x)= {y.Tx) (xeH,,yeH,)
show that

rrove:

ET VX D>D=CY. T >
Sl >=C IV >
<T'yx>=< y,Tx >

Hence 1ts proved.




Let X and Y be inner product spaces and o x -y a
bounded linear operator. Then Show that ¢o-=0 if and
only if (@xy)=0 for all xex gnd veYr .

Fro vE

Q=0=0Q0x =0 for all xeX
<Qx,y>=<0,y>
<QQx,y>=<0.wy>
<Qx,y>=0<w,y>
<Qx,y>= 0. forall xeX

[t implies that Qx=0 and by definition Q=0. Its proved.




Let (7,) be a sequence of bounded self-adjoint linear

operators 7, # -4 on a Hilbert space H. Suppose that
-1,

(7.) converges. Say, 7. 7T that, |T, -»T]-0. where IS
the norm on the space 2(# #); then show that the limit

operator 1 is a bounded self-adjoint linear operator on
H.

We show that T* = T. This follows from |T—T*| =0

IT.* =T =KT.- D*|=|T.— T|
and obtain by the trnangle inequality in B(H, H)
IT-T*S|T- T+ IT. - T.Y+IT.* - T
=(T-T.J+0+|]T.—- T}
=2 T, - T) — 0 (n——x)

Hence |[T-T*|=0and T*=T.




Let the operators ¢ #-# and v # - #be unitary;
here, H is a Hilbert space. Then show that a bounded
linear operator T on a complex Hilbert space H is
unitary if and onlv if T is isometric and surjective.

Suppose that T 1s isometric and surjective. Isometry
implies injectivity, so that T is bijective. We show that T*=T'. By
the isometry,

(T*Tx, x)=(Tx, Tx)=(x, x)=(Ix, x).

((T*T-Dx,x)=0
and T*T-I1=0 so that T*T =1 From this,

TT*=TT*(TT Y=T(T*TNT '=TIT =1

Together, T*T=TT*=1 Hence T*=T ', so that T is unitary. The
converse is clear since T is isometric and surjective by




Question 12

Let r # -5 be bounded linear operator on a Hilbert
space # . Then show that if H is complex and (7 1)is

real for all =%, the operator I is self-adjoint.

Prove:

If (Tx, x) is real for all x, then

(Tx, x)=(Tx, x)=(x, T°x)=(T"x, x).
Hence

0=(Tx, x)=(T*x, x)=((T-T")x, x)

and T-T*=0

since H is complex.




Prove that the ]H'mlllL‘l of two bounded H.'lf-;ltljuinl
linear operators S and T on a Hilbert space H is self-
;Hljuilll if and nnl}' if the operators commute, sr.rs.

<X (ST)'y >=< (ST)x,y >
< X (ST)'y 2< (5xTx),y >
<X (ST)'y >o=<8x,y ><Tx,y >
<X (ST)'y>=<x,8y>< x,T'y >
<X, (ST)'y >=<x,(5+T'y) >
<X,O0Ny>=<x,O0T)y>

Hence we have proved that

(ST)" =S'T"

(ST)*=T*S*"=TS.

ST=(5T* &=




Question 14

Let #, and 7, be Hilbert spaces, s-#, -4, and 7.7, - A,

be bounded linear operator and = any scalar. Then
show that 7'7-0&71-=0.

Prove:

T*T=0iff T=0
e =||T'T|[= || Tl

(f) 1s true by e.




Queestion 1

k
Show that (aT)' = a 1T \ ol
A
3

< x,(aT*)e9'> 2L (al)x,y >

<x,(aT*)'y>=<a(Tx),y >

(g y>=a<lxy>

xxfal’)y>=a<x,Ty>

e e al )'_1* - A u’T'}' >
W= = T




.

- . . \H [/
Provethat (S+T)" ' =S"+T ) ¥ 4

e i— e e

X(S+T)y>=<(S+T)x,y>
X,(S+T)y=2<(Sx+Tx),y >
X,(S+T)y>=<Sx,y > +<Tx,y >
X,S+T)y> Lo y>+< X1y
<X(S+T)'y>=<x,(8y+Ty) >
XO+1)y>=<x,0+1)y>

lence we have proved that

(S+T)" =8 +T




a b c]/[¢, ¢,
d e [||$; | <2
g h 1llg; —$1, —$2

Hence required matrix is

U 1 0




Question 4

Ix, + X, + ..ot X, | =[5 [+ ]| e Fllx (I
Y ¥ N e W
X X ,X X
k-3 X S >
S NS<x.x
_—.‘d
x,x. >=fxll , 1Hi#j <x,x,>0andfori=j then <x, x, >= H‘H




duestion 5

Prove that (ST)" =§'T"

X, (ST)"y (ST)x, v
X, (ST)"y (SxTx),

X, (5T)%y < Sx,y ><1x,)
X, (ST)'y > X,S" X, T y
X, (ST)'y>=<x,(S"+T1T"y)

QSR (SITVo=<X.(D'T N

Hence we have proved that

(5T)* =35"T"




Show that N(T) < N(T)

x € N(T)

} (x.,. )such that x.. EN(T)+x. = x

T r
¢, € N(T)
| X 0
l )

x €E N(T)

N(T) < N(T)
N(T)is closed.




Question /

Provethat < x,ay+ bz>=a<x,y>+b < x,z >

=

<x,ay+bz>=<ay+ bz, x>
<x,ay+0z>=<ay,Xx>+<bz,x>

<Xx,ay+bz>= a<yX>4+b<ZX>

i

X,ayFDz2>=3A<X,Yy>+b<x,2>

Hence proved




-

Question 8 \

Let #, and #, be Hilbert spaces, s #,-#, and 7-H, -5 H,

.

be bounded linear operator and - any scalar. Then
show that '

< X, (TNY 28T,y >
< 28T’ \9><L x, Ty >
It implies that

(T*)" =T so its proved.




Prove that the product of two bounded self-adjoint
linear operators 5 and | on a Hilbert space H i1s seli-
adjoint if and only if the operators commute,

X, (ST)"y >=<

Hence we have proved that

(ST)" =S'T"

(ST)*=T*S*=TS.

ST=(ST)*




| J.r'

Let #, and #, be Hilbert spaces, s #, - # and 7 #, - H.
be bounded linear operator and “ any scalar. Then
show that |

ITx* =(Tx, Tx)=(T*Tx, x)=|T* Tx|| ||x): | T* T x|

laking the supremum over all x of norm 1. we obtain ITIF=IT*T.
weE have

T

‘ST TIs|T|T|=TF.

Hence ||T* T) = || T|. Replacing T by T* and we also have

IT** T =1T*F =|TF.

Here T**=T




Let the operators v #-x and v # - zbe unitary;
here, H is a Hilbert space. Then show that U is
iIsometric; thus | for all

| U2 =< U,, U, >

| U ll* =< x,U"U, >
| U llI* =< x,Ix >

N gt A
| U NI = || x|

[t proved.




Question 12

Show that< Ty, x > =<y, Tx >

<I'y,x>e&< yWx >
< T*p2> 3€E°Tx,y >
KT V,XV =< y,1x >

Hence 1ts proved




Question 13 ﬂ

Y/

Let X and Y Dbe inner product spaces and ¢ x -y a
bounded linear operator. Then Show that ¢o=0 if and

onlv if © for all =X and ye7¥ .

Q=0=0Q0x =0 for all xeX
<@X,y>=<0,y>
<Qx,y>=<0.w,y>
<Qx,y>=0<w,y>
<Qx,y>= 0. forall xeX

[t implies that Qx=0 and by definition Q=0. Its proved.




Question 14

Let the operators v # - # and v # - #be unitary;
here, H is a Hilbert space. Then show that |v] =1
provided # -

OR

|.et the u|u'|';|lnl"- H 8 and v -y - g be unimr}':
here, H is a Hilbertspace. Then show that v(=t7) 18

unitary.

Since U 1s byjective 1t shows that U™ 1s byjective

U7y =) =u=U")"

Hence it implies that U™ is unitary.




Question 15 ﬂ

Let the operators v-# - and v.# - #be unitary; '
here, H 1s a Hilbert space. Then show that v 1s normal.

UUu* = U*U
Since we know that

U* =U-"
SO

Uu-'=uU"1'u

(UV)* = (UV)~* = I Hence its proved that U is normal.




Question 16




x4+ V| +fx—= " =2{|fx|] + v forallxy eV




x+yll +liix=yl =2{ix| +iVl forallxy eV

L




Questionls8

For any two elements x,y 1s an inner product space V,

<X. V>SS | X




SHOW THAT T is umiquely determinal if the image y, = Te, of n basis vectors

.€_are prescribed

lhe image yv=1 \.—Er; b of x=Y &Te, can be obtained from

n,=) ¢




Sum and Scalar multipication of Dual.

as follow | he sum | . of two functionals fl and f
the functiona whose value at every x€ X 1S
f ’ r | | | f _1,.
th product  af Ol calar a d a lunctional
, the functional i | , . &
| [ e N L 0 dt l . \ l"‘i

pix)=(af)(x)=af(x).




Define Inner Product Space:

||I ..

L he pau ) is called an inner product space

Define Appolonius Identity:

| 2 I
s -X s =) =yl +21 (X + V) . V.2 €}
g g
Define Equal Operators:
Let Ty and 15 be two operators defined on equal 1.¢. Ty = 15 1l they have the same

domamn re. D(T,) = D(T5,)




Define Orthonormal System.

Orthonormal systems are those functions which are real or complex whose

inner product with  itself results in 1 and with other functions result in 0

Define Polarization Identity.

For any x, y in complex mner product space
l |

Y+ =Vl +Ix+D X~ 1
1 . . |

We have to prove this complex inner product space




Define Bounded Linear Function.

Let X and Y be normed spaces and 7 : IXT) — Y a linear operator, where IXT)c X . The

operator 1 1s saud to be bounded 1if there 1s a real number ¢ such that forall xe IXT)

f\'tl

Define Canonical Mapping.

\' = X" this mapping 1s called canonmical mapping of X into X' defined as x> g




Define Unitary Operator,

Abounded Lincar Operator 7: H - H on a Hilbert Space H 1s saud to be Umitary Operator 1if |

s biectiveand T " =T l.

Define Normal Operator.

Abounded Lincar Operator 1: H — H on a Hilbert Space H 18 saud to be Unitary Operator 1if |
s bijectiveand TT* =TT

Define Extension of 1.

Extensionof lonaset M O D(T) 1s delined as T M=Y o1
Tx=Tx forall x € D(T)




Write examples of Bounded Linear Operators

identity Operator, Zero Operator, Differentiation Operator, Integral Operator
Define Self Adjoint Operator or Hermitian Operator.

Abounded Lincar Operator T:H — H on a Hilbert Space H 15 said to be Self Adjoint

Operator or Hermitian Operatorif 1" =T,

Give an example of function which is not linear.

Il . ll: x = R is functional but not lincar

Find basis of R(T).

(£1.82, €1, —¢2) = §1(1,0,—-1) + ¢2(0,1,—-1)
Sothe basss of R(1)={(1,0,-1),(0,1,-1)]}




Functional.

perator with domain 1n a vector

ws f:D(f) = K. where K=Rif X

operator, where IX(1) hies in a

[ has an extension T:D(T) = Y

where /1S a bounded nnear operalor ol norm

I Ti = 1Tl
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Bouwnded Linear Operalor:

Let X amd ' be normed spaces and T : [INT) = ¥ 2 limesr opeator, where INFc X -
The operator T i said to be bosnded if these is a real smmber ¢ soch that for all x c IgT)

Frel =<l
Let T e a bhousded lisear operator as defimed before then an altesnaie formmlas for the norm of
T
Fl= == I
[t

The norm defumed on T xasis fes (N1} to (841

Examples of Bownded Linear Operatars
ldestmy Oiperator

Zero Opersor

Dffesemuation Operstor

Integrall Oiperator

Moz

Limear Fumethomn:
Algehraic Dual Space
Second Algebeaic Dual Space
Cananical Mapping
Algebraic Irual $pace
Set of all Bnear fonctson defimed on a vector space X 1 mself a vecton space and called
Mlgehuaic Doal Space and dencted by X

Conical Mapping:
£ X = X ihix mapping is called cononscal mapping of X isto X~ defined as
Xid E, .

Linear Function [Examples):
Space Cle Bl

Space I

Limear Operators and fonctional on finkte Dhnensional Spaces:
Fmite dimessioss mean basis which bave finie masy elemens.
Let X and Y bed. glimte dimession vector spaces over the same field

Let T: K =¥ bea Eearopesaion. let E= fg, ... — & | ke the haxis for X and
Baih, . — i1, || be the basis fon Y.
xe X, i E R N T

yaTi= T[g.;.:. ] =g Tl = Eg‘.]"h]
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T is umigpaely determinal of dhe image 5, = Te, of 0 hasis vectors ¢ ....... — i, ape prescrbed.
¥w=Tx :ya¥ fh.— &)

pt R F A — T ]
Teg =¥, Te=rh+rgh+ .. +rh

T-l'- B i rl"!

Jul

Fil..q;b. = gg_:r;, —ie,‘_il b,

Enl
Comikinig these teo sommmatsom
re$(Ens)
g W,
n,=2rns
L
The mage y=Tx=" gb of x=3 LTs can be cbaied fiom
n=3n4
L
Let X be am n-dimensional vectar space and ¥ “be its dual space. Then
dimE =dimi =n
Xix callection of limear functions ar Enear operator while X may be any space.

Proaf:
Let dmX =m

Lethamixaf Xbe Bafe, ... —its]
We define a foncrion.
| isj
fike )= l-l] Wiwjijalen
exict.  fle)=Lr{e)=0f (6) 2o f e, | =0
Fr.Ale)=0fe]=L )= .. — Fle =0

kvt each nemples f, im s cose can be extesded as hsear fonctions om X

Let X be a finite deimensional vector space. I x5 < X has the property that fix =0
forall f c X* then x, =i,
B i the bhasis of X°
I — |
1

-4,

i=j
im

Proof:
Farall .r.-l'.'l.
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.u;.li.\.e_ - feX® -,
-

i =l = if{%;.;.]-n

= Furfe)=t . Fl_a

= :|.I-'|] . YRl

.l'.l-E:I..E_-l[I = Xy =¥
-

Theroem
LetB X, ¥3 be the setof all bomnded Bnear op exators fonm a normed space X 60 2 normed
space F. If ¥ = a Banach space, then BLY, ¥} is abo a Banach
Froaof:
Lei [T ! be an arhitrary Canchiy seq. in BiX,F)
We will show shat {7, |comerges 10 an opesator Tim By, ¥ Simce [T, |is Camchy for every
e=0 3 N schdw |f,-T_|<c )
Forall xc X and (oo we bave
P -T o= BT, -7, )]
= -Llil <<kl
Thess for a fixed x and given
Hence B{X, ¥} & complete and Bamackh space.

Inmer praduct Space
Let ¥ ke a vector space over a field F where Fis Ror T .
An mmer prodect in V i a fesciion o0 Y ul e F osatsivieg the followng condstioss:
oz
Let k3. zeV ; orcFwhere o may be real or complex

i Lyl wris=ll ocx=(

j TR N e e VI |t ot dre o secomdd vakoe 3% o &, 07y e o K, W e

gi T RIFSALIFHLEIF

W, o,y el WA

e Vol - i

Inmer Product Space
Thpaiw‘“ﬂ]hcdhd-'—upﬂ:tlpu
ak oan+hy, zm wiere N,z eV, absF

Usimg (i} propesy of il + iy, g ey, 7w by, I

T —— A, gwthay zn

of (7 etz (L, 7 e i, 7 e ]

T
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o all LyeV, acF

o Al R AN, KR YA
———

SAC LIS d TN >

Thearem:
For amy rwo elemests 1y is an ineer prodsct space ¥,

kv =] , the define nomm is I.rl-."-:.:..:u- , LyeV
Proaof:

fx=3=ll then (=0

Lt af Bearst ome of x and v 35 mot egeal o zem

Let  |fes+dpa+dyzfz0 by definition
cLitdyr+cdpa+dypm
CLitdyr+ycpa+dym

Theorem:

Ini i immes prodiact space V, e foncion | |-V —+E° giveaby
I:ll—.,F.r,].':- 1 eV defines a norm in V.

Proaf:

Kk |sjzo0

Fora asV, IJE-.F.H’..IJ-I'E gE oo X, x 2l

=0 = fiixr =l o ikl o k=0
N fed=kibd
now hj‘l—m — Iu_ir—cn:u,ﬂ.l::-
SO BT Y
Kt ees]sp+p] ¥ nysv
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fet s =cxtnaty=

SN A4+ P AR

EL TP AR LAY, W

AL LAt LR AL L Y+ L,V

S LAt P Nt L L YL

Now sCpie+Ciy=+CX, Vetdy, e
--I.rr-i-lltt-::i._r:l--rl}f = Relzi £z
<hf +2k s yofo b
o+ 2+ bl * karaisidbd
=(H+blr
sl =kl 14
Thearem:
|J+:|.r1-l.|:—yr—3".rr+lg|.r] jmalxy &%
Prsof:
bt =cxtpxty>
SC LN HC LY AT L F T N
Hl.:r-r!R:tx,}':--rI:rr i
Replice y=¥
f-sf =cx+maty>
B T 1k
i-l.lr—lnttj,_l.:h'rl}r i
Adding (i and (5

b+ flj—}r-’llxrfil_rr

That we bave @0 prove.

Polarization Identity
Foramy x, % in comyp lex immer product space

<xya= lloof b of sibeenf -if-af
Appilondus Ddentity

Ir_,f...lr_}f-ip—}f-r:l;—%pﬂ-{ S S-1

Usimg parallelogram hw

Koyl F-2bFo2F pa v=2x yy

Self-assipnment
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Theorem:
LHthhﬂp:himFﬁuyrﬂm{:_{:ﬂ{y_]i\.‘
X, =pX, Y, ~¢} imples<y,y > =8 <X y>
Prsof:
fe .y, »-w oy
-l-u_,}-_:-—-::_,y:l--rt.t_,g.':-—-:.\,y:-i
sk -yresn -y
Shea.y. -yt —ny>|
Mow from Camchy Swarsinecualiry
| ¥l = |
< bl - vl b -l
Gnendhat x, =»x , ¥, =0} =0,
bo-sl=b- =0 . f-d<f-df=0 sa-w
As @ =p
fx.p=—=x 5=
TE,§, P-CEL¥> 38 0=k

Theorem:

1§ {x } and Iy_}mfﬂym:si\r,hh—:pm <X,y =is o Caachy
sequence in F.
Proaf:
fx, ). { . ) ase Comchy sequence
Ta show = x_, ¥, >is akeo Canchy Seqguence.
= |:|_—J:_| -0 l:t_—].'_l—:r'l.'l. MTLE —5
i nr—s .=k ey ey v
shay N =t - a5 2
Skx.y -r 2k - o
bl - b b= lb)
ks, x—<a_ 3 3|+l & nm-s=
< N, ¥, > 52 Conchy Sequence

U

U
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Thearem:
1 o immes prodect space Vasdx, yim Vil 5 L 5 then
s off =Bl b
Proaf:
li-r].r-n::-i-_r,x-r].':l
SL AR F LI+ AT L N
As & and ¥ are perpendicalar so o &, ¥ Jem oy, 5=
frt o =c =t oy = o [
Cieneralived form:
b Ky, e mmrero veciors in Y inser peodect space such ik
'i:lll..JJ:I—-'ﬂ . dm
This system u, xg,..—3 | is called ordhogoral system as all vectors mwide & are
perpeadicalar w0 each ather.
The generalived smtementis [, + x5, + .+ 5 [ =u [ +juf +— [
The idea of proof &

B34

LT & SN R SR i
L I RN N L NN LW R N -
= E Ei: X0 >

-l jul

'“.J,’-l-*.f L if @ ) wx,n eeilland forie j then ltII,J'J—I.'l_r

o -Sur

Amy sequence [x | of nan-zers muiually srtbeganal vectars in an inner prodwo space
V iz limeairly imdependent.

Proof: do 8 yoorself

Let x—{xl,:’_,.._.J_'l b e anl naal 52

Remark:

en=0, ¥i=l2 on = {En_.l:.,:)-ﬂ

{E"""} = s, + gy ot @1, 5) 2 8 (5 2) b {3, 3 20
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IMPORTANT SUBJECTIVE FOR FINAL TERM
Q. MNodll: Provethat < x,ay + bz >=A<xy> +b< x,z >

Proaf:
<ray+hr> =<3y F BLE =
Zray+hl =< Iz +<bza>
crav+hrs= 5<Fiz+h<EE>
<may+hbr>= !{.:,y::-lﬁ{::.:::
Hence proved.

. Moull2: Prove that UV is ondtary OR (D) = {lﬂ")'i
Proaf:
)" = Ve
Rimce we know thar
V=0t amd ¥V =¥

Ra

= u-ty-?

uy* = [y
18 shows thar L' i wnitars.

.%ol 3: Give any two examples of Linear Functional.
Solution:
Space Cla, | and Space

(.Nodd: Prove that (S +T)' = 5" + T*
Proaf:
AELEETy>=< [+ Tlny>
< 554 T)y2< (x4 Ta, ¥y >
<L+ Ty =< S,y > 4< Ty >
<L+ Ty =< n 8y > 24<x, Ty >
< x5+ Ty r=< (5 + Ty] =
< x5+ Ty =< 1 [F+T )y =
Hence we have proved dhat
E+TI"=5+T"

Q. Noull5: Find mamix maliphication if (£, £, £) ¢+ (£.£, —5 —£]

o e

Hence required matrix is I 1 a
-1 -1
(. Mo6: Show that

cx.u, o[ if iw j
< 5,8, 3l if i = ] ihen -:j_...r.:—ir_r
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The generalived sement i x4+, + 45 [ = |3+ 4t | F

Bl -5k

L T SRS N NS N S -
N X, e A LN e K
= Eit X4 3

wnl pul

wx.y = f . ifie) t.r_,:_l.:—llnn!inl'l—;imt.r_,zfz—ll:.r'
R Ny
-l ml

Q. NolIT: Show that N{T) < N(T)
Holution:
& N
3 [gaswch that x, € KTl + 1, = x

T, = Tx
x, € N(T)
Tea=1
T,=1
x € N[T)
KT} < N(T)
N7} = N(T)

K(Tlis closed.

(.o llE: Give an example of functbon which is mot Hsear.
Salution: || . ||: & — R is functional bt mot Enear.

0. Mo09: Find basis of R(T).
Soleton:
(.82, —6, —f2) = HlL0, 1) + &H(0,1,-1]
5o the hasin of RT)= {10, -1, (0,1, - 1]

Q.M 10: Generallzation of Orthogonal

Soleson: x5, —..x |be mogesc weckws ;¥ mwer prodect space sech  dhat
<8, 3=l , i#j Ths system {X,5, %, | & called crshogonal s ystem as all vectors
hﬁiﬂpﬂﬁﬁﬂﬂﬂﬂhs“ﬁdm'ﬂ

bt + J_r 'l‘-r*lhr 1-.._1-I.r_r
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(.%o 11: Show that U is mormal.

Rolution:
U = g
Rimce we know thar
wr=u
Ra
- = Ut

{UWV]* = U]~ = 1| Hence s proved thas 1 i normal

(). No.12: Show that U s Unitary or Prove that U* = U—"or || U] = 1
Solution: Simce U is bijective # shows thar U & Bfjectine (U = (U = 0= [U"7"
Hence i implies that U i meitary.

Q.No.14: Show that U s Isametric.
Holation:
NP =<, 00, >
I WP =< x, 00, =
Il Ugll* =< x,ix =
NP =y x>
Il 02 = 0l xIP & proved.

).Na.15: Prove that (ST} = §'T*
Proaf:
<L 5Ty >=< ETwy >
= & [ET)'y 2= (5xTal,y =
<0 3Ty =< Sx,y 2= T, ¥ =
< ETry =< 0,8y 2< 0, Ty =
< &, [5T] "y =< x,(2°4T y) =
< x [5T)y »=< x, " T ]y =
Hence we have proved dhas
(ST = &'T°

(). No.16: Show that T T=0 ar T=10 is normal.
Holation:
T'T=0iffT=0
e=|T*Tl=|TI
{f] i wwoe by e

).No.17: Show that (aT)" = a~'T".
Solution:
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< x (aT* )y >=<[aT)x,y >

<x (@l Vy>»=<a(TxLy>

<xlaT'Vy>= F<Tr,y>=

< X (gl 'y =< T 'y >

<y (al'y>=<x dTy>
EETI]I = H-

(. No18: Show that (T*)" =T
Salution:
<x (T'Yyz<xT"y>
<r(lryz<xTy>
bt Empies that
(T*)" =T 30 s proved.

Q.Ne.19: Show that [|[T°T|| = ITT"|| = |ITI?
Rolation:

IU:II = uk!”j’ >

(.%o 20: Show that < T 'y, x > =< p,Tx >

Solution:
cT'pr>=<y"E>
cTyr>=< TELy>
<T'yr>=< yTx >
Hence #ts proved.

.%o 21: Show that ) = 0 if and only if < Qx, ¥ >= 10
Soletion:
{=0=0x=1 for all xcX
CQryr=<0y>
CQry==<l.wy>
<Qryr=0<wy>
< QEy>= 0 forall xeX
Ir implies that Q= and by definmion Q=0. Iz praved.
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(.%o 22: Write examples of Bounded Linear Operators
Salutlan: Mentity QOpesston, Feso Opesstor, Differentiation Opesator, Integral Opegsior

(%0 25: Define Selfl Adjaint Operator or Hermdtian (perator.

Solaton:

Abomnded Linear Opesator T:H — H om a Hilbest Space H &5 sadd o be Self Adjom
Operator or Hermigian Operator if T° =T

(.%o 24: Define Sell Adjoint Operator or Hermdtlan Operator.
S oletion:

The Hikes Adoing Opersior T° of T is defined by < T,y > =< x, Ty > If T iz self
adjodm then i becames < Tx, y > =< X, Ty =>. I T is seli adjoim ar uniisry then
T i normal.

(.%o 25: Define Unitary (peratar.

Solation:

Abommded Limear Operator T: M — I on a Hilkest Space H 5 <add oo be Uimitary Operator if T
is bijective and T = T'=1,

(.%o 26: Defime Narmal Operator.

Solution:

Abomded Limear Operator T: M — I on a Hilkest Space H is xadd oo be Ulmstary Operator iff T
is hijectine and TT ™ = T'T

(. %0.27: Define Extension of T.
Solution: Evtessionof Tonaset M 3 [T ) is defimed ax T: M = ¥ ar
Tx =Txforallx € D(T)

(.%o 28: Define Polarization Identity.
Soluton:
Foramy xy & complex immes prodect space we bave

<xyrmpllorof bl sibsiof -ih-af )

(). %0 29: Define Bounded Linear Functlon.

Rolusion:

Let X and ¥ be normed spaces and T: LT =» I a Bnear operator, where D7) c X . The
operator T 15 said 1o be bomnded if these is 2 seal nember ¢ wach that for all xc DT

=<l
Mo 50 Define Canonbeal Mapping.

Solution
£ X = X ihix mapping is called cancomical mappisg of X isto X defined as xi—+ g, -
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(.%o 31: Define Orihomarmal System.

Solation:

Orthomormal systems are those fancsons wbich are real or comples whose imnes prodect with
itmelf resuhs in | and with other fonoions sesal i 0.

(. %032 Define Polarization Identity.
Soleton:

Foramy x, 5 in comg lex immer prodact space
R i “.'l + }'r -k }'r' +i|.r+i_rr —jl.r—i_rr}

We have to prove this complex imney prodect space.

(). %033 Define Appolonios Identity:

— |r_,f+|;_,f-%p_,r+zlz-§p+y{, xpeeV

(.%o 34: Define Equal (Operators:
Solution: Let Ty and T, be teo operators defined on eqgual Le. T; = T; if they bave the same

domain ie. D{Ty) = D{T:)

(). %035 Write examples of lnner Product Space:
Solutlon: Memin

(.o 36: Define Inner Product Space:
Salution: gy, e %<0y called an inser prodact space.

(. %0.37: Define Linear Funcilonal:

Solwtian: A liness functionsl f i3 & linear aperabor with domain in & veciar
apace X and range in the scalar field K af X thus f: D[} — K_wheme KE=R if X
i3 peal and K=C if X 5 complax.

(.%o 38: Define Bounded Linear Extens lon:
Solmian: T:D(T) = ¥ be a bounded lincar apermor, where DNT] lies in a
normal space X and Y is a Banach Space then T has an extension T:TT) = ¥.
Where T is a bounded linear aperator af norm.

I =nru
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