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MTHE41:Quiz NO.O3 Quiz Start Time: |

P—

Question # 3 of 10 { Start time: 09:10:27 PM, 02 March 2022 )

Null space is also a

Select the correct aption

Linear functional.

O

Canonical mapping.

Vector space.
O \/

Metric space.
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MTHG641:Quiz NO.03

Juestion # 7 of 10 ( Start time: 10:48:39 PM, 02 March 2022 )

If T is a continuous linear operator from a normed space X to normed space Y, then Tis __

select the correct oplion

bounded as well provided that X and ¥ are finite dimensional ‘/

O

bounded as well irrespective of dimensionof Xand ¥

unbounded as well Irrespective of dimensionof X and Y

unbounded as well provided that X and Y are Infinite dimensional
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MTH641:Quiz NO.03

Question # 10 of 10 { Start time: 09:07:58 PM, 02 March 2022 )

In an Inner Product space say X, if the sequences {;rﬂ}
and {y, } are Cauchy, then (z,,,y,) is —

Select the correct option

necessarily a Cauchy Sequence in F’
O , Module 90

necessarily a Cauchy Sequence in X

not necessarily a Cauchy Sequence in F

not necessarily a Cauchy Sequence in X
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MTH641:Quiz NO.03

Question # 5 of 10 ( Start time: 09:12:01 PM, 02 March 2022 )

If T : R* — R? defined by T(x, y) = (y, —bx + 4y) ,then T~ (-2, 7) =

Select the correct option

(32)
O

(32)
O

(3:2)

o |7 o
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MTHE47:Quiz NO.03

Question # 4 of 10 ( Start time: 09:36:25 PM, 02 March 2022 )

If {x,} is a sequence in a null space ' (T') of a bounded linear operator T' on a normed space X, then

Select the corract option

Tz, is neither unit vector nor zero vector

O

T'x,, is either unit vector or zero vector

Module 58,
Pg’/5

Tz, = zerovector

Tz, = unitvector
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MTHG41:Qulz NO.OJ

Question # 5 of 10 { Start time: 10:03:10 PM, 02 March 2022)

Let T : X — Y be a linear operator, then restriction of T is expressed as

Select the cormeet option

Tg:¥Y =+ B, BCY

O

Tp:B— B ,BCX

Tp: A =8, BLCY

Tn:B=Y ,BCX
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MTH641:Quiz NO.O3

Question ¥ 10 of 10 ( Start ume: 10:10:20 PM, 02 March 2022 )

The pair
(V.<...>)
is called
Select the correct option
Banach space.
Inner product space. MDdU |E} 83
!
O > i pg96

Metric space.

Complete space.
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MTHEST [(uiz ND.O3

Ouestion # @ of 10 { Start time: 10:14:14 PM, 02 March 2022 )

Let & gnd T are inear operators , we have

Select the correct option

(ST)™' = ST
O

(ST) ! =

(§T) ! =T 15!
0 > 4

s st
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MTHE&41:Quiz NO.O3 Quiz Start Tima: 10:50 PI

Queation # 6 of 10 ( Start time: 10:53:22 PM, 02 March 2022 )

FT: > — Risdefined by T (x,y) — y — =, then T~ (6) .

Select the correct option

{{t,t —6):¢t =R}

O

[(64+1,¢): 0 = K}

Both {{G 4 4, t): t c E}and (¢, —6) 2t € X}

MNona of thesa
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MTHA4T Quiz NO.O3

Question # B of 10 [ Start tme: 07 3233 PM, 02 March 2022 )

Dot product is a

Select the comect oplion

O

operator.

Mapping.

Functional.

Function.
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MTH641:Quiz NO.03

Question # 5 of 10 ( Start time: 08:22:02 PM, 02 March 2022 )

Dual space of a normed space is

Select the correct option

functional.

O -

Metric space.

Incomplete.

Banach space.
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MTHE41:Quiz NO.O3

Question # 7 of 10 ( Start time: 08:37:22 PM, 02 March 2022 )

Since a bounded linear operator T from the normed space X to normed

space Y Is defined and glven as;

¥z € D(T) 3 k > 0, suchthat ||Tz|| < k||z||,then ||T| =

Select the correct option
sup |Tz||
O T
J=i=1
b | Tx||
®) oth sup Wand sup |Tz||
zep(T) ¥ z£D(T)
. =1
(¥E

O sup ——
re 1) =

None of these
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MTH641:Quiz NO.03

Question # 5 of 10 ( Start time: 09:03:54 PM, 02 March 2022 )

For n dimensional vector space and its dual space we have

Select the correct option
o R(X)=X"=n
o DIX)=X"=n
O dim(X) C dim(X*)
® Module 75 \ Wor )= dmiX) =n
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MTHE41-Quiz NO.03 Quiz Stant Time! 07-:08 PM, 02 March 2022

Question # 10 of 10 { Start time: 07:17:02 PM, 02 March 2022 ) Total Marks: 1

Which of the following an example of Linear Functional?

Salect the correct option £ Reload Math Equations

the integral operator I | ¢ [[l., 1] —+ &, on the space of all contnuous functions on [[]', 1] defined by I{f} = fﬂI _f{t]l di

the derivative operator on space of all real polynomials
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MTHEAT Quiz NO.O3 Cuiz Start Time: 11:55 PM, 02 March 2022

Question & 9 of 10 { Start time: 115709 PM, 02 March 2022 ) Total Marks: 1

If T:cf0,1] — c[0,1], which is defined and given as; T(x)={[, k(t,t)x(t)dr: |k | <k },then ¥Vx €cf0,1] Tk>0
such that || Tx|| <k||x]|| =

Select the cormect option 2 Relosd Math Equationn

0 T Is nom-inear bounded

T ig linear unbounded

. T is linear bounded '

O T Is non-linear unbounded
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MTH641:Quiz ND.03 Quiz Start Tii

Question # 3 of 10 ( Start time: 11:58:31 PM, 02 March 2022 )

Since a bounded linear operator T' from the normed space X to
normed space Y is defined and given as;

v € D(T) 3 k = 0, suchthat ||Tz| < &||z| ,then ||[T||=0=

Select the correct option
E=10
O
e {0}
o B BorD
k<0
O
T is a zero operator
O
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MTH&41:Quiz NO.O3

Quiz Start 1

Question # 10 of 10 ( Start time: 11:57:19 PM, 02 March 2022 )

Dual space of

Select the correct option

O

Module 81, -

pg?22 | &

RI’!




MTH641:Quiz NO.0O3

Question # 5 of 10 ( Start time: 11:50:06 PM, 02 March 2022 )

If a sequence &, — x in a normed space X, then for a bounded linear operator 1" on X, then

Select the correct option

Tx, = Tx

Te, = Tx
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MTH641:Quiz NO.03

Question # 3 of 10 ( Start time: 11:49:36 PM, 02 March 2022 )

The mapping; T : V' — V defined by T'(v) = a + v, where v € V
is linear if

Select the correct option

a=>0
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MTHG641:Quiz NO.03

Quiz Star

Question # 1 of 10 { Start time: 11:49:11 PM, 02 March 2022 )

Morm in

is defined as

Viorz eV

Select the comrect option

®
O

|lz| =<x,z >

|z = 1‘/ec: /2, /2>

g

2
'®) |zl =<z, z >
lz)| = y<z, T=
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MTHGAT :Quiz NO.OZ Quiz Start Time: 11:45 PM, 02 March 2022

Question # 3 of 10 { Start time: 17:45:50 P, 02 March 2022 ) Total Marka: 1

A linear functional f with domain D in a normed space is
continuous if and only if fis

Select the comeet option

Integrable.

O

Differentiable.

Real valued.

Bounded.




MTH641:Quiz NO.03

Question # 4 of 10 ( Start time: 11:56:13 PM, 02 March 2022 )

Which of the following is not a condition of an inner product space?

Select the correct option

{Esy} :w

O

oz +y,z) = {z,2) + a (y, 2}

@ o

O {HE: y} = {Ev 3.-':"

(z,z) 20
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MTH641:Quiz ND.03 Quiz

Question # 4 of 10 { Start time: 11:43:06 PM, 02 March 2022 )

LetT : D(T') — Y be a linear operator from normed space X to normed space Y, then

Select the correct option

. Vo € D(T) 3 asequence {z,,} in D(T) suchthatz, — ¢

@) o € D(T) ¥ sequences {z,, } in D{T) such thatz, —

O Az € D (T) ¥ sequences {2, } in D(T') such that z, —

O V& € D (T} A asequence {zn} in D(T) suchthatx, — @

Scanned with CamScanner



MTH641:Quiz NO.03

Question # 8 of 10 ( Start time: 11:40:35 PM, 02 March 2022 )

Every Inner product space is a metric space with norm given by;

Select the correct option

O lz -yl = /(z —y,z —y)

diz,y) = ||z —
O (z,y) = [z — ¥

. All above are equivalent /

dlz,y) = +/{x —y,z —
O (z,9) = V{z —y,z —y)




L

MTH&41:Quiz NO,03 Quiz Start Time: 11:39 PM,

Question # 7 of 10 [ Start time; 11:40:26 PM, 02 March 2022 )

If 'z, = 0 for a sequence {.‘rn} in a null space of a bounded linear operator T’ on & normed space X, thenzp, 2 z =z =

Select the commect oplion

is either unit vector or zero vector

O

unit vectar

I ZEro vector '

is neither unit vector nor zero vector
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MTHG641:Quiz NO.03

Question # 4 of 10 ( Start time: 11:39:54 PM, 02 March 2022 )

If a normed space X is finite dimensional , then every linear operator on X is

Select the correct option

Bounded.

o v

Differentiable.

Integrable.

Continuous.
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MTHE&41:Quiz NO.O3

Quiz Start Time: 11

Question # 3 of 10 { Start time: 11:39:46 PM, 02 March 2022 )

Functionals defined on C[a,b] are

Select the correct optlon

Linear and bounded.

® ./
Integrable.

O
Unbounded.

O

Canonical mappings.
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MTH&41:Quiz NO.03

Question # 1 of 10 ( Start time: 11:39:26 PM, 02 March 2022 )

=] _

=

On a normed space X, for the identity operator [ : X — X, ||I|| = sup
reD(T}

r=0

Select the carrect option

O

kel k> 0

o' v pModuleEaz‘

O ]l
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MTHGE41:Qulz NO.O3

I

Quiz Start Time: 11:34 PM, 02

Question # 4 of 10 { Start time: 11:34:41 PM, 02 March 2022 )

Forafixed t £ [0, 1], defining the linear functional on the class of all continous functions on [0,1], f:e[0,1] — & as

flz)==z(t), Yz €c[0,1], then || f|| =

Select the comrect option

o 1
0

¢ '

O ;;_J[Dﬂl:ﬁ:rif}

O fﬁﬂrl{i}
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MTHE1 Quiz HO.03 CQuiz Start Time: 11:34 PM, 02 March 2022

Ouestion # O of 10 { Start time: 11:26:10 PM, 02 March 2022 ) Total Marks: 1

For an inner product space <x+y,z>=...........

Salect the comeat option

<X,Z> - <Vy,Z>

O

<X,z> + <y, z>
¢ v

None of these

<X,Z>.<Y,Z>
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MTHE4T Quiz NO.O3 Quiz Start Time: 11:34 PM, 02 March 2022

Question # 1 of 10 { Start time: 11:34:05 PM, 02 March 2022 ) Total Marks: 1

For aficed k = (K1, I:;:;] , defining the linear functional § : B2 & Ras T [ﬂ:} =z.k=x1k + x3ka, "-'."{1'1., T) £ ]H'.E., then
|flz)| =z k] <

o gl&szfimll

o [maxlel

ref

12| |k

{:l i i

Scanned with CamScanner




MTH641:Quiz NO.03

Question # 10 of 10 ( Start time: 11:31:38 PM, 02 March 2022

Operator T : D{T') — Y is bounded if there is a real number ¢ such that foraltz € DT,

Select the correct option

IT2| = cllz|
@
ITz] < ||
O
ITz| < c|z]
® \/ Module 60
ITz] > c|z|
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MTHE41:Quiz NO.03

Question # 3 of 10 ( Start time: 11:29:54 PM, 02 March 2022 )

1O

On a normed space X, for the zero operator O : X — X, ||O|| = sup I
reD(T) :

&

Select the correct aption

O ]

lkz| , & > 0

Scanned with CamScanner



MTH641:Quiz NO.03

Question # 2 of 10 ( Start time: 11:29:39 PM, 02 March 2022 )

Dual space of

Rﬂ-

Select the correct option

I:I:ﬂ.

O

Eﬂ
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MTHE41:Quiz NO.O3 Quiz Start Time:

Question # 8 of 10 { Start time: 11:24:00 PM, 02 March 2022 )

If & sequence x, -Xx in a normed space X, then for a bounded linear operator T on X,

Select the correct option

0O ITxp-Tx[1=0

. ITx,-Tx[l=0 J

O fimy, _ oo ITX,=TxlI<0

O limp _ ool Toty=Txl>0
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MTH641:Quiz NO.03

Question # 7 of 10 ( Start time: 11:23:49 PM, 02 March 2022)

For an element x belongs to an inner product space, (Z,Z) =.........

Select the correct option

0

® W 4
less than 0

O
imfinity

greater than 0
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e
MTHE4T:Quiz NO.03 Quiz Start Time: 11:22 PM, 02 March 2022

Question & & of 10{ Start time: 17:23:26 PM, 02 March 2022 ) Total Marks: 1

Zero vector lemma applies on

Select the cormect option

Finite dimensional vector space.
’ 4

Canonical mapping.

Dual space of a vector space.

Infinite dimensional vector space.
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MTHB41:Quiz NO.D3 Quiz Start”

Question # 10 of 10 { Start time: 11:15:02 PM, 02 March 2022 )

Let X be a normed space, f : X — E and g: X — [ be the linear functionals, then f + g : X — [E defined by
(f+g)(z)=flz) +glx)vzc X,is____ alinear functional,

Select the correct option

not necessarily

never

® | ounded D C Or D

essentially
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MTHE41:Quiz NO.O3

|

Quiz Start Time: 11:22 PM, 02 Marc

Question # 4 of 10 [ Start time: 11:23:07 PM, 02 March 2022 )

Total M

If T" iz a linear opertor on a finite dimensional normed space X having basis {El By ey E,,} Jfhenforanyr € X 3 [r:t:-]-L, o F, such

that

Select the correct option

2 Reload Math Ex

O

T = 1IbIlu"E::Ll o e

T = ¥, €, forany fived o,

T =g 3., o foranyfived g,

= ET=| Oy

v
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MTH641:Quiz NO.03

Question # 7 of 10 ( Start time: 11:14:20 PM, 02 March 2022 )

For a bounded linear operator T, the null space N(T') is

Select the correct option

closed.
@® v
open.
@
unbounded.
O
bounded.
O
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MTHE41:Quiz NO.0O3

Question # 6 of 10 ( Start time: 11:13:58 PM, 02 March 2022 )

fT:R* - Risdefinedby T (z,y) =y — x, then T~1 (6) = {({,t —6) : t E R} —

Select the correct option

T is one-one

. v

T is not one-one
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MTH641:Quiz NO.03

—e—

Question # 5 of 10 ( Start time: 11:13:32 PM, 02 March 2022 )

In an Inner Product space say X, for any sequences {mn}
and {y.},ifz, — zandy, — y,thenit——.

Select the correct option

O — (mﬂ}yﬂ} — (ﬂﬂ', y)

O + {E'ﬂ?yﬂ} — (:I:?y>

— (mﬂ? ﬂ.} — (:E!‘ )
® ’ “o S DModule 90

e — (T, Yn) 7 (2,7)
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MTH641:Quiz NO.03

Question # 4 of 10 { Start time: 11:13:07 PM, 02 March 2022 )

Which of the following is a condition of an inner product space?

Select the correct option

(e + 4, 2) = (z,2) +a (y, 2)

O

LJ.E: } — {T:y}

O {ﬂ:.’ﬂ, y} = {T! ﬂ'y}'

DModuleSS‘ S B
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MTH641:Quiz NO.03

= —_—

Question # 3 of 10 ( Start time: 11:12:57 PM, 02 March 2022 )

Let7 : R — I be defined by T' (z) = 22, then the restriction T4 is one-oneon A =

Select the correct option

O (_DG.’!O)

® (—GD,D{J) /
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Question £ 10 of 10 { Start time: 11:09:19 PM, 02 March 2022 )

On a normed space X of all n degree polynomials defined on [—1, 1] ,if I 5 a differential linear operator defined and given as;

Diz(t))={Zz(t):z(t)e X,-1 <t <1}, then¥z € X Ik > Osuchthat || Dz| < k||z|| =

Select the correct option m

Iis a nor-linear bounded

O

I} is non-linear unbounded

. I is a linear bounded V

Dislinear unbounded
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MTH641:Quiz NO.03

Question # 9 of 10 ( Start time: 11:08:59 PM, 02 March 2022 )

Since a bounded linear operator T' from the normed space X to normed
space Y is defined and given as;

Vz € D(T)3d k> 0,suchthat ||Tz|| <k

|z||, thenforanya € F, ||aT|| =

Select the correct option

sup (—|a|) | Tz||

O zeD(T)

lXfI=1

sup |af |[Tz|

® .o I~

s ol Tx||
O SNTET
z=D(T)
o0

Scanne d with CamScanner



MTH641:Quiz NO.03

—

Question # 1 of 10 ( Start time: 11:29:20 PM, 02 March 2022)

If 177 and 15 are bounded linear operators from the normed space X

into Y, then || 77 + T3 || .

Select the correct option

O

= sup ||(T1 +T2)z||
ze D(T)
21

All options are equivalent J

< sup |zl + sup  [The

ze D(T T
|I||=(1 } l=]j=t

= sup [Tz + Trz||
=€ D(T)
==t
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MTHE41:Quiz NO.03

Question # 8 of 10 ( Start time: 11:08:43 PM, 02 March 2022 )

If T is a bounded linear operator from a normed space X to normed space ¥, then Tis

Select the correct option

unbounded as well provided that X and Y are infinite dimensional

O

bounded as well irrespective of dimensionof Xand ¥

unbounded as well irrespective of dimensionof Xand Y

continuous as well provided that X and ¥ are finite dimensicnal /
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MTHE41:Quiz NO.O3 Quiz Start Time: 11:00

Question # 7 of 10 ( Start time: 11:08:32 PM, 02 March 2022 )

If T1 and T% are linear operators from X into B, defined by T} (2) = —zand T3 (z) = z,¥x € B, then (11735} {:E} =

Select the comrect option m

®| - v
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MTHE41 Quiz NO.O3 Quiz Start Time: 11:07 PM, 02 March 2022

Question & 6 of 10 { Start time: 17:08:19 PM, 02 March 2022 ) Total Marka: 1

Let X and ¥ be normed spaces. A linear operator T:X . ¥ is said to be bounded if ——— such that ||Tx|| <k || x]|.

Select the cormect option © Reload Math Equations

'D A k=D ¥ XEX

Y k=0 xEX
B/

'G Y k=0, AxEX

'G = ['[}ﬂl ¥ xEX
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MTHG4T Quiz NO.OZ

Question # & of 10 Start time: 17:08:08 PM, 02 March 2022 )

| i‘l 'i i::l-
Quiz Start Time: 11:07 PM, 02 March 2022

Total Marka: 1

A hilbert spaceis a/an...........

Select the cormect aption

Incomplete norm space
o

Incomplete Inner product space

complete Inner product space

. v

complete norm space
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MTHEAT Quiz NO.O3 Quiz Start Time: 11:07 PM, 02 March 2022

Question & 4 of 10 { Start time: 11:07:59 PM, 02 March 2022 ) Total Marks: 1

Let T : I3 [T} —+ Y be & bounded linear operater from normed space X to Banach space Y, and ¥z € D [T] - a sequence
{zn} in D(T) suchthat z, — z then |[Tzy — Tz,|| =

Select the cormect option ® Relosd Math Equstions

0 {TI,,} may not converges in ¥

.D {T:r;r,} CONVErNges in ]’_

. {TTn]‘ cConverges in ¥~ 3

D {T:rn]- CONVErges in I:T}
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MTH641:Quiz NO.03

Question # 3 of 10 ( Start time: 11:07:46 PM, 02 March 2022)

|z—2| |z—y| ly—2|

The following expression represents ......... inequality T = THz—7] T =]

Select the correct option

Minkowski's inequality

O

Holder’s inequality

Triangular inequality

® v

Rectangle inequality
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MTH641:Quiz NO.03

Question # 2 of 10 ( Start time: 11:07:35 PM, 02 March 2022 )

Since a bounded linear operator T' from the normed space X to normed
space Y is defined and given as;

Vz € D(T) 3k > 0, suchthat ||Tz|| < & ||z|| , then the minimum value of &
is

Select the correct option

any arbitrary non negative real number

® v

e 17zl
O [.d8 T

m
il
ﬁ.r'_‘-\.

o Tl
O B el
reD(T)

X=20

not defined
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MTH641:Quiz NO.03 Quiz

Question # 1 of 10 { Start time: 11:07:26 PM, 02 March 2022 )

Which of the following is an example of Linear Functional?

Select the correct option

the projection function 7; : B™ — B defined by m; (Z1,Z9,...,&i,...&5) = &;

~/

the determinant function D : V' — R from the space of n-square matrices to &
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MTH641:Quiz NO.03

Question # 10 of 10 ( Start time: 11:05:22 PM, 02 March 2022 )

If T" is a linear opertor on a finite dimensional normed space X having
basis {e1,eq,...,en},then , suchthat z =) " | aye;.

Select the correct option

Ve e XA{e;}i, CF

O

o ﬁm e XV {Cc.i}?:l Cc F

Je e XV{a}, CF

® Ve e X3{a;},  C F ‘/
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MTH641:Quiz NO.03

Question # 9 of 10 ( Start time: 11:05:05 PM, 02 March 2022 )

f T : R* — R? is defined by T' (z,y) = (v — z,y,z — 1), then the
value of T'(0,0) =

Select the correct option

o T does not exists

® T is not linear B B or C - ‘

T is linear

T-1 exists

Scanne d with CamScanner



MTH641:Quiz NO.03

Question # 8 of 10 ( Start time: 11:04:48 PM, 02 March 2022)

If T is a linear opertor on a finite dimensional normed space X
having basis {e1, €a,...,e,} thenforanyx € X 3 {a;}_,, £ =31, a.e;, then | T (30, oie)|l

i=11

Select the correct option

5% Z?:l ]Tﬂi| ||TE.'1|

O

< T35 aiel

Module 74,
pPg86

® < 2o ol || Te || ‘/

e < Yo Tou| e
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MTH641:Quiz NO.0O3 Quiz Start Time: 11:03 PM

Question # 6 of 10 ( Start time: 11:04:25 PM, 02 March 2022 )

On a normed space X of all pelynomials of form z (t) = "7}, n £ N defined on |—1, 1] ,if Dis a differential linear operator
defined and given as;

D(r()={Zx(t):a(t)e P[-1,1],-1 <t <1} then |D|| =

Select the comect option m
O

1

o', pModuleﬁZ .

n

Scanned with CamScanner



MTH641:Quiz NO.03

Question # 2 of 10 ( Start time: 11:03:32 PM, 02 March 2022 )

Every Inner Product space is a Metric Space as well.

Select the correct option

True

False

Scanned with CamScanner



MTH641:Quiz NO.03

Question # 1 of 10 ( Start time: 11:03:21 PM, 02 March 2022 )

Every complete Inner product space is ——.

Select the correct option

. Hilbert space J

Euclidean space

Banach space

Complex space

Scanne d with CamScanner



MTHG641:Quiz NO.O3 Quiz Start Time: 1

Question # 10 of 10 { Start time: 11:02:24 PM, 02 March 2022 )

If T1 and T3 are equal operators defined on a normed space X, thenforanyx € X, Tz = The =

Select the cormrect option

T1 — T4 is a zero operatar

e v 4

T3 — 15 is not necessarily a zero operator

Scanned with CamScanner
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MTHG641:Quiz NO.O3 Quiz Start Time: 11:00 PM,

Question £ 8 of 10 { Start time: 11:07:50 PM, 02 March 2022 )

Let {17, {.,.}) be aninner product space over a field F, then ......

Select the correct option

(z,0.y) =& {z,y), Wz,y €V, £ F. /

(o y) =& (g z}, vE,y € V,a € F.

{I?n‘y]:ﬁ{r1y}1 IlallE:‘?.‘.llE-II-!':':E'FI"

(re.y) =alz, 1), Yr,yeV,ae F.
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MTHE&41:Quiz NO.O3

Question # 7 of 10 ( Start time: 11:01:39 PM, 02 March 2022 )

LetT : [0, 00) — IR be defined by T'(z) = z, then its extension T on M = R is

Select the correct aption

. All above are valid ’

Scanned with CamScanner



MTH641:Quiz NO.03

Question # 5 of 10 ( Start time: 11:01:18 PM, 02 March 2022 )

If T' is a bounded linear operator on a normed space X, then for the Null space N(T};

Select the correct option

N(T) € N(T)

Scanned with CamScanner



I

MTHEA 1:Quiz NO.O3 Quiz Start Time: 11:00 PM, 02 |

Question £ 4 of 10 { Start time: 11:01:06 PM, 02 March 2022 ) To

A bounded linear operator T from the normed space X to normed space Y is defined and given as; ¥z € D (T") 3 & > 0, such that
| Tz|| < k||x|| f D(T) = (0}, then |T'| =

Select the correct option ) Reload Mat

o|"
o g

O

Scanned with CamScanner



MTH641:Quiz NO.03

Question # 2 of 10 ( Start time: 11:00:41 PM, 02 March 2022)

Two operators T3 and 15 are equal if

Select the correct option

D{Tl) = D[Tg] andV x € D(Tl) = _D{Tg) = Tl(.?:J = Tgl:ﬂ:)

. v

Ve D(Ty)=D(Ty) = Ti(z)=Ta(z)

D[TIJ = B[Tg) andV x € R(Tl] = H(Tg] = Tl (fﬂ) = TE{I:]

D(Ty) = D(T3)
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MTH®641:Quiz NO.03

Question # 1 of 10 ( Start time: 11:00:26 PM, 02 March 2022 )

If 77 and 1% are bounded linear operators from the normed space X
into Y, then || T} + T3] ,

Select the correct option

O

> sup |(T1+T2) =
zeD(T)
[z]|=1

= sup |[Tiz||+ sup
reD(T) reD(T)
|z |=1 | =1

| Toz]|

Module 61

None of these

< sup ||Thz+ Thz||
reD(T)
|.r|=1




MTH641:Quiz NO.03

Question # 10 of 10 ( Start time: 10:56:52 PM, 02 March 2022 )

If A:R? — R?is defined as Az = 1 and given by,

a1l Q2 & T 2 .
= — ;= o E then A is
(ﬂzl ﬂfﬂz) (52) (ﬂz) i = 2im i

Select the correct option

linear operator
@® / Module 63,
pg82

non-linear operator

Scanned with CamScanner



MTHG41:Quiz NO.D3 Quiz Star

—

Question # 9 of 10 { Start time: 10:56:42 PM, 02 March 2022 )

LetT : X — Y be an invertible linear operator from X to ¥, where dim X, dim ¥ < oo, then

Select the comect option

dimX =dmY
. u/

dimX < dmY

dimX > dmY

dimX =—dm¥

o|o]o

Scanned with CamScanner



MTHEAT Quiz NO.O3

L
Quiz Start Time: 10:65 PM, 02 March 2022

Question # T of 10 { Start time: 105817 PM, 02 March 2022 )

Total Marks: 1

Matrix operator is

Select the comect option

Linear.
(@)

Nonlinear and unbounded.

Non linear.

Linear and bounded.

. v

Scanned with CamScanner



MTH641:Quiz NO.03

Question # 6 of 10 { Start time: 10:56:04 PM, 02 March 2022 )

For an inner product space defined on a real vector space (m, y} e sas s

Select the correct option

(=,9)
O

{y? _$>
O

{_yv I>

(y, )
o v

Scanned with CamScanner



MTHG4T Quiz NO.OZ Quiz Start Time: 10055 PM, 02 March 2022

Question # & of 10 { Start time: 10;55:55 PM, 02 March 2022 ) Total Marka: 1

Forafixed k = [:I.:l, F.:g:] , defining the linear functional f : R 5 Ras f{.'l:] =rx.k=x1ki+xoko, ¥ {:1:1, mg} = HE,
then || f|| =

Select the cormect option

2 Relopd Math Equations

& Mmax {2:1.!.:1,1'21:9]

‘AorB

o | =l

%]

min (x k), zoks
o | min (e, m)

Scanned with CamScanner



L E=oE

MTHGAT Quiz NO.O3 Quiz Start Time: 10:55 PM, 02 March 2022
Question # 4 of 10 { Start time: 10;55:48 PM, 02 March 2022 ) Total Marks: 1
Let B (X,Y) bethe set of all _____pperators from a normed space ¥ to 8 normed space ¥, If Y is a Banach space, then £ (X, Y] iz a Banach space.

Select the cormect option © Reload Math Equations
Maon linear

Linear

N 4 DModule 82

Unbounded linear

Scanned with CamScanner




| ﬂiil:l-
MTHG4T Quiz NO.O3 Quiz Start Time: 10:65 PM, 02 March 2022

Question # 2 of 10 { Start time: 10:55:27 PM, 02 March 2022 ) Total Marka: 1

Forafixed k = (k)2 € 1*, defining the linear functional £ : i — R as Fle) =50 ziky, ¥(zi)oy 12, then |F(z)| =

—

o Il Not confirm

o |17k

|| |&]

Scanned with CamScanner



MTHE41:Quiz NO.03 Quiz St

Question # 1 of 10 { Start time: 10:55:12 PM, 02 March 2022 )

Far algebraically reflexive mapping

Select the correct option
O XCA™
O Dcy=x"
X=x"

Module 73 | ="

Scanned with CamScanner




MTH641:Quiz NO.O3

Question # 9 of 10 ( Start time: 10:51:33 PM, 02 March 2022 )

Canonical mapping is defined as

Select the correct option

O C:X — R(Y)

O C: X—= X
Module 74, O:-X s X%

. Pg 85 ‘/

O C:X—H

Scanned with CamScanner



(—
MTHEAT Quiz NO.O3 Quiz Start Time: 10:49 PM, 02 March 2022

Question # 10 of 10 { Start time: 10:51:50 PM, 02 March 2022 ) Total Marks: 1

If the integral operator [ : ¢ [l:lr I] — R, on the space of all contnuous functions on ['D1 ]_] defined by _fl:a:} = ful T {t] dt.isa
linear functional, then |f [::I!]'l =<

=l
O

Module 62,
Pg8

Scanned with CamScanner




MTH641:Quiz NO.03

Question # 8 of 10 ( Start time: 10:51:18 PM, 02 March 2022 )

Since a bounded linear operator T' from the normed space X to normed
space Y is defined and given as;

Vz € D(T) 3k > 0, suchthat ||Tz|| < k ||z , then the maximum
value of k is .

Select the correct option

: [l
O |.p 7) <l
X£0

not defined

any arbitrary non negative real number

| Tz ||
® ..o ./ DModule 61

Scanne d with CamScanner



MTH641:Quiz NO.03

—_—

Question # 7 of 10 ( Start time: 10:51:05 PM, 02 March 2022 )

Tis a linear operator . If T-1 exists, itis a

Select the correct option

linear operator.

) Ve

Module 58,
Pg’/S

discontinuous operator.

Zero operator.

non linear operator.
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MTH641:Quiz NO.03

Question # 6 of 10 ( Start time: 10:50:52 PM, 02 March 2022)

Linear Functional fis a linear operator from a normed space X to

Select the correct option

range of fi.e :X -R(f)CY
O d (f)

® scalar field F of given vector space X(F) i.e. X ~F /

O any normed space Yi.e. XY

a Banach space Yie. fX-Y
O p

Scanned with CamScanner



S
MTHE41 Quiz NO.0Z Quiz Start Time: 10:49 PM, 02 March 2022

Question # 5 of 10 { Start time: 10:50:42 PM, 02 March 2022 ) Total Marks: 1

eeeeeneen 1S AlQebraically reflexive.

Select the cormeat option

A finite dimensional vector space

Module 77

A dual space of a vector space

An infinite dimensional vector space

Canonical mapping

Scanned with CamScanner



MTH641:Quiz NO.D3

Question # 4 of 10 ( Start time: 10:50:26 PM, 02 March 2022 )

For all %, y belongs to an an inner product space

Select the carrect option

O

a (T, —y)

/ L {T: y}

o <—E!,y>

a(y, )

Scanned with CamScanner



Quiz Start Time: 10:49 PM, 02 March 2022

MTHGAT Quiz NO.OZ

Duestion # 3 of 10 { Start time: 10:50:20 PM, 02 March 2022 ) Total Marks: 1

Which of the following is/are bounded linear operator

Select the commect option

|dentity operator .

O

All given options.

Zero operator.

Integral operator.




MTH641:Quiz NO.03

Question # 2 of 10 { Start time: 10:50:01 PM, 02 March 2022 )

if A:R(R) - R(R) is defined as Ax=y and given by;ad=n, and if Ixf=[{{],iyl=in/ then A is

Select the correct option

bounded linear operator

bounded non-linear operator

unbounded non-linear operator

unbounded linear operator

Scanned with CamScanner
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MTHGAT Quiz NO.O3 Quiz Start Time: 10049 PM, 02 March 2022

Question # 1 of 10 { Start time: 10:49:50 PM, 02 March 2022 ) Total Marka: 1

Let X be a normed space, f : X — [ be the linear functional and forany e € | thenaf : X — [ defined by
(af){r]) =af(z)vre X, is a linear functional.

Select the cormect option © Reload Math Equations
-D NEver

essentially

not necessarily

bounded
* ~
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MTH64I Functional ’tnaly.xb
| |
Question No : 28 of 41 |_J"”f' ‘f um “‘ “”‘H'

Hitin I | ||I 1 'LI 11 1 ||I]|‘||||

IH

£ isthe collection ofall ..............

Ameri?lemnhdp'com npﬁ-m ‘i|1'|l|“ Il ].\ 1\;\\1\“. .'I. |

Polynomuals of degree greater then equal to ‘n’

r Polynomuals of degree less then equal to “n”

'y »
J"“q'"r’" S'l"."..‘lllt s & Bai
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| MTH641 Functional Analysis

Question No : 29 of 41 _ '~"'f;|”ﬂ””"’W" L l'l",/'f'r'rh

‘”{J”u,“ l" “'}m‘

”ll ;I |}

| The parr (F,< .,. ) iscalled ...

|
I

] .,Ispla;:e |

Answer ( Please selectyonrmmﬁéctn:ﬁt'l ”li'# ,m |' |'|' |'| I| |.I" [

————




MTHG-H Func Ur‘“! Analysis
Question No : 16 of 41

m l-ﬂ g RN ”5&! 4 TLAL /LS By Tt Sl « L

| Vhich of the followmg 15 a condition of an mner product space?

[Answer ( Please select your cofrect option )
ax.y)={x.ay)

=
r+y.2)=(xz)a(r.)

'

|| (zera)=(=2)+(n.2)

—  —  — -

Unestion Summary @ | Atempted Ouestion -I

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 2
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MTH641 Functional Analysis

Question No : 17 of 41

Vihzch of the followmng 1s a condition of an mner product space?

Answer ( Please select your comrect optien )

x,x)20
.
(ex+y.z)=(xz)+aly.z
L
|| (@xr)=(zav)
s
Ii
|/
| { "p-:‘l - '?l:..-' ’{
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Question No : 9 of 41

| Let T be 2 bounded lnear operator. Then the 1s closed.

F'

_l
||

Answer ( Please select your correct option )

|

I »anach space

18]

I

—~
I
|
|
1
|
| |
| eyl Ri: T
| ZZ space M
~
!
t—-“ o4
| = o
| —=D€TL space
-
-
|
.

LI'¥]

Question S -
: . mmary : ( Anempred Onestion B,
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MTH641 Functional Analysis

Question No = totat | /11RO

The property d(x, ) 20 of ametnc spacesscalled....._... .

|

>

Answer ( Please select your cotrect option )| || ||

'11

Non negatioity
£

Heflezve PTOD -3:";_7
-

= :
<ymmeimnc pfg?m

.'-
prss
1
| r—
)
~nange property

| estjog Summ.uv -

| AMtasscscsn.a o 3 a——
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MTHRO41 Functional Analysis

T
‘1_:: I DWT1—=7T bealnear operator, where D171 C X and X, Y are normed spaces, then T'is if and only ff T 1s bounded

|
{
|
|
1

Znswet | Please select your comect option )

| —
!
;
| — i —
¢-|-l
|
. T %
ocuncea

-  —— 4 -.ll
i - i - -

15:008 ;

o Ok

(nestion Summary : | Atempted Ouestion [l )
! 2 H 4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 X 13 M

nduct Ietructions fck hers o FINSH .
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MTH641 Fure tional Anatysis

Question No : § of 41 I '

swo metne spaces (L d) and (X, Jare smdgo be mfmm wometry of X onto ¥
P
B

A DErechve
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e e————————————— . =
WTHO4 1 Functional b.rmfy'ﬂ solved an ech

-.-9

OuessionWez2otd1
] E potrt of X
Amappingl X — Y IS said 1o be corinuous if iHIS comtinuous at po
s { Please seiect yow conect oplian |
| Every
| R
| smost one
N
[ ety one
|
| Zhegst one
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Space /'

[ T,'"IHHHJIH‘IIII'HIllllllllﬂ,ml!ifs“iiIl”!m'u'l‘]“mwm

dxsévsaderis bfnrinnsinmmal Annthisahiadtaned d { w

I'

r

Question Summary : qnn-mﬁﬁdﬂo;a;ﬁon -| .
12.115:;73'910::"
e D

The dual space of /" 1s /” means that it is bijective, it is linear and it preserve norm.
After defining the map we shall prove these properties one by one.

Scanne d with CamScanner



Question Mo =5 of 41

Wisch one of the followmng amoms hold for any vectors 4, v, m vecior Space

Y and ko b mBeld £ 7

Answer | Pleasa s=loct your costact option )

;

e =i —g+u forexchuc€ A

R

| -
]
|
, L+ W= =1

Scanned with CamScanner



An orthonormal set M 1= an orthogonal set m an mmer product space whose elements have norm .

Answet | Please select your conect wption ) e ™ .

egsal to 1
.

ol |
|
FT
_a
1 -
-
1
P
sce trse
-
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MTH6-| 1F unctmnal lmalyns

Qul(, Complete inner ploduct space is called a Hilbert Space.
In inner plOdllCt the generallzatlon 1S dot pIOduCt

T :
Answer | Please select your mu%mm) L

(Cross product
@
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Counter example2: Space/”

I? Collection of all bounded sequences,
F=1,0# 2ifp=2 then it will give inner product space

{x} I-"ﬂ=d§f-_‘}r

. 2y . = T
We will see that <.x,x >=|x| is an inner product space or not. We will check this if it

satisfied the parallelogram or not.

Thich ofthe following s not true for the space 17 with p = 2.1

It 1= a complete norm space

It 15 a complete mner product space Ru
-

1Tone ofthess
r-I
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FYR § BT W B T L R LT e T L

m w - m D c Jt’ wx Y z md L] - Bl

OPERATORS ON FINITE DIMENSIONAL SPACES:

Remarks:

=  Asin the case of linear Operators on a finite dimensional normed space, every linear :
Riswet | Please saloct your ¢

functional defined on a finite dimensional normed space is bounded and hence continuous.
|

. . -
F ,_.:..-Q- lb‘x.
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Two operators 7y and 7, me definedto be equal wntten 7} =7, . £

andd Zx=7;x for all

.-
-— s — - — - —
—..' o |‘J_.|- :.—.— l;.;:Lll-r..‘
- ‘: - d‘ - _— =— | ;-
-
¥
i
’_ — -— - —_—
| W T .=} e tl.'-n.-l".ll'
- 0: — - '; - "‘ -
—~
|
i
- — i i
- - - - 5 i - gh | r - J |
I | v 4 [ &% . - - — .-J
- 0; ~— P L
] —
I f
|
| - = T
'J — — "'.— - — {. ™= § y
— - — - - adiead bt -
3 -
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MTH641 Funrtmnal fmal&"“ E—

Tyrnatdnd e a it
Question No © 220 of 11 ] NI TR S LAY
Every complete mner product space 15 space

Hilbert Space
Quiz: Complete inner product space is called a Hilbert Space.

o e I TR
Answet ( Please select ﬂﬁf"-éi’ﬁg'?"w“ VTV

S

—
L]
|
| |y & o gn
I i 17 =41 oS
{ tiialy
o~
L 1
|
r—
1---
| Zucaasan

111:00 [

Time Left

\Oummu Summary : ( Attempted Guestion - )
| ! 4 1 1 5 b 7 g 9 10 11 o1z 13 a5
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Whech of the followng 15 an example of an mner product space.

Examples of Inner product spaces
» SPACE k'

> SPACE ¢’

» SPACE C[u,h]
» SPACE/
» SPACE I’ (Collection of all polynomials of degree n)

——— =

—_—
—

mm-wl-uqhﬂw. ”
' a, b

e,

:Ouuﬁou Summanry @ | Aempted Guestion .h

1

Z

)

4

/

B 10

12

Scanne d with CamScanner
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It

Inner product define a norm and under this norm
Every inner product space is a norm space.

Every norm space is not an inner product space. This is not true always.
If a space is inner product then it satisfi ed the parallelogram law otherwise it is not an inner

product space.

Wli:haftheﬁolowmismaboﬁlhehnpr«h:tm?

-

i ol Bl

PETEIES® St = %

ot :

TEXET L

=

Every normed space 1s an mner product space.

1l
|
:

o)
"
b
H
1]
)
]
]
P
o)
=)
:‘:
H
Vi
s
|40}
“
n

P

oy
vl
W
O
h
A

!
-
L&
8
L

L]

4
4]
)
a0

Ouestion Summary : | Attempted Guestion
1 2 3 i 5 N { 8 “

10

"

12 13

14
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The dual rpace of a normed space X contams all

Since for linear funcionals range is either R or € , which are complete. So X" as the space
of all bounded linear functionals defined on X, is also complete and hence is Banach space.
This is true even if X is not a Banach space.

“Algebraic Dual Space of X”: set of all linear funcionals defined on X.

“Dual or Conjugate Space of X”: X" set of all continuous or bounded linear functionals

defined on X.

— e
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Let x,y,zeV ;

Which of the followmg

ts a condiion ofmilmpm‘hmt"’pm?

a € F where a may be real or complex.

i cxxsEl0 <ax>=0 ESx=0
i <ax,y>=a<x,y> ] but not true for second value as <x,av>*a <x,y>
“'i <A‘+.}’,Z>-‘E'J<.1',Z>+<_1’,Z>
iv. <x,y>=<),x>
M_ '
{ Please select your coirect option } E1LAATAS
e e ——————
(ax,y)=a(z.y) R
r
EXETYV.E)" (T.:}*'Q'O"-:
.4"'
)
|
i 5 ‘:}:}:9:" = { . :;}.' .I]
|
1 | g
| | (zr)=(xr
el
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LI_ATth-Il Functional Analyits _

Marks: 1 (Wdgeted Tin

. =
: —— ad S = nrarly mdependent
— vector ¥ then S iz calied a bans for V£ —
2 fiegte dememmonal veCTor SpACT A
s s 35 of vectors =
BS= v wV. Y & a et
)
Assswent | Pluase selact ysut conrect optien
‘Tis.-,: ot span ¥ B
| < 13 imemly dependent
[ | |
! | ' | .
= that basis would also be a basis for X, as element in basis are same, they span
and linearly independent.
| S is got of soalare
-
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_ -'i\.\._".t_:;_:ﬁ‘ﬂ;x% ——-i ‘ __I l e
fnear operator that preseryes omer prodxt
lsomorphesm of an mner product space onto an mner product space over the same Seldis a
{1
Answes | Please select your comrect option ) 4\
'-_::‘ ectve R
' —
|
| Ingectoe
o |
| Srrecteye
| -

Isomorphism:

It 1s one-one and onto map.
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' Jil“ 4] | ! . .
» Cla,b]
Here we prove that C[a,b]is complete metric space
Example:
The function space C[a,5]is complete; here [a,b]is any given closed interval on R
— Let (x,,) be any Cauchy sequence in C[a,b].
"T‘: ;"";'..?”,h,..; uhm“}ﬂu,-‘i 124 . .. ee | | The metric space in C[a,b]is
'; -5{' Mﬁﬂ;ﬁm T i ™ e il

e r" f’"r r R
.; § F e
.IF' Ty .
,.‘ HH

Y EL ] ]
Il 1y

_ - ]
R LA 5 11
= }'— s

’ .
E: i X (82 i1 — = =
- par Astm ol b Hale ® - Y
'
I
i)
— = T k5 2 - —_— — —
- - S — — —
— e - —
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Guestion No = 5 of 41 SRR ELERTA TR

| | |
| TRV
| 1 1

-

A f ofaB 3 ' "
I of a Banach space X 15 it and onfy f£the set Y15 closed m X

A subspace Y of a Banach space X is complete if and only if the set Y is closed in X.

Znswer | Please select your correct option )
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Every metnc space 1s a not space.
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MTH641 Eunc[innal Analysis

The space . 15 not a Hilbert space

- s

e m—

8=4x2” as p>l,p=2
‘———  The values on both sides are also not equal so this does not satisfied the parallelogram law.
E Contradict to our supposition. So norm space is not an inner product space.

" vesth p= 2 R

o —p— -

e T 1
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aress | & terpfjserves frteicernt Paper agrx

MTHO41 i ons Anatven T - =
\Guestion No z 10 of 41 HHI AL .
ane

| A mear fmctional Swth domam D) /1 m anormed space 1s contmuous f and only f f1s

i As in the case of linear operators on a finite dimensional normed space, every linear

J functional defined on a finite dimensional normed space is bounded and hence continuous. fs:
Answer | Please select your conrect aplion ) - : —
|
| coTmuous

r
| —
| |bounded

smesting Swinmary © ( Attemprad Ouestion )
U 4 Y} 46 % & 7T 8 9 90 19 12 13 M3 15 6 17 w19 20 27 22 23 2
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MTH641 Functional Analysis

Ouestion Mo 23008 T

CGiven apomnt x, € X andareal numberr » (1, which of thefollowing definesa closed ball 7

Ball and Sphere (General Form)

~Answer | Please select your correct opicn'i-]

B(x,r)=|xe X|d(x,x,)<r

Open Ball:

| R~ =1 = :'- -..'-lv'- o{ e e v e " r o il
~ | Blm.r)=izs dla{z.g) < r Closed Ball: Blx,ir) = e N[d(x,x) =1

| Sphere: S(x,r) = ve X |d(xx,)=1]
~| Bl r)={x€ X|d(x,x5) > 7]

)
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I
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3. (la,b]be the space of all continuous function defined on [a, b].

Answer ( Please select yowr cotrect aption )

| collecton of all funchions defined on [a, E:I

r

rollesstes F 21l ~ -
| colecton of al contmuous funchons defined on (2. 4)
|
- f
ety g f--lo.. -.:.“'3.- 1 -f‘rhr-hfﬁ- Al:n - I ]
. wmous fimctions defined on 2. 4] R
|
artsae =% =Tl = - ~
-] e = bt i a..l-..la.'.":.'.f'.: .'::—-.-_.-——Jor:. ": -:I
T_'-‘—“."— !l_'"‘ ..._;
- -l =% ‘_.|
e |
| |
\
.

— e—

Onestion Summary : | AMevnpite) imnﬂ-m_ .l

! F, 1 I 5 ¥ ' s
S 1 __l ' i ' 10 _ 11 122 13 1 g5 I 17 1 1o 20
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MTH641 7 un-tonal Analyvsis

D T

|

' Let ¥ be an n-dmennonal vector space and X be s dual space Then

.‘ Theorem:
Let X be an n-dimensional vector space and X "be its dual space. Then
dimX =dimX =n.
Answer | Pleas X"is collection of linear functions or linear operator while }E may _Iie any space.
m~ Pyrrrr T T T T TN R T TR T LI TN T

i - * e -

imX =dmX=n

dmX=n

X =dmX=m
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MTH641 Functional Analysic

Question No : 2 of 41 Hil R

| 11t | ! '
"'.ll.;,ull'llm- -|l Ih”._.--‘ I

| For any three pomts x.y and £m a metnc space (J.d), the followmng property 1c called .

d(x.z) Ld(z. y) +d(y.z

Answer ( Please select your correct aption ) 1

1
| w=- H 1
‘ ‘ | manguiar mequabty

j

:‘:_“':t.“f:‘.:;"_'_' mequahty
| . . . - - .
And in triangular inequality the distance between x and y is |
| Eolder's me qualty 111 _
3 always less than the sum of distances of zy and zy.

= Equality: d(x,y)=d(x,z)+d(z,y)

Inequality: d(x,y)<d(x,z)+d(z,y)

Scanned with CamScanner
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MTH641 Functional Analvsis
Ouestion No : 7 of 41

T

ace ¥ 15 sad to be compact if every sequence mn X has a

subseguence.

|Answer'{ Plesi A metric space X'is said to be compact if every sequence in X has a convergent subsemleﬂ‘fﬂ_

P

.
| | Nog decreamng
|

|

3 B

=

|
-—

| | LATETRTIR
|
]
, -
LIC TS

Scanned with CamScanner



MTH64 1 Functional Analysis
Uuestion No : 14 ol 41

T XY iz an [zometne [somorphism between two norm spaces X and Y, then it mmphes that

Isometric Isomorphism

'i_ A linear operator ¢: X — Y. XY normed spaces, is said to be Isometric Isomorphism if
: ¢ isbijective. |

r |
Anvwst | Please select you ¢ preserve norms. |

| T 1z buyectrve and norm presersmg
| !
| ~ 1
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e v mnm T

Every complete normed space 1s space.

Complete norm spaces are called Banach spaces

l- PRTTITLA81 04040100820 £a0ad1 HLIER 1A [Il 111 | RARTREEIALAY

TR ] il ||+ wi
s
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| T % X

[

\ be 3 St &mennonal vector space FreX hasth:propmyﬂmj:x,w'ﬂ forall e then

- —

Lemma(Zero Vector):
Let X be a finite deimensional vector space. If x, € X has the property that f(x,)=0

forall /e X" then x,=0.
Amlﬂ'ﬂd’l—-u—{"';i "__ — — — =
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TH641 Functional Analysis
m.. :ﬂ‘“ (! | -I '- | | | | 'I1 Ir |I' I. .' -1”1| Wil   | |

For orthogonal elements %,y we have <xy>={ and the Pythagorean relation1s ...

As x and y are perpendicular so <x, y>= 0,< y, x>=0

|]1+1|| —<x,x>+<y,v>=| it

Amwel i Please select your i:liﬂ!thlpm , \ | \ T

3 -
i«—-—...-.l.—-:l'::; ‘_‘_ 1!7“_

|
-
i
|

| ¥ - v -
| -—'-*...-—_:5—1.._] e
[ren y L p— Il L
| el
-
' |
| " ;
[f— s —— et (e | [ L
) il ! -I"'-'!- LY il
-
e a . . -
e e e = e
i y | e
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MTHO4 1T Functional Analysis

A fmte dmennonal normed space —.......to s second dual

Theorem: r
A finite dimensional vector space is reflexive.
Equivalently, A finite dimensional normed space is isomorphic space is isomorphic to its

second dual. —

oy ol 111 770 T

Aetennfiei s cdnglied o il

-

’
'
22
"
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MTHO641 Funcriona

Ouestion No : 6 of 41

Marks: 1 (Bude

-

sot of vectors m 3 normed space X , Then there 1 a number ¢ > (0 such that for every choxce of scalars @, g, | we have

-~ - - -~ - f.”;-’ QJF[.
’-—:-. I.-..-l.l -_—- ,1—-:! q-.
L] A S ,X, ) be a linearly independent set of vectors m a normed space X (of any
dimension).
Then there is a number o0 such thar for every choice of scalars @ eecevceeees e, we have
1 fers; +ort v f 2 e |+ Jez,]) I |
| N s R e L B £
- i L L -
-
| Imearly mydependers
mestly dependent
rehoponal |
-
rhogermal
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Every mner product space 15 2

[

| Metmne Metric spaces

|

{

{

{

.: ——————

|31 ; / Inner '\

| Mommmnea | )
s { product

‘ \ spaces /

| ‘

|

| Topolomcal

|

| All of above

. —————
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Ouestion No : 26 of 41

Nx+yldizli+llyll scalled ...

1v): "A + y” < ”r” + ” y” (N4) triangular inequality

Znswet | Please select your correct aption )

[ —
- foees
‘ -r‘;ar.i.zf I:LG‘....Z.“.-
: Il R
7 B S =makty
FORES. valbl o :I--‘ ¥
Holder's mequaity
. - — = .
. :.. "....': : -..4 ———
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I anormed space X 15 finste dmennonal, then every Imear operator on X

As in the case of linear operators on a finite dimensional normed space, every linear
functional defined on a finite dimensional normed space is bounded and hence continuous.

Scanned with CamScanner
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e

Ouestion No - S ol 41 e

Answet | Flease salect yous goteet option |

]
l [Tt St o
* —
|

e amaees mmisw

As in the case of linear operators on a finite dimensional normed space, every linear
functional defined on a finite dimensional normed space is bounded and hence continuous.

|
C—

N R
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A sequence (x,)

n a metnc spaccusadtobcnon-d:mfforaﬁn.

LS - x&d
@
| - '!:'nl R
1
| w- -
» e
|
|
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MTH64 1 Functional Analysis

IfFdisametnc on X, Thenforallx, y € X, d{zy)s....

Answer { Please select yaur comectoption) ||

A non negative real number

3 R

-

A negatve real mumber

ot a ratonal number

A complex number
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MTHO64 1 Functional AnaiveT

oo ies

None of these

| r

Start Teng B 06 AM |
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M'I'HOH Fmr:tima AnaTysn

i
i
~ |
|
!

~

stgondtobfmﬂaEAadbéB R

2 orthogonal to b for a fxed ac Aond ¢ fixed b€ B

.

a 13 orthogonal to b for a fxed ge Aandbe’l

| ssthogonal to b for all 3 € Aand afixed b2 5




ATH64 1 Functional Analysis

- R el it re i stz iis Rl
Question No 2 26 of 41 IR R s P IR AN

For a subset A of an mner product space X, x 15 orthogonaito Ao
Answer | Pleass select your comrect eption § TS D
s orthogonalto aforall g€ 4 R

x:2 orthogoraito aforafzed g = 4
'.
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MTH641 Functional Analysis

‘Ouestion No : 35 of 41

' Prove that f a set M is closed m X then i forms a complete subspace of X

Scanned with CamScanner



p): Provethatif aset M Isclosed in x then it forms a complete

Subspace of X -
M is closed, if and only if the situation x,eM, x,—x.

— xeM
M is closed if and only if M =M,

Now we have to prove that Af = M for this we prove that McM , McM
i): McM
by definition M contains M and its limit point so this condition is fulfilled.

ii): McM

Now we prove that M c M

Let xe M . we will show that xeM .

Now if we take xbelongs to M then from above “a” part of this theorem, we have a
sequence x,in M such that x, — x this implies xe M .

That means M c M .

Hence M =M

Scanned with CamScanner



MTH641 Functional ﬁﬂchmf

!Ollestl'onillo": 39 of 41

1 |
—

| e
I Showr

| >how that canomcal mapping is fnear.

p=8 final

Answer | Please click here to Add Answer )

aa ] .. j! ! v —
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Conical Mapping: SNOW that canonical mapping is linear
C: X — X this mapping is called canonical mapping of X into X defined as
X B,

Clax+By)Sf)=8uuip, (S)

=flax+fy)=af(x)+pf(y)=ag (f)+/[g.(f)

=a(Cx)(f)+ BCy)IS)

So, this is a linear function as well. Canonical mapping is a relation between X and X ™.



MTH641 Functional Analysis

Question No : 32 of 41 pi

i Define bnear finctional

1!
I

Answer (| Please click here to Add Answer )

Scanned with CamScanner



PN TDY [ §RAL)[S6 TR ] TR LI n e u e g - - —— ) . - . : e —
MC1

MTH641 Fun-tional Analysis
Question No : 41 of 41

Marks: 5 (Budgeted Time Min)

Let %, and K, be Hibet spaces, S H,—H, aad T H —H, be bounded Imear operator and a any scalar Then show that

- -
-

sT) =TS |assuming &, = My

B CC

- ) qu

-

i : T
Question Summary : | Attemptad Guestion o e 7 28 2 10 1 ﬂmm :_‘i_ i E

OEEEEEALIEY »  EIEEIEEEE i v v n 0 2 n s % a2

fo b

i - * ! § -
-onduct iInttructions
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h‘TH641 L”'—n'—r_lﬂﬂl. -—-rﬂpr.ll_l

t}uesuon No:34ofd41 m,“' "'I |

i Define unttary operator.

Answer | Please click here to Add Answer )

= e e e e s |
BEr 3|

l__.
——
-
i
—
|
—

Scanned with CamScanner



Address [:ﬁ ;tm:;',!m,fua}'dernpm.aspx

TITTIZEII3 EEREE TR AR RURELE LY 15 '
413 -.t:;.-.-f.-':i'-’zi‘:’.:‘.-?,t".',:",'. HiL Marks: 3 (Budgete

+T1— ¥ be alnear operator, where D017 C ¥ and X, Y are normed spaces, then show that f T 1s comtmuous at 2 smgie pomt, 1t 1s contmuous

|
l‘_‘l

Answer ( Please click here to Add Answer )

F==R|’E|> = |M|5 L [E) [
| Ik | (B B = = =|itit]=a
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MTH64 1 Functional Analysis
Question No:33 of 41 | |

| il ]l M '|II,|. Iﬂl...'

 Wnte generalized form of orthogonal system

Answer | Please click here to Add Answer )
1in | 2] 1 !ﬂ! 5 G IE L 1o0% ~ |
I iz e rpls===]== —=
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Generalized form:
{%s X300, | be noDZero vectors in V inner product space such that

<x,x,>=0 , i#j
This system {x,x,,........ x,} is called orthogonal system as all vectors inside it are

perpendicular to each other.
The generalized statement is | x, +x, +.........+.'u:"ﬂ1 =lrl|: +|_r2|: s | |:

The idea of proof is
S| {551}
in] i=1
2 + X, X F e +x, >
=< x.x + FX > <X X e +x >
-:;:Z.:v:.x;..r >
=l j=I
<x.x>|x| .ifi#j <x.x,>=0andfori=j then <x, x >=|[x]|

MTH 641 Functional Analzsis - hz ABU SULTAN
5 -
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Address | ] hitn:{jserverjwesicientjPeper.aspx TR e SRR

MTH641 Functiona! Analysis

uestion No : 31 of 41 T

I - - 1 -
| Show that the sequence (x,) = (1+ —) 15 a Cauchy sequence with the usual metric defined on the set of real numbers.
| n

Answer | Please click here to Add Answer )

e e

- = = |qQ
.'! jl i
| —
|
|1
1
(|
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Marks: 1 (Budg

______Imear operator that preserves mner product

Lnswer | Pleass select your correct option )

= e —
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Address |£] http:/[server [ntes/cent [Paper. aspx _ _ paams ' TETSTCTo

e e m= N g by rir
P"THb"‘ Funcuignat I L L

‘Question No : 38 of 41

K, t it - H, =3 -H, — ' operator and @ any scalar. Then show that
-+ 5. and H, be Hibert spaces, §: H, — H, and T- H, > H, be bounded Imear of

-

ixeH,yef,).
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MTH641 Functional &nalysis e

f’f' i In T I'7||',|'|I I|rl (T |I|""|[ i

|IIHJI||I|‘|”“ "!'f )” |||I| |||||“ |I|IJ|[| |||r ”} !|| ||| ||J||||||I|:|”.I'|I!r|| I |'||'| il |-|I:- |

Question No : 40 of 41 '. ., 'l'l ':,,f,

-:“,.......... . N r'_'_ i {1'_ W 4 ; T | i : , ) . . - e ]
Showthatd | x,, ., ¥, are Cauchy sequences iV Eﬁ-f.‘_,ﬂl' {x . ) 15 a Cauchy sequence =
I I | | |I |- II [l !
| II
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MODULE N0.90

» THEOREM (CONTINUITY OF INNER PRODUCT)
Theorem:

Let V be any inner product space. For any sequences {x,} and {y, }inV

X —>x, Yy, —y implies<x,y, > = <Xxy>
Proof:

l<x,.y, >—<xy>]

<X, Y, >—<X,y>+<x,y>—<xy>

1l

<X,¥,—Y>+<X,—Xy>

<l<x,,y, —y>|+|<x, —xy>]
Now from Cauchy Swarzinequality

eyl < [l

<

i.

v, =¥+

x, =[]

Giventhat x, —»x , y, —y so,

o —=ly-»[=0".

x,—x|=[x-x=0 asn—oew
As n—wm

l<x,,y, >-<x,y>[<0

<X,y,>¥<X,y> a5 n—w
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MTH641 Functional Analysis

Question No : 37 of 41 _ I. I I u'.'_'lll.' l"llrll'll"ull!'II'Illl-I |'|.|'|i|i i |

-

Defne norm and mner product for which the space & 1s an mner product space.

Answer | Please click here to Add Answer |

e = & ek oo [ Mm@ oo =]
e | i hiie [[= | _—
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MTH641 - FUNCTIONAL ANALYSIS --- MCQ’s for FINAL TERM z
From: ABU SULTAN
Page 1 0of 5
S# Statement Answer
1. | The set of real numbers is the unionof ______ Set of rational numbers Irrational numbers
2. xeB(x;r)=> d(x,x)<r
3. xefi’(xo;r): d(x,x))<r
4, | xeS(x,:r=> dx,x))=r
5. | Asubset M of a metric space X is called a bounded set if its __ is finite. Diameter
6. |WWhich of the following set has no limit points in R? The set of integers
7. | 8(A)=sup, _,d(x,y)Represents the ___for a non-empty subset A of (X.d). Diameter
8. | The closure-of a set consists of all _____ of the set. Limit points
9. | ___iscollection of limit points and the set itself Closure
10. | Asetiscalled a if all the limit points are present in that set. Closed set
11. | If Qisdensein R, then @ = R
12. | If“d” is a discrete metric on R, the d(3,2)=___ 1
13. | The set of all limit points of aset Aiscalled ______ of A. Closure
14, A(SEQUeHES (x,) in a metric space X =(X,d) is said to be ___ if fOREVEryIESONMliGre exist N = N(g) such that for all B dsmentsizequente
d(x,.x,)<¢.
15. | ASEQUEREd (x,) in Xis __if the corresponding point set is a[BOURAEd subset ofX. bounded sequence
16. | ABEGUERES (x,) in a metric space X = (X,d)is said to converge or to be (CORVEIgenD i limd(x,,x)=0
17. | The(property d(xy)=0of a metric space is called. Non negativity
18. | The property d(x,y)=0if and only if __ x=y
19. | The property d(x,y)<d(x,z)+d(z,y) Triangle Inequality

Scanned with CamScanner




MTH641 - FUNCTIONAL ANALYSIS -—
From: ABU SULTAN
Page 2 of 5

MCQ’s for FINAL TERM

20. | For a metric space (X,d) for all x,y belongs to X d(x, y) =d(y.x)is called __ property. Symmetry
210 €[EB]'ShewWs)the space of all defined on [a,b] ‘Continuous function
22. | If T is typology on non-empty set X, then ___ intersection of member of bf belong to T. Finite
23, | Spaceis called ___for p=2 Hilbert Sequence space_
24. | The inverse image of _____ set under a continuous mapping is open. An open
Given a point "
25. S(x,, 1)=B(x,, r)=B(x,, 1)
And a real number r>0, which of the following statement is true?
26. The realline R is a complete metric space having two _ dense subsets. Finite

27. | A subset M of a metric space X is said to be dense in X if M=X

28. | Closure setis a setalong withits ____ Limit points

29. | A metric space X is said to be_____ if it has a countable subset which is dense in X | Separable

30. | In discrete metric space if elements are same then distance is __ 0

31. | In discrete metric space if elements are different then distance is____ 1

32. | How many limit points of a subset A of X exist if A is a finite subset of the metric space (X,d)? 0

33. | All those point which are on the boundary of this open ball are___ accumulation points or limit points
34| A subspace M of a complete metric X is itself__ifand only if the set M closed m X. Separable

35. | If “K” is a Negative real number, and d is a metric on X then for all x,y belongs to X. Kd(xy)< 0

36. | d(x,y)=|x-y| is a usual metric defined on ... R

37. | It belongs to the space B(A), then it should be a___. Functions having convergent sequence in A
38. | A ___sequence in a metric space is a Cauchy sequence. Convergent

39. | The Centre of the sphere S(6;8) is;

1 4
—f x%dx
2 2
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MTH641 — FUNCTIONAL ANALYSIS --- MCQ’s for FINAL TERM

40. | A subset A of ametric space X is ___in X iff A intersect every non empty open set. Dense
41. | Discrete metric space on a set X is defined ad d(x,y)= {2' i : i Vx,y eX
42. | Ifd is a metric on Y, then for all x,y€Y, d(x,y) is A non negative real number
43. | The following expression represents ...... inequality M < |§’ __ a'.| + |a' — !?'l Triangular
1+|& -7 1+|&-a)| 14|, -7
44. | Two sequences {x,} and {y.} in a metric space X are said to be equal if for all the difference x,-ynisequal to____ Zero
2
45. | If d is a usual metric on R, then d(2,8)= 2+ J— 2xdx
0
46. | In___ an open neighborhood is an open interval. R
47. | A discrete metric space X is separable iff Xis ___ countable
48. | Given a point x, € X and a real number r>0 which of the following defines an open ball? B(x,;r)={xe X |d(x,x,) <r}
49. | Given a point x, € X and a real number r>0 which of the following defines an close ball? E(xo;r) ={xeX|dxx)<r}
50. | Given a point x, € X and a real number r>0 which of the following defines an sphere? S(x,:r)={xeX|d(xx,)=r}
51. | For an inner product space ||x + y|? + |x = y|’* = — ——— - 2001112 + Nyl1®
Let B(X,Y) be the set of all ........ Operators from a normal space X to a normed space Y. If Y is a Banach spcace, then
92, Bounded linear
B(X,Y) is a Banach space.
e Let B(X,Y) be the set of all bounded linear operators from a normal space X to a normed space Y. If Y is a Banach B )
: anac
spcace, then B(X)Y) is .
54. | For an inner product space defined on a real vector space {x, y) = {y, x)
55. | For an element x belongs to an inner product space {(x,x) = ...... .. 0
56. | For all x,y belongs to an an inner product space. {ax,y) = ... .. ... ... alx,y)
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57. | T is bijective and norm preserving then it means that T is a\an ..... between two norm space X and Y. Isometric Isomorphism

58. | Which of the following is not a condition of an inner product space? (ax +v,2) =(x,z) + aly, z)
59. | Which of the following is a condition of an inner product space? (x,x) =0

60. | Which of the following space is an inner product space? Euclidean space R™

61. | Which of the following space is not an inner product space? The space I” with IP # 2
62. | The following expression |lx + y||? + |lx — y|I* = 2(|lx|[* + lIx]|?) is called ...... Parallelogram equality

63. | Apollonius identity is : llz—x|? + ||z —yII? =%le—y1|2+2 z—%(x+y)| 2
64. | Completer inner product space is called a Hilbert space

65. | AHilbert spaceisa/an...... Completer inner product space
66. | Let (V,{.,.)) be an inner product space over a field F, then Vx, y,z € V, a, BeF (x,ay + pz) = @(x,y) + B{x, z)
67. | Let (V,{.,.)) be an inner product space over a field F, then Vx, y,z € V, a, BeF {ax + By, z) = alx, z) + B{y, z)
68. The pair (V,<e2>) is called an inner product space. <ax+by,z> where x,y,zeV ., abeF <ar+by,z>=<ax,z>+<by,z>
69. | The pair (V.<**>)is called an inner product space. <ax+by,z> where x,y,zeV, a,beF a<x,z>+b<yz>

70. | The pair V-<*">)is called an inner product space. <@¥*+by.z2>  where x,y,zeV ., a,beF <0,2>=<0x,2>=0<x,2>=0
71. | Let (V,{.,.)) be an inner product space over a field F, then Vx,y,z € V, a, BeF (x,a.y) = ax,y)

72. | Let (V,{(.,.)) be an inner product space over a field F, then Vx,y,z € V, a, BeF (x,a.y)= c‘r@

73. | Let (V,{(.,.)) be an inner product space over a field F, then Vx,y,z € V, @, BeF (x,a.y) = {(ay, x)

74. | Let (V,(.,.)) be an inner product space over a field F, then Vx,y,z € V, a, feF (x,a.y)= m

75. | Abanach spaceisa/an...... Completer norm space

76. | Complete norm space iscalleda....... Banach space

77. | Complete inner product space is calleda. . . . . Hilbert Space
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MCQ’s for FINAL TERM

78. | For an inner product space <x+yz>=....... <X, Z>+<y, 2>
79. | In inner product the generalization is Dot product

2 — o 2
80. | AC+BD =—————— Z(AB +BC )
81. | Inner product defines a Norm
82. | Every inner product space is a norm space.
83. | Every norm space is not an inner product space. This is not true always.
84. | If a space is inner product then it satisfied the otherwise it is not an inner product space parallelogram law
85. | Norm is a generalization of distance function.

. . C < lxll. . =
86. | For any two elements X,y is an inner product space V, |< Y >| ™ ||’\|| ||y|| the define norm is ”x” =y<xx> , xyeV
87. | As in the case of linear operators on a finite dimensional normed space, every linear functional defined on a finite
dimensional normed space is bounded and hence continuous.

88. | X" asthe space of all bounded linear functionals defined on X, is also complete and hence is Banach space
89. “Algebraic Dual Space of X: set of all linear funcionals defined on X.
90. | “Dual or Conjugate Space of X X" set of all continuous or bounded linear functionals defined on X.
91. | However there are Banach spaces which are not reflexive.
92. | If X is an incomplete normed space even then X" and X" are Banach spaces. So in this case X cannot be a reflexive space.
93. | A normed space X 1s said to algebraically reflexive if there is an isometric isomorphism between X and X™.
94. Ordinarily a normed spacer may not be reflexive.
95. | A finite dimensional vector space is reflexive.
96.

Equivalently, A finite dimensional normed space is isomorphic space is isomorphic to its second dual.

97.
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Question # 10 of 10 ( Start time: 08:37:31 PM. 19 November 2018

If for k>0 . d(3.9)= 1;::1{1;‘;’;;} where d, represents the usual metric on R then = =
| www.vuzeba.vg)lxsne.coml
vuzeba
Select the correct option
d(3.9)=1

d(3.9)<1
d(3.9)=1
d(3.9)=0
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MTHG641:Quiz # 1
Total Marks: 1

Question # 4 of 10 ( Start ime: 09:15:43 PM. 19 November 2018

If k" is a Negative real number, and d is a metric on X then for all x.y belongs to X, www.vuzeba .wixsite.comlvuzeba

® Reload Mith Equations

Select the correct option

kd(z,y) <0

kd(z,y) <0

kd(z,y) >0

kd(z,y) >0

48 ﬁ C] .}_-:1__ 00%

. F16PM
g“ A & 7z Q) 11/19/2018 D
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1.1-6 Sequence space [”. This example and the next one give a first
impression of how surprisingly general the concept of a metric space is.

| V')

As a set X we take the set of all bounded sequences of complex
numbers; that is, every element of X is a complex sequence

1.1 Metric

x=(&, 62, ) briefly x=(§)
such that for all j=1, 2, - - - we have
&1 = o

where ¢, is a real number which may depend on x, but does not
depend on j. We choose the metric defined by

(9) d(x, y)=sup |& —nl

jeN
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space X =(X, d).

1.3-1 Definition (Ball and sphere). Given a
number r >0, we define” three types of sets’

(a) B(xg;r)={xe X | d(x, xo)<r}

(1) (b) B(xo:r)={xe X|d(x, xo,)=r}  (Closed ball)

(c) S(xg;r) ={x€ X| d(x, xo) =r} (Sphere)

In all three cases, x, is called the center and r the radius. §

We see that an open ball of radius r is the set of all points in X
whose distance from the center of the ball is less than r. Furthermore,
the definition immediately implies that

(2) S(xo; r)= B(xo; r)— B(xo; r).

Warning. In working with metric spaces, it is a great advantage
that we use a terminology which is analogous to that of Euclidean




Fig. 7. Notation in part (a) of the proof of Theorem 1.3-4

g -neighborhood N of Txg, the inverse image N, of N is ¢ .en, since N
is open, and N, contains x,. Hence N, also contains a & eighborhood
of x,, which is mapped into N because N, is mappec nto N. Conse-
quently, by the definition, T is continnous  x, .nce x,€ X was
arbitrary, T is continuous. 1§

We shall now introduce two more concepts, nich are related. Let
M be a subset of a metric space X. Then a point ., of X (which may or
may not be a point of M) is called an accumul: .on point of M (or limit
point of M) if every neighborhood of x. cc (ains at least one point
y € M distinct from x,. The set consisting  the points of M and the
accumulation points of M is called the closure of M and is denoted by

M.




and only if X is countable. (Cf. 1.1-8.)

Proof. The kind of metric implies that
e dense in X. Hence the only dense set
statement follows.

per subset of X can
is X itself, and the

1.3-9 Space I". The space I” is not

Proof. Let y=(mi, n2, M3, **) be a sequeny
Then yel”. With y we associate the ree” au
representation is

X T . F R NS o SR . ST AT el L AL STRARS T NS LIRS ot e R SR PO N Nt 5. AT W
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Then:

(a) A convergent sequence in X is bounded and its limit is ur ue.

b) If x,— xand y,— y in X, themd(x,, Ya) =2 d(x, y).

Proof. (a) Suppose that x, —— x. hen, .2 ing « we can
find an N such that d(x,, x)<1 for all n = N. Hence by the triangle
inequality (M4), Sec. 1.1, for all n we have d(x,, x)<1+a where

a =max {d(xy, x), " -+, d(xn, x)}.
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convergence is not an intrinsic property of the sequence itself but also
depends on the space in which the sequence lies. In other ‘words, a
convergent sequence is not convergent ‘“on its own” but it must
converge to some point in the space.

Although condition (1) is no longer sufficient for convergenc | it is
worth noting that it continues to be necessary for convergence .n fact,
we readily obtain the following result.

1.4-5 Theorem (Convergent sequence). FEuvery convergent sequence in
a metric space is a Cauchy sequence.

Proof. 1If x, — x, then forevery e >uthereis. N " Jsuch

that
e




LA FF#I_EI-i

1.4-8 Theorem (Continuous mapping). A mapping T: X — Y of a
metric space (X, d) into a metric space (Y, d) is continuous at a point

1.4 Convergence, Cauchy Sequence, Completeness 31

xo€ X if and only if
Xp = Xq implies Tx, — Txy,.

Proof. Assume T to be continnons at v of NDef 1 3-3 Then for



VATIUUS ULLICT appucauuns.,

1.6-1 Definition (Isometric mapping, isometric spa t
X=(X,d) and X = (X, d) be metric spaces. Then:

(@) A mapping T of X into X is said to be SOmetri n
isometry if T preserves distances, that is, if for all x, ye

O

(b) The space X is said to be isometric with the space X if there

exists a hitective” isometrv of X onto X The snaces X and X are then

d(Tx, Ty)=d(x, vy),
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In analysis, infinite di .ensional vector spaces are of greater inter-
est than finite dimens’ nal ones. For instance, Cl[a, b] and I’ are
infinite dimensional. nereas R" and C" are n-dimensional.

If dim X =n_ linearly independent n-tuple of vectors of X is
called a basis - X (or a basis.in.* If {e,,---,e,} is a basis for X,

every x € X has a unique reores ntz ‘on as a linear combination of the
basis vectors:

€y T " * T Oyl

For in..ance, a basis for R" 1s

El={110!01"* 50}1
e;=(0,1,0,---,0),

!!!!!!!!!!!!!!!!!!




Iym—yi= 3 ta;"‘*—u.-le.|s'}_“.l ™ — oy eI

=1

On the right, a;"'——a; Hence |y, —y||—0, that is, y,,—y.
This shows that (y,,) is convergent in Y. Since (y,,) was an arbitrary
Cauchy sequence in Y, this proves that Y is complete. §

From this theorem and Theorem lﬂ'.tl-iII we have

2.4-3 Theorem (Closedness). Every finite dimensional subspace Y of
a normed space X is closed in X.

We shall need this theorem at several occasions in our further

work.
Nate that infinite dimencannal cnhenaree nerd nnt he  efloacerd



2.5-5 Theorem (Finite dimension). If a normed spvacc X has the
property that the closed unit ball M ={x |||x||= 1} is cor..pact, then X is
finite dimensional.

Proof. We assume that M is compact but dim X =<, and show
that this leads to a contradiction. We choose any x, of norm 1. This x,
generates a one dimensional subspace X; of X, which is closed (cf.
2.4-3) and is a proper subspace of X since dim X =%, By Riesz’s
lemma there is an x;€ X of norm 1 such that

l*-l'll"-"

III’: - 11" =0=

The elements x;, x; generate a two dimensional proper closed sub-
space X, of X. By Riesz’s lemma there is an x, of norm | such that for
all xe X, we have




work,

2.6-9 Theorem (Range and null space). Let T be a linear operator.
Then:

(@) The range R(T) is a vector space.
(b) If dim@(T)=n <=, then dim R(T)=n.
(¢) The null space N(T) is a vector space.

86 Normed Spaces. Banach Spaces

Proof. (a)Wetakeanyy,, y.€ R(T)andshowthatay,+ By, R(T)



ijective linear operators, where X, Y, Z are vector spaces (s
21). Then the inverse (ST) ': Z —> X of the product (the compo:
ST exists, and

(ST ‘=TS

Proof. The operator ST: X — Z is bijective, so that (ST)
's. We thus have

ST(ST) '=1I,

is the identity operator on Z. Applying $™' and usir

| - I;r,
y = Iy (the identity operator on Y), we obtain



EEE Nl IlJlllJﬂlllE LTI % Sl% LINELNAENFLIDs

2.7-1 Definition (Bounded linear operator). let X and Y be normed
spaces and T: @9 T)—— Y a linear operator, where 9(T)< X. The
operator T is said to be bounded if there is a real number ¢ such th-
for all xe@T),

(1) I Txl| = cllx]. #

In (1) the norm on the left is that on Y, and the norm on the right
is that on X. For simplicity we have denoted both norms by the same
symbol ||+, without danger of confusion. Distinction by subscripts
(Ixllo, | Tx]l;, etc.) seems unnecessary here. Formula (1) shows that a
bounded linear operator maps bounded sets in @( 1) onto bounded sets
in Y. This motivates the term “bounded operator.”

Warning. Note that our present use of the word ““bounded™ is
different from that in calculus. where a bounded function is one whose
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Queestion 1

Show that (aT)' = a™1T"

Solution:

<x,(aT’)'y>=<(aT)x,y >

<x,(aT")y>=<a(Tx),y >

<x,(@T)’y>=a<Txy>

<x5@r)’'y>=a<x,T'y>

<x,(@T")'y>=<x,al’y >
(aT*)" = aT”



Question 2

Provethat (S+T)" =8 +T

Prove:

<x,(S+T)'y>=<(S+Tx,y>
<x,(S+T)'y=><(Sx+Tx),y >
<x,(S+T)'y>=<Sx,y>+<Tx,y >
<x,(S+T)'y>=<xSy>+<x,Ty>
<x,(S+T)y>=<x,(Sy+Ty) >
<x,S+T)'y>=<x,(5+T)y >

Jence we have proved that

(S+T) =S"+T°



Question 3

Find matrix multiplication if (£,&,.&) © (&.5,.—¢ - &)

Solution:

~ 0N

1[51 $1
RN
- ES —fll "fz

Hence required matrix is

1 0O O
0 1 O
-1 -1 0

6&.21
~ 0 o



Question 4

x, +x, +oeeeee. +x,[ =l + [+t
Prove:

n - n n
Z.r,. =1 Zx,,z.r, )

i=1 i=] i=1
=< X} .o + X, XF ... +x >
=€ Xy, X Foeeeinl + X bt <X, X Foerionen +x >

is]l J=]

<Xalt; ::»=||x,|]2 , if i#j <x,x,>=0andfori=j then <x,x, :>=||:l‘,f||z

2 a 5
=2 I~

i=1

>

i=1
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Question 5

Prove that (ST)' =S'T"’

Prove:

<x (ST)'y >=< (ST)x,y >
<x, (ST)'y 2< (SxTx),y >
<x,(ST)'y >=< Sx,y ><Tx,y >
<X (ST)'y>o=< x,8y >< x,T'y >
<x,(ST)'y >=<x,(S+T'y) >
<X (TN >=<x,(8'T")y >

Hence we have proved that

(ST). -— SQT!
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Question 6

Show that N(T) < N(T)

Prove:

x € N(T)
3 (x,)such that x, EN(T)+x, = x

Therefore

Tx, »Tx
x, € N(T)
Tx, =0
. =0
x € N(T)
N(T) < N(T)
N(T) = N(T)
N(T)is closed.
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Question 7

Provethat< x,ay+ bz >=a<x,y > +B<x,z>

Prove.

<x,ay+bz>=<ay+bzx>
<x,ay+bz>=<ay,x>+<bz,x>
<xay+bz>=a<yx>+b<zx>
<xay+bz>=a<xy>+b<xz>

Hence proved.
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Question 8

Let #, and #, be Hilbert spaces, s:#,-#, and 7:#, > H,

be bounded linear operator and « any scalar. Then
show that (r')-=r.

Prove:

<x,(T")'y=><xT",y>
<x,(T)'y=>2<xTy>
It implies that
(T*)* =T so its proved.



Question 9

Prove that the product of two bounded self-adjoint
linear operators S and T on a Hilbert space H is self-
adjoint if and only if the operators commute,_sr-rs.

Prove:

<x (ST)'y >=< (ST)x,y >
< x,(ST)'y 2< (SxTx),y >
<x (ST)'y >=< Sx,y ><Tx,y >
<x (ST'y>=<x,S'y><x,T'y >
<x (ST)'y >=<x,(5+T'y) >
<x (ST)'y >=<x,(ST)y >

Hence we have proved that
(S-r)l = S-Tl

(ST)*=T*S*=TS.

Hence
ST=(5T)" —> ST=TS.
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Question 10

Let #, and #, be Hilbert spaces, s:#,- #, and 7:H, -5 A,

be bounded linear operator and ¢ any scalar. Then
show that _|r'7|=|rr’|= ]

Prove:

[ Tx|? =(Tx, Tx) =(T* Tx, x) ={T* Tx| [x|| = | T* T IxII".

Taking the supremum over all x of norm 1, we obtain || T|F = T*T].
we have

ITF =IT*TI=|T*||T| =TI

Hence ||[T* 7| =||T|. Replacing T by T* and we also have

IT**T*|=T** =TI
Here T**=T
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Question 11

Let the operators v:#x-x and v:# - xbe unitary,
here, H is a Hilbert space. Then show that U is
isometric; thus tx]=|+ for all xc#.

Prove:

| lelz =< U, Uy >
” lelz =< x,U'U; >
| U NI? =< x,Ix >
| U.||? =< x,x >
| Uell* = |l x|I?

[t proved.
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Question 12

Show that < Ty, x > =<y, Tx >

Prove:

<T*y,x >=<y,T*x >
<T'y,x>=< Tx,y >
<T*y,x>=< y,Tx >

Hence its proved.



Question 13

Let X and Y Dbe inner product spaces and ¢o:x -y a
bounded linear operator. Then Show that 9=0 if and
only if (0x»)=0 for all x=x and_ye¥ .

Prove:
Q=0=0Qx=0 for all xeX
<QQx,y>=<0,y>
<QQx,y>=<0w,y>
<Qx,y>=0<w,y>
<Qx,y>= 0. forall xeX

[t implies that Qx=0 and by definition Q=0. Its proved.
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Question 14

Let the operators v:# - # and v:# - #be unitary;
here, H is a Hilbert space. Then show that |u]=1,

OR

Let the operators v # - # and v:# — x be unitary;
here, H is a Hilbert space. Then show that v(=v") is

unitary.

Prove:

Since U is bijective it shows that U™ is bijective
Uy =) =u=@U"H"

Hence it implies that U™ is unitary.



Question 15

Let the operators v:# - # and v:# - #be unitary;
here, H is a Hilbert space. Then show that v is normal.

Prove:
uu* =U"U
Since we know that
¢ 111
So Uu'==u
uu-l=u"lu

(UV)* = (UV)~! =1 Hence its proved that U is normal.
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Question 16

In an mner product space V and x, y in Vif x.L y then

o )

”I'*‘Jr . — Jr 2 §
 Prove: Jrﬁ; § )
v+ =< -‘,'ﬁ"}"?-f f.:}',ﬁ-p "

‘*211>¢<11>+<11>+<%y>
As x and y.are pt.rpendu.uldr so0 <x,y>=0,<y,x>=0
[1+vﬂl-<1 x>+<y,y>=|x +||y[

_.fl'i" )
k|
.H_,F
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Question 17

be+ o+l = =2(Jf + ) foralixy eV

Prove:

e+ =<x+yx+y>

= X, X >+ <X, .‘|,‘ >+ X, Jr >4+ < ."!J’ >

= +2Re<xy>+pf ..

Replace y=-y

: ﬂ". _-.J'": NS T"' P Xy y>

=CAXD> =< X, V> =< X, ¥ >+< Y, P>

7 = -2Re<x,y >y (ii
Adding (i and (i

e+ 3+ =2l + 2o

That we have to prove.
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Questionl8 N r———

) ¢

For any two elements x,y is an inner product space V|

[<x, v >| <[] |

Prove:

If x=y=0 then 0=0 \
Let at least one of x and y 1s not equal to zero

Let  |<x+Ar,x+2y>/=0 by definition
ELX,XHAY >+ <Ay, X+ AY >
<X, X+ AV>HY <y, X+Ay>



Question 19

SHOW THAT T is uniquely determinal if the image y, = Te, of n basis vectors

€,-...ennn.y €, A€ prescribed.

Prove: yv=Tx ;yeY {b,........, b

v=nb +nb, +......o..+nb,

Te, €Y, Je,=r,8%1,,b, +.........
Te, = 1,0,
X0 - > aTe, =363 nb,

d =] j=1

Comibinig these two summation

J=l X\ d =]

= i "

The image y—Tx-ZrLb of x= Z.,ﬂ Te, can be obtained from

n,= ‘Zt:rhs’;]
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Question 20

Sum and Scalar multipication of Dual.

Prove:

as follows. The sum f, + f> of two functionals f, and f2

is the functional s whose value at every x€ X is
s(x) = (fi + ) (x)= fi(x) + f2(x);

the product af of a scalar @« and a functional

f is the functional p whose value at xe X 1s

p(x) = (af)(x) = af(x).
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Question 21

Define Inner Product Space:

The pair (V'><**>)is called an inner product space.

Define Appolonius Identity:

2

T+ [z-

:—%(.r+y)‘ , X, y,z€l

B = >lx-31 +2

Define Equal Operators:

Let Ty and T, be two operators defined on equal i.e. Ty = T, if they have the same

domain i.e. D(Ty) = D(T>)
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Question 22

Define Orthonormal System.

Orthonormal systems are those functions which are real or complex whose

inner product with jtself results in 1 and with other functions result in 0.

Define Polarization Identity.

For any x, y in complex inner product space
[ i+ -ife-off |

We have to prove this complex inner product space.

-

1
<X, y>=— {"r +y
4
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Question 23

Define Bounded Linear Function.

Let X and Y be normed spaces and 7': D(T) — Y a linear operator, where D(7)c X . The
operator T is said to be bounded if there is a real number c such that for all x e D(T).

|7 < e~
Define Canonical Mapping.

C: X — X" this mapping is called canonical mapping of X into X ™ definedas x> g, .
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Question 24

Define Unitary Operator.

Abounded Linear Operator T: H = H on a Hilbert Space H is said to be Unitary Operator if T
is bijectiveand T* = T~ L.

Define Normal Operator.

Abounded Linear Operator T: H = H on a Hilbert Space H is said to be Unitary Operator if T
is bijectiveand TT* =T"T
Define Extension of T.

Extensionof Tonaset M D D(T) isdefinedas T: M = Y or
Tx =Tx for all x € D(T)
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Question 25

Write examples of Bounded Linear Operators
Identity Operator, Zero Operator, Differentiation Operator, Integral Operator

Define Self Adjoint Operator or Hermitian Operator.

Abounded Linear Operator T:H — H on a Hilbert Space H is said to be Self Adjoint
Operator or Hermitian Operator if T* =T.

Give an example of function which is not linear.

| . ||: x = R is functional but not linear.

Find basis of R(T).

(‘flIEZJ _fll _{2) = El (1,0,—1) + fZ(UIL _1)
So the basis of R(T)={(1,0,-1),(0,1,-1)}
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Question 26

Give any two examples of Linear Functional.

Space C[a, b}and Space 12

Define Linear Functionals

A linear functwonal £ 1s a lincar operator with domain in a vector
space X and range in-the scalar field K of X; thus f: D(f) = K. where K=R if X
is real and K=C.if X is complex.

| f)r:l'iné Bounded Linear Extension:
T:D(T) =Y be a bounded linear operator, where D(T) lies in a

normal space X and Y is a Banach Space then T has an extension T:D(T) - Y.
Where T is a bounded linear operator of norm.

17l =ni
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Bounded Linear Operator:
Let X and Y be normed spaces and 7 : D(T') — Y a linear operator, where D(T')c X .
The operator T is said to be bounded if there is a real number c such that for all x € D(T).
7] < e[+
Let T be a bounded linear operator as defined before then an alternate formula for the norm of
Tis
[7= sup ||
FE

The norm defined on T satisfies (N1) to (N4).

Examples of Bounded Linear Operators
Identity Operator

Zero Operator

Differentiation Operator

Integral Operator

Matrix

Linear Function:
Algebraic Dual Space
Second Algebraic Dual Space
Canonical Mapping
Algebraic Dual Space
Set of all linear function defined on a vector space X is itself a vector space and called
Algebraic Dual Space and denoted by X*

Conical Mapping:
C: X — X ™ this mapping is called canonical mapping of X into X" defined as
x> g,.

Linear Function (Examples):

Space Cla bl

Space !*

Linear Operators and functional on finite Dimensional Spaces:
Finite dimensions mean basis which have finite many elements.
Let X and Y bef.gfinite dimension vector spaces over the same field.

Let T: X — Y be alinear operator. let E ={e,,.......... ,e, } be the basis for X and
B={8 ;i ,b, } be the basis for Y.
xeX, x=Ce L e Finsin +&e,
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T is uniquely determinal if the image y, =Te, of n basis vectors ¢,,.......... ,e, are prescribed.
y=Tx ;ye€¥ {b,........b )}

y=nb,+mb, +............. +n,b,
Te, €Y, Te=roh b A s +E.b

,
Te, =D 7yb,
J=1

Y:Z nb,= ZéTek =Z Sk Z 7,
j=1 k=1

k=1 j=I

Comibinig these two summation

y= Z(; Ty ]b"

r
=1
n
;=X Tyl
k=1

The image y:Tx:Z nb; of x= Zé—T‘?;- can be obtained from
7= 2 T
k=1

Let X be an n-dimensional vector space and X “be its dual space. Then
dimX"=dimX =n.
X "is collection of linear functions or linear operator while X may be any space.
Proof:
Let dimX =n.
Letbasisof X be B={e, i &)

We define a function.
_ 1
I (e, ) = {0

e.g.j=1, fe)=11(e;)=0.1(e;)
i=2, 7 18) =0, fl6)=L 1 (2) =0 .f(e,)=0

but each n-tuples f; in this case can be extended as linear functions on X.

Il
=
—~

—_
afh
—~—

Il

(e

Let X be a finite deimensional vector space. If x, € X has the property that f(x,)=0
forall f X" then x,=0.
B’is the basis of X~

(il
:>fj<e,-)={g ¥
=§'_j

Proof:
For all x, =0,
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f(x,)=0 = if[ 3 x}eJ:O

= x;=0, vV j=1,........ Bil

n
x():er'es:O = X =0
i=1

Theroem
LetB(X, Y) be the set of all bounded linear operators form a normed space X to a normed
space Y. If Y is a Banach space, then B(X, Y) is also a Banach.

Proof:
Let {7, } be an arbitrary Cauchy seq. in B(X,Y).

We will show that {T:,}converges to an operator T'in B(X, Y). Since{'}; }is Cauchy for every
£>0 3 N suchthat |T,-T,|<e (m,n>N)

For all xe X and (m,n>N)we have

7,00, 0| = (7. -T,) )|

<|7, -,

x| <&
Thus for a fixed x and given &
Hence B(X, Y) is complete and Banach space.

Inner product Space
Let V be a vector space over a field F where Fis R or C .
An inner product in V 18 a function <e,«>:V xV — F satisfying the following conditions:

Quiz:

Let x,y,zeV ; a<Fwhere & may be real or complex.
3 <xx>2>0, <x,x>=0 x=0

g <ax,y>=a<x,y> ;butnottrue for second value as <x,ay>>a<x,y>

s <X+ Y, 7>=<X,2>+< Yy, 2>

V. <xy>=<yx>

<> VXV > Finner product.

Inner Product Space

The pair (V,<%*>) s called an inner product space.

a): <ax+by,z>  where x,y,zeV, abeF

Using (iii) property <ax+by,z>=<ax,z>+<by,z>
Using (ii) property a<xz>+b<yz>

<0,z>=<0x,z>=0<x,z>=0

b):  Quiz:
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forall x,yeV , aeF

S XA PR YRRy

=a< y,x>=d<x,y>

Theorem:

For any two elements x,y 1s an inner product space V.,

l<x, y>|<||x]-|5] , the define norm is ||x||= /< x, x>
Proof:

If x=y=0 then 0=0
Let at least one of x and y is not equal to zero

Let ‘< X+ Ay, x+ Ay >| >0 by definition
<XX+AY>S+H<Ay,x+Ay>
<X, X+Ay>+y<y,x+Ay>
Theorem:
In an inner product space V, the function || ; || :V—> R" given by
Hx” = ,]< x,y> xe€V definesanormin V.
Proof:
N1: HIH >0
Fora xeV, |x||=~/<x,x> =20 as <x,x>=0
N2:
HIH=0 = 1/<x,x>=0 < <xx>=0
N3: x| =|al|+
now |ex|= J<axax> = ||.mcH2 =< ax,ax>
= Hax ‘=aqa< X, X >= |0:\2 H.l:“2
N4:  |x+y|<|x|+]y] Vv x.yeV

, X,yeV

x=0
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Now

\h+yW=<x+yx+y>

=< X, x+y>+<y,x+y>

=<x+y,x>+<x+y,y>

=< X>+< P, X>+<X,y>+<Yy,y>

=<XX>+<Y,X>+<Xx,Y>+<y,y>

=<X,X>+<x,y>+< X, y>+< Y, ¥>

2

=Hx\|2 +2Re< x, y>+‘ " Re(z) S]z\

}?

< ".Jr:”2 + 2|< X,y >|+|

y

2

<[+ 2{1

= (| +Is1)°

e+ 31 <+ D

o+l = lexy>]< |1l

Theorem:

Proof:

e of sl =2( +of)  foraiiny <V

2
R o

|x+y

=< XXD>+H<X,YSH<X, Y+ <Y,y >

i

2

=‘|x"2+2Re<x,y >+”y

Replace y=-y

Adding

2
=<x+y,x+y>

=

=< AX>—<X,y>—<X,y>+<y,y>

*_2Re<x,y>+y[ . (ii

X

(1 and (i1

2 2

||x+y|2+‘|x—y 2+2|

=2|

X

y

That we have to prove.

Polar
For any

<X,y >

ization Identity
X, y in complex inner product space

)

- S :
—r“x—ry

2
K +f”x+iy

1 2
.

Appolonius Identity

Using p

Self-ass

2

30

> 4z-y x,y,2€V

===

z—%(x+y)u ,

= by

arallelogram law

K4y =y =2 20y

put x=zx, y=zy

ignment
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Theorem:
Let V be any inner product space. For any sequences {x,} and {y,}in V
x,—>x , y, —y implies<x,y, > = <xy>

Proof:
l<x,,y,>-<xy>|
=l<x,,y,>—<x,,y>+<x,,y>-<x,y>|
=|<x,, y,—y>+<x,—x,y>|
< |< Xy —) >|+|< X=Xy >‘

Now from Cauchy Swarzinequality

<[Hlx

Rl = Y1+ I, =l

Giventhat x, >x , y, —y so,

R

<

|y,,—yH=|\y—yH=0 ’ “x,,—xu=Hx—x||=0 asn— oo
As n—w

J<xn,yn>—<x,y>|20

<Xy, ><x,y> as n—rx
Theorem:

If {x,} and {y,} are Cauchy sequences in V, then the inner product < x,, y, >is a Cauchy
sequence in F.
Proof:

{x,},{y,} are Cauchy sequence

To show < x,,y, >is also Cauchy Sequence.

= |x" sk i | -0 y,—¥,|—0, mn-—>o
‘< XY >—< X, Y, >‘:‘< XY >— <X, Py >+< X, Y, >—<X, Y. >
=< X Yo = Y > <X =Xy Vo >
< |< XYY, > +|< X, —X YV, >
<|elllye = Yl + s = %l 3.
= ‘< X Yo > =< %, ¥, >0, as nm—w

= < x,,y, >1s a Cauchy Sequence
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Theorem:
In an inner product space V and x, yin Vif x L y then

2

|+ 2+y

Proof:
2z
|x+ | =<x+y.x+y>
S<XAXSH<KY>+H<P,X>+<Y, >

As x and y are perpendicular so < x, y>=0,< y,x>=0

|+ = S
Generalized form:
{xl, v X, }be nonzero vectors in V inner product space such that
<X, X; >=0 , i#]j
This system {xl,xz, ......... xn} 1s called orthogonal system as all vectors inside it are
perpendicular to each other.
The generalized statement is ||xl + Xy Hiieaiens +x, |7 = Hx,"2 + \ % Pofiran +\ £ .
The idea of proof is
[t
i=1
=X+ 5 . SO +x,>
S W o S N L T L OF S R +x =

n?1 n

=ii<xﬂ.,x}.>

i=l j=1

<J&:,.,x.>=||x,.||2 , if i#j <x,x;>=0andfori=j

Zl\x I

i=l

Any sequence {x ] of non-zero mutually orthogonal vectors in an inner product space

V is linearly independent.

Proof: do it yourself

Remark:

<Za}xﬁ ,x> (a]x} +a,x, +...+ax, x> a, (xl ,x) F o +a, (xﬂ,x} =0
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IMPORTANT SUBJECTIVE FOR FINAL TERM

Q.No.01: Prove that< x,ay + bz >=a <x,y > +b < x,z>
Proof:
<x,ay+bz>=<ay+bzx>
<x,ay+bz>=<ay,x>+<bzx>
<xay+bz>=a<yx>+b<zx>
<xay+bz>=agxy>+bgxz>
Hence proved.

Q.No0.02: Prove that UV is unitary OR (UV)* = (UV)™!
Proof:
(UV)* = U'V*
Since we know that
= U andV* =V

So

(UV)* = U~y

V) = @UV)
It shows that UV is unitary.

Q.No.03: Give any two examples of Linear Functional.
Solution:
Space C[a, b] and Space 12

Q.No.04: Prove that (S+T)" =S "+ T~
Proof:
<xS+D'y>=<(S+TDxy>
<x,(S+T)y=<(Sx+Tx),y>
<xS+T)y>=<Sx,y>+<Tx,y >
<X B+ =<5V >4+<x Ty >
<x,(S+T)y>=<x(Sy+Ty) >
<x(S+TDy>=<x(S+THy >
Hence we have proved that
S+TY=5*+T"

Q.No0.05: Find matrix multiplication if (£,,&,,&,) <> (&£,,&,,~& — &)

a b c|[é 31
¢l L
g h illg —$1,—§2

1 0 0
Hence required matrixis | 0 1 0
-1 -1 0

Q.No.06: Show that

2
<x,%,>=x|

if i)

5

<x,x;>=01ifi= j then <x,x; >=||x,.

Proof:
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. . 2
The generalized statement is ||x, +x, +......... +x, | = x|+ o
A
n n n
Sl - {555
i=1 i=1 i=1
=< X+ + X, X F e +x,>
=< XX et X, > Feee b <X X et X, >

=ii<xj,x}.>

i=l j=I

2

<x“xj S |xj“2 i lf i f <xi’xj >=O and fOI' 1 — J then <x‘.,xj = ‘xi.
3] =Sk
i=1 i=1
Q.No.07: Show that N(T) < N(T)
Solution:
x € N(T)
3 (x,)suchthatx, EN(T)+x, > x
Therefore
Tx, - Tx
X, € N(T)
Tx, =0
T,=0
x € N(T)
N(T) < N(T)
N(T) = N(T)
N(T)is closed.
Q.No.08: Give an example of function which is not linear.
Solution: || . ||: x — R is functional but not linear.
Q.No0.09: Find basis of R(T).
Solution:
(182, =1, —82) = §&(1,0,-1) + £,(0,1,-1)
So the basis of R(T)={(1,0, —1), (0,1, —1)}
Q.No.10: Generalization of Orthogonal
Solution: {xl,xz, ......... T }be nonzero vectors in V inner product space such that
<x,x;>=0 , i= j This system {x,,xz, ......... x"} is called orthogonal system as all vectors

inside it are perpendicular to each other. The generalized statement is

|2

-

X

|, + 2+ +x,| =[]+
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Q.No.11: Show that U is normal.

Solution:
uu*=U'U
Since we know that
[*=1r2
So
DU =00

(UV)* = (UV)~! = I Hence its proved that U is normal.

Q.No.12: Show that U™ is Unitary or Prove that U* =U-lor| U| =1
Solution: Since U is bijective it shows that U is bijective (U™})* = (U*)* = U = (U™H)~L.
Hence it implies that U™ is unitary.

Q.No.14: Show that U is Isometric.

Solution:
| UI? =< U,, U, >
U2 =< x,U'U, >
| ULN? =< x,Ix >
LU J? =< %,x5
| U, lI> = | x]I? It proved.

Q.No.15: Prove that (ST)" = §'T"
Proof:
L X STy =< (SDxy >
< x,(ST)'y >< (SxTx),y >
<x (ST)'y >=< Sx,y ><Tx,y >
< STy >=<%Sy>< x Ty >
<x(SD'y >=<x, (S +T"y) >
<x (ST ’y>=< x,(8'T )y >
Hence we have proved that
(ST =S'T*

Q.No.16: Show that T T=0 or T=0 is normal.

Solution:
T"T=0iffT=0
e=|T"TII=1TI
(f) is true by e.

Q.No.17: Show that (aT)* = a~1T".

Solution:

Scanned with CamScanner



<xlal* 'y >=< (al )y >

Lx.(aT*)'y =< a(Tx),y >

<x,(@l)'y>=a<Txy>

Kx@r)yeo= g T y>

Zx (@) y>=g<x.aTy>
(aT*)* = aT”

Q.No.18: Show that (T*)" =T
Solution:
<x,(T")Yy=<xT"y>
<x,(T*)y=2<x,Ty >
It implies that
(T*)* =T soits proved.

Q.No.19: Show that ||[T*T|| = ||TT*|| = ||T||?
Solution:

(U117 =< Uy Uy >

Q.No.20: Show that < T*y, x > =<y, Tx >

Solution:
& Ty x> =<y T'x >
<Tyx>=< Txy>
<PPyxz>=< yv,Tx>
Hence its proved.

Q.No.21: Show that Q = O ifand only if < Qx,y >= 0

Solution:
Q=0=0Qx =0 for all xeX
<Qx,y>=<0,y >
< Oy = < 0w,y >
<Ouy>=0<wy>
<Qx,y>= 0. forall xeX
It implies that Qx=0 and by definition Q=0. Its proved.
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Q.No.22: Write examples of Bounded Linear Operators
Solution: Identity Operator, Zero Operator, Differentiation Operator, Integral Operator

Q.No.23: Define Self Adjoint Operator or Hermitian Operator.

Solution:

Abounded Linear Operator T:H - H on a Hilbert Space H is said to be Self Adjoint
Operator or Hermitian Operator if T* = T.

Q.No.24: Define Self Adjoint Operator or Hermitian Operator.
Solution:
The Hilbert Adjoint Operator T* of T is defined by < Tx,y > =< x,T*y > If T is self

adjoint then it becomes < Tx,y > =< x, Ty >. If T is self adjoint or unitary then
T is normal.

Q.No.25: Define Unitary Operator.

Solution:
Abounded Linear Operator T: H — H on a Hilbert Space H is said to be Unitary Operator if T

is bijectiveand T* = T~1.

Q.No.26: Define Normal Operator.

Solution:
Abounded Linear Operator T: H — H on a Hilbert Space H is said to be Unitary Operator if T

is bijectiveand TT* = T*T

Q.No.27: Define Extension of T.
Solution: Extension of T on a set M © D(T) is definedas T: M — Y or
Tx =Tx for all x € D(T)

Q.No.28: Define Polarization Identity.
Solution:
For any x,y in complex inner product space we have

5
“ffofi}'

2+i”x+iy

-y

)

1
<x,y>=z{“x+y

Q.No.29: Define Bounded Linear Function.

Solution:
Let X and Y be normed spaces and 7" : D(T') — Y a linear operator, where D(T) — X . The

operator T is said to be bounded if there is a real number c such that for all x e D(T).

7] < ¢

Q.No0.30: Define Canonical Mapping.
Solution:
C: X — X" this mapping is called canonical mapping of X into X" defined as x> g_.
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Q.No.31: Define Orthonormal System.

Solution:

Orthonormal systems are those functions which are real or complex whose inner product with
itself results in 1 and with other functions result in 0.

Q.No.32: Define Polarization Identity.

Solution:
For any X, y in complex inner product space

2 2
} +f”x+f)' i —i“x—f}'

)

We have to prove this complex inner product space.

<xy>= ety -y
£ 4 o

Q.No.33: Define Appolonius Identity:

2

2
Solution: ||z = x”“ ¥

z—Yy , X,¥,2€V

P= bl 2

25 (x+)

Q.No.34: Define Equal Operators:

Solution: Let T; and T, be two operators defined on equal i.e. T; = T if they have the same
domaini.e. D(T;) = D(T,)

Q.No.35: Write examples of Inner Product Space:
Solution: Identity

Q.No.36: Define Inner Product Space:

Solution: The pair (V.<**>)s called an inner product space.

Q.No.37: Define Linear Functional:

Solution: A linear functional f is a linear operator with domain in a vector
space X and range in the scalar field K of X; thus f: D(f) — K. where K=R if X
is real and K=C if X is complex.

Q.No.38: Define Bounded Linear Extension:
Solution: T:D(T) - Y be a bounded linear operator, where D(T) lies in a

normal space X and Y is a Banach Space then T has an extension T: D(T) - Y,
Where T is a bounded linear operator of norm.

7] =1l
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Examples of Inner Product

Spaces (‘h?

» Space K"

» Space

» Space (|
» Space |

\p,nq ;
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Let X and Y be finite dimensional vector spaces over the same
field and T: X——Y a linear operator. We choose a basis
E={e,, ", e,}for X and abasis B={b,, - - -, b,} for Y, with the vectors
arranged in a definite order which we keep fixed. Then every x € X has
a unique representation

(1) x=&ert - e

Since T is linear, x has the image

(2) y=Tx =-T( Y gke,‘) =) &Te.

k=1 k=1

Since the representation (1) is unique, we have our first result:
-

T is uniquely determined if the images yx = Tey of the n basis vectors
e, **, e, are prescribed.

Since y and y, = Te, are in Y, they have unique representations of
the form
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yur & Scod oy multl\oL\ wXipn a{}p\} o\
as follows. The sum f, + f> of two functmnah fi1 and f; 1s the functional
s whose value at every x € X is

s(x)=(fi + f2)(x) = fi(x) + fa(x);

the product af of a scalar « and a functional f is the functional p
whose value at xe€ X 1s

p(x) = (af)(x) = af(x).
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2.8-3 Theorem (Continuity and boundedness). A linear functional f

with _domain 9(f) in a normed space is continuous if and only if f is
\\r\@ '
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2.8-1 Definition (Linear functional). A linear functional f is a linear
operator with domain in a vector space X and range in the scalar field

K of X; thus,
frap—k (D

where K =R if X is real and K=C if X is complex. 1
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2.7-11 Theorem (Bounded linear extension). [t ‘\(\
T: 9(T)— Y 5

be a bounded linear operator, where 9(T) lies in a normed space X and
Y is a Banach space. Then T has an extension

T: %—-—11’

where T is a bounded linear operator of norm

Il =T}
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2.7-9 Theorem (Continuity and boundedness). Let T: 9(T)—> Y

be a linear’ operator, where A(T)= X and X, Y are normed spaces.
Then: L, B
QS\

(a) T is continuous if and only if T is bounded.

(b) If T is continuous at a single point, it is continuous.

Scanned with CamScanner



'lI
g [“"“".N N i :
mrnle 1 09-20R0 e =

=i — —
| ' ™ an | Lane |
; ] I\a' :Jf"-':_‘ méd e __G"__gﬂ.('.(i-{f_at sl e |
-  Plae 152 =

! il ®
i’ Gl __.,z':’f‘fu‘_f" -2l S

Co. -~ N, ? -
) a /)" ?’IEC___EKO._IK(’K-HC_IHGL’HC_J!!EC I

..

’i__r)f-‘ g_iuc_ _ dtﬂo ~ QPacc__Gnd a Ve

-—

N 1
5.2

s | o +

?Q%gb N cluo f Yace -

l b0y ” al vocloAs.
U

in__Qr _ dppek __Z%aduc_l_,_gﬁflce vV

E éfnmj%f TndePendenl.
;).S | Qe?fne Subjﬁqa&__og__wicf.g ACE.
._Glé | P&an Jhed U= 07

u&..ﬂ (e

CxomPle o} j;,!mei unclion ! Cersy
L Show thod (’o(‘rj': £ 717

Q’f Show _thad (-0 fﬁf’{ -i@)t.Y?-:r
%
D

@IC’ .Wlow dhe hnotm _AQnd __ Innet ]OA_Qdc_

F | CPace o) 4.

Scanned with CamScanner



DL fing oot Uy ppiee
/ S A
t . = )
a ;E_C?/; Y Un)f 1 ¢ (cpcka y AR

Shoyo UV IS um’J'msj

‘:"? 'F:_-; )lr‘m ) "{' . I‘. E‘ &, ?J '1’{f1. r’“‘f’ﬁ:"fl (1
S (ho e it A |
L"’g J ) [_.' ,/} /) e r\‘} 20 D) F‘ '} iN-C -{_.1-_
DSOoMu o Daee
] J

A T he¢ i/(f'J”. f}}?n -1 - . g

Ay ven he (] - f_,\i S HREV

" / , 3
{"Pﬂf’n :(:Iﬁj D Naom N -”w'(?’

emare) f/j L ararch

Scanned with CamScanner



O show tat {Le zeto operdle® 02X — ona Moved Face X i bavndded
and hat  qezm /foﬂ =0

Sz Deline eqch’ ;ezra}t"a' \

B#3: Tn an nnes me,;(' Space V, tle foaction [lu|

M = e, x ev defs
-f.-tl((: Dc‘r—i‘

s, ¢

=4 V—-*[‘""' (Tfu't.’,ﬂ L-,Uv

I MeES a V0¥ ;'rl V. _SLciU ‘“qu. I#”:QF} =0
v ol of;um‘fw.
4 | f""‘"’ ﬁxaﬂf(‘% of rwin‘red an"-‘? ? ,
.b6? Dc,(’—{ne_ nNoYm ﬂﬂ'd 1‘r1ﬂ(?l" P‘oM‘Eag e.u(-.r_'cf.\ U._c J;f-:!cv‘_ ( i€ an
Innér ,chbl A= <M
b
Y Define tle selidion bl % avd K
@ps: | ol e 6})?&11"02‘:- U: Hs> H and ViH —2H be Unl‘ttfl]’)[,‘g‘(e, Hica
4 ket Lf‘&(e.. Tlen clew ALl O i ﬂf"&maF Wnt
opi: Slow tid £ 0250 defined 400 =x-az Lt fiur fis, (e il @0
Mﬂ.’f‘g’aw ﬂd‘ (n Gn {onel Predud simee (V-; (-'f‘"> ) ”’Lw”-é—‘““’! 'Hr\”"*ﬂ‘x’g i
Qsln'!',e* A cnd I be iv et thtﬂl{.—?'acaj and é: ?‘\""7?\{ a bounded ’0{“"4—7 (fr{a

Thow fhow ol 18 020 2% oo K 0 compler and Gex? =0 R
QLT X E ‘?(':ﬁ&c ~ 0 < 0

(o

fa

Scanned with CamScanner



b INTHE Y.

——

iiiii -

1= Prove Q) ﬂ-{ el Dino oo
- nO'f ¢ (Jr”[) | l#))
9, Da{r'n(" Hi NJ(‘J/ I?c/}OmL rf /1i 3
3. Name -the f’fﬂnp { Lineas
()Llllf f [OV]) N, ( ( J)
Flf _ ../C"Y]J/.J/- o/ ,f![f 1//trJl
B Defin
Derge e (%)

- 5(’[ eurcLle  Cpa ce
fa{______ PBO"JL .c:/. 2, J,a-' ALY ! \f/ (%)
G:?-HPM Ve. @’ - ’[ ancl On}t(

____.d'.q)- \)) O uoy LM Ging \_/f,_/_\f
G Py Gt =T m '
-*CL-H Prove [+ jﬁj S ’)j” “ L”

Op,
L(’.i Wy o y.__;\( ke a ((roay OPPM’tOi
P}\OJQ _ 0 .
eV T =T (/ Cf; Ep 5 i1 oblained |

& L.‘;LJ 'QI é rkj b) [53

Scanned with CamScanner



g_,,,uwu S w . »mw )Q

() U oA el NN

RS S— 6
W (\) = 2 o

h X .
) il fm; Shrew X L >7’_0_

(é:h ‘oc mned  linea(” ’);\AM)HOV\B\&j Q— _
e foornle Q o N{MQA SRee € 9 @

Scanned with CamScanner



McDs  wasg very eaciy -
@ Depme.

€Y, thfble_ clf' {’oux Srnc‘,,) axe Complotey (}w\,‘\(_g\
@ Depuhe. oM C.\hcl Wheekh BN Ch 1'ﬁvv:x? edudh (‘?Gm!? Q:_._\J\*\‘\Lcy

@ D@F{T\G‘_ th P, ¢ QV\C\ X‘k velakion ? Q___'N\QTV—Q\
@ IS an Innew Product Space ., ey 1\\.9_ Qunciion \\'\\‘-\I———*'Qf
qiven oy YLl = <Xy > ,xev degmmes avnetm V- Seow

Thed x| =2 (R Maxes) |
@ sy <Al V%o ev- o
@  Shows That ST =TS (rumnones
Shaws Thed U S 1somekste. (3 s

@ <hou 20l LT*>* = T kgﬁ\ow.ﬂ)v

\\QCI;GT(\
® A i . Lihea Modl}&e )‘h;—-\—\ { el
, X \) Cp | Q \_R\"N a
@ @ Labie s | T, MRS

Scanned with CamScanner




Scanned with CamScanner



Scanned with CamScanner




Scanned with CamScanner




E

L e -

—— s et e e e — W —— e e

A @ DQ"S T\cfh\OV\ Lkhl’b-\% '

@ Pove —_VNoll=
" . @-_J@Lﬂ% Q\\kckg\ @?qce. b

. TN,

) -ﬂ;\ aYam »

gl sl g = 2 Qm\ w)

I‘gD___TE_Q_o Yams B I Y

led Vo gnzx) TRy RJWcNd,*

SPQCQ ? ‘ro‘S Q“St S_Q_QU\LQH CLK Yo u»(& '\\éhﬁ

|

T

I VO S X

o 1 w\\“\ ‘Q&G—

[

/ Y n éimﬁ —_ / K)‘L?,___..-—-\-————'

\
i
|
e ———

T“Q@'.’ -

Scanned with CamScanner



‘f} .bt'}{{ne, 7’70:41’?:1.'0 pf‘-’""" oy

"h ))\c- Aiale  B/w Alge
(» ﬂ’//.fé’gg/.d\__?ata K/M_ VZF}/? )
O b Branser o Pl
() 5/ rps H H VIR ﬁ/!
ko T P~

n ==

1 A :-; 1"_‘*:-: —_l.;_,,-jger'_‘ }D_MLN(’C_ZL_—F- jd;dﬁ

nnnnnnnnnnnnnnnnnnnnn

;AEL;: pr i O lagand ¢ 1 glen




I@é SA&W #lﬂj L@f /—(, cw&/f/ - he yé//fé& |-
~ Snpee, igi # t-7// o BH, =4, be

__bwjea’ ertes g o ary 5m/nz I

( 7“(7_,19 <(7; T:L) %éHr 'aéHi’

e —

e

_ﬁﬂ)”o'

Scanned with CamScanner



" T e
] ( 'l "'.' 4
1~ O L asgalify (s 2 RS P —

'

e L mmm/_ ed ﬁ‘f___w_ meat  fur (.




() Show that q?.._.."t---...legl«: {ncmv ?J

D Showo Hd . ‘
- £ . P SR GLQJ‘,,,_A_ -r(__k - :__,QL_,___,

—

3. De di".‘_ﬂ . _f'ﬁ_ppj.lfie_m.'-b&

. P | 1
- -H_J-L - LMYH}& ) N aymMm o L éf--a S hd’l
. . O A an och -SP%;—_L.____J |

. f »
.._.é g _..D?f.&_m.?_ O{)f ved jond O\ &a&bﬁ

r__.________ =

O ____ﬂli_‘ﬁﬁ‘-tﬁ.clﬁ.— e
'd‘f-"d- ‘1,[ oy P

- f 0 §
. fa,4f astf

SLQ\:"‘) - ‘Hr\cd- L Namax,

dual Space r

M o

1- Py V& C ondmpyud rf\a‘oip q ¢ .
— CJMPO«CE— S e(_) N c"} o Mdo

) K \ W
J?PCN"Q X m_‘r,r_; Q M’Eu!ﬁQ C n‘\f:’:

C‘“‘L Som @ J‘D andd

e e

e

- OY\&_______ - opon

! "’Jf _ ., -
e ———— B, IR p B )
by i .,/- -‘.',. : A_ i ,ﬂf’.‘ C{j‘" %J | "'\ !ﬁ ™

Scanned with CamScanner



_F:hﬂf_hk

. MTH G4 B
Ly - .De-f.}nr:. Nedm  and  ipecL Pw/ﬂ‘-?— I{

.ﬁ’!f-"

Which ™ e gpace  * ub an ionen phaduecd G0
G" = P{EL'L’. thal r/ Q@ _ Sel Mo ”J‘ wof o K -
then il forns 7 o complele  Subsnce 6 X
& Guve ‘ot deast {0 c.-:arrpr'f_ r:J( -'-'f-r

-st"h'.-'iansm mﬂ veelol s
ne .icm'._-f-;s, e S .-.1'{-;.2‘);”[3((1!;2 -
G' ) J NEn :.;:.-_in. S i

&) Baty  of RULt) _

" 7T w‘f a n:/ 1ot PATX'Y | i ‘

0. Show  dhal 7 e Sepucnas G5 8 e 210
e thogonal o Ldn,_s w5 an  inmel O predirt

m;.}ff&dﬁ:ﬂ - R

..sﬁ:fi-lk::__v .rf;_{ l 3 / 'LJ { h
/

- F . .-
= i | Y . I o e h
L’ Ty / 1 L. ;-L"' rf{l_llo"l [P.uLplLfﬁd. o

Scanned with CamScanner



i . b
" ﬁ\ Rough Sheet %
4

CPTRTIEN i
ALL/SPRING MID/FINAL TERM 20__ (Year) Date:p__lﬂ/-———-lo‘lo Superintendent SIENILATE
Student Signature:__________

Dmpﬂtde:wl - VO (‘ .
U/({Jn Student 1D: Mﬁ_gf' Ol )J);]_,

Course Code:
Qe /f‘*/h't’t? the Norm N ) ‘for which £ a
(Baﬂld'l _{/&ce

O [hfne Gued Psskor
CD’\‘O-':' //-\a/rfe“- }enﬁralr;gecf gorm 04 Od’éﬁyﬁnoﬂ ':%ﬂ—e/ﬂ
&-Mo Y [~ Qﬁne 0’”’({‘? pperakor

)
é NS fof  Fhad a @mimdaﬁ mﬁf/ ﬁ“/ 0
¢ Goper G 1M 2] & ot Yace

\X Talye) e allome a Maximym and

fﬂr‘nfrmm &}\_ (_S

. oM 165

@‘f‘fog:'_ éie \yj b € ﬁo,ﬁl 54 M
P P€ a finite C‘jf”@yond

’ ‘/QC-(-G(' dpuc
g




Bt ————— ‘ﬂ*,'-!-"—{__ -é.'/.:f,_'_- —— —
u,\ r"‘" {/.:ﬂ‘ ;';{)pﬂ?(f ?l ._”,‘{"{;‘) l'.( '_‘ﬂ‘_/‘)ﬁ 'y
D Oofi aqul s pulos. Copr o
Dt bays NCT)
(Crotast3) 2 (8i) €, ,-%-F )
(b (wi ¢ )
@D prae ok JUKIL = 1210 Cppre N3 )
© . Jull SUTERTRY.
/. ! e G0 (IS
- (W"J)rc /o€)  (£)
@) i:Jd)'z"rf-_ e 89’7'#!1(}5-.-’ frome |
-0%»759--»{1(’ AJslem U Ppre as )
( | |

(6 .“',' (- ,"" h,_‘] A\

LG) JRego® &P wn peme YO0ty [ e
k/} " ( rﬂ"f‘)['r Al « 4;)

- - . .
@“ [)4/?1'{ c‘& '?l" (= ‘/’ b .l:'" J o ‘f' (A |"1 «

! " v
/;T’:4:5 Ju_‘ " - /c’" Oy (M Sy 4 ”

Scanned with CamScanner




Pﬂkéq e

u S\\nw '”’\CL!— CP A Naym P“M\J r}_\]
S ill—m-ce____fnci__*__,___w I E___ﬁ
TR R R defd fousxo0

=z o +f a {0 a3 i buedel |

3 - Dc;ﬂdmez &Wo_fp_m wh :deﬁ.ﬁﬂ ,f__,_L_#
4 e Nexm . on il " é]'gb L»JJ:L_C_L'.}—'——T——
oA 0. Ranach Space. -
- Shaw thod U @ Nmmch —
6 -~ De %'m e OPG‘(CUL[O AR ON\ oﬂ(];d)Y} < ;
r:leLQ &PC! Ce- "_I
1-  pPynve Condmouwd  mMapp b “1 “;& o |

,moa L _&L\J, e (L (\/l o;! o) M(_h:'g

fpace X m;co R a-saL.mcz O__moXk |

an C‘l ) |'|’\ 05‘[ Soem O '{)oiv\.'?fi n
0-;[) ML,
“ D = ' /) -~ ] a ) |
'_@ Dt i A\ e ( ot L O "N (-_L]p )H'\!,f_ N

Scanned with CamScanner



4

(/V . wlo) ffore W

+ L b
g€V, el (Dol Ml

(3,\\108!-: L.ef/ f’f‘é’. Urzem_}w U[H*’?H and

V! H o H Nhe vaitart here o~ 71a hrel ber-
Lppce ~tten Show Hhed UV S nitery

Ve 1
& let 7~ D(71) Y b @mw

n .
c,/%mjor (O here OCT)_C; X and My

g Normed ﬂ’a—ﬁe the (Fow Fhay
’f’i (73 lontinvouy fhe /““;'_t J’Ound.n.ﬁ

Scanned with CamScanner



D oo et & X 1T A Injectie. .
5 S how WeZ 0> ix bounged Lineos Poncdio
P- @D@gl'né NN M am&/ mes Proctuck 'f"d’ MAJ"'M

Lpaig 07 15 _an Thres kel space.
@ Everq gnvesges Seoyente iy o melt
e

0
=~

Scanned with CamScanner



/ 7(@1'\ 7)7‘
0 2y r)((

el | //7(, f}///;//)(,)///f 2 [/ .
\" f | o nesmedd ('/;a:te, X ¢ fwj;%

: ﬁim“‘””‘p sl
[(¥7, Cife r Kl}‘?t&l/lx &Y~ ah K

‘@ ﬁ‘ /UL%% . S’ﬁ/wzn@ %.C,J

p)\(ﬁ,@w E,_____,ﬂ__ﬁ_mﬂ@?mq/} (’7, o’
tn?.—l.,#——/——#—s—-% M@- /»t/yﬂf v




~ -
¢ P < R o s rresdon |
Shaw Thd e Cepuer’a 7X a7 f 190 2edo medzly
. ’ - ( g _ .
JPNan e p -f_ Y4 ,{:z/‘ o W&l PloAul SPoge
\ o | N
. ' ’ . ‘ = ,l(.—[ -
V ' €& [--nf{a {’-‘A} 'n-’t'i"'-'-u 43 =

1 { # L N e ; " - n L
Sowe That L] o NSEtec  (haee ¢ )

L . = [ __4,_‘- \ | : !
(AHe r_‘"k_lm,g Al o NE XU\ e :Lf‘j Wassy ey B(”
20 R 1 wounde .

erj ool

%}r Py B #Up o=t :
< 2 C\L*L7K> = o o \“'@ﬂcq '){__R_ i._:_

—_—

v—/__’_—/:(_\ éﬁ‘?b-’—u'\CC__ ‘N A “'\:{”‘*‘

Gan C,Qﬂ\'{/ae . | f":‘\

Scanne d with CamScanner




" ~&(
/,.\@7@- - MTH 641 (ﬂ!—a?—?o at » S0 Pm) Date:
e ej‘mm@,, ¢ poms 2 -
9_ - 3.
Gr:/d ewo €xa m/}éd o—)(’ .@be,'.r:af ﬁ:{[éca/xf 7
) 3y  Lp mom A Loy Predee S

2dy e e e s

o Alero Aol XY > o N

é/.’" -067'4;76- Uﬂ;% &,
! Y el 2

Sr- .ﬂe,/he_ C{W(A/ Aepreenct e Mo Space s
-t 7T s g '

boinold) _ Loeovy sponaly. Fom hoo Jia
] B Hn DA (Bher NNE D) pplies Koo
Ve SMews  Hak  joner oot Apace- |
YU, &> = X ChyD. :
g1- et aral Ay b MMt Lprees , S H—>4 .
Ancl T H Yy be  Lonoke 2., ereley - Ten SMao |
Tied TH e 0 & Teo |
g1 7. 7(0 n Dfrer? /.%mﬁa X 7 ‘-74;/5‘{ rirnensiey /.';(44.
Sheo A Gy Lencey opevedyy  en X 1S booneled .ﬂ
YO R e /p;;zézé £ Apac ; Arero Ha
] SAEYN < Iy i
| yr. Lot e o/xmﬁlj U: /-4—'-?// £ V- b
r./nu-é/j/ ?pm;&a S e Ahes  Mhed U o named .

_—

Scanne d with CamScanner



s
) /’?U"" A;’a,u_

Comp [, oy,
2 Unidear

Scanned with CamScanner



