




















































































































































































































































Bounded Linear Operator: 
 Let X and Y be normed spaces and : ( )T D T Y a linear operator, where ( )D T X . 

The operator T is said to be bounded if there is a real number c such that for all ( ).x D T   

Tx c x
 

Let T be a bounded linear operator as defined before then an alternate formula for the norm of 

T is 

( )
1

sup
x D T
x

T Tx



  

The norm defined on T satisfies (N1) to (N4). 

 

Examples of Bounded Linear Operators 
Identity Operator 

Zero Operator 

Differentiation Operator 

Integral Operator 

Matrix 

 

Linear Function:  

Algebraic Dual Space 

Second Algebraic Dual Space 

Canonical Mapping 

Algebraic Dual Space 
Set of all linear function defined on a vector space X is itself a vector space and called 

Algebraic Dual Space and denoted by X   

 

Conical Mapping: 

:C X X  this mapping is called canonical mapping of X into X  defined as  

xx g .  

 

Linear Function (Examples):  

Space [   b]C a  

Space 
2l  

 

Linear Operators and functional on finite Dimensional Spaces: 

Finite dimensions mean basis which have finite many elements.  

 Let X and Y bef.gfinite dimension vector spaces over the same field. 

Let :T X Y  be a linear operator. let 1{ ,.........., }nE e e be the basis for X and 

1{ ,.........., }nB b b be the basis for Y.  

1 1 2 2,          x= ............. n nx X e e e       

    
1 1 1

=
n n n

k k k k k k

k k k

y Tx T e T e T e  
  

 
   

 
    



T is uniquely determinal if the image 
k ky Te of n basis vectors 1,.........., ne e are prescribed. 

 y=Tx  ;
1  { ,.........., }ny Y b b  

 1 1 2 2y= ............. r rb b b      

 1 11 1 12 2 1,          Te = .............k r rTe Y b b b       

 

1

1 1 1 1

y=

r

k kj j

j

r n n r

j j k k k kj j

j k k j

Te b

b Te b



   



   



 



   
 

Comibinig these two summation 

 

1 1

1

r n

kj k j

j k

n

j kj k

k

y b 

  

 



 
  

 



 



 

The image y=Tx= j jb of 
k kx Te can be obtained from 

 1

n

j kj k

k

  


  

 

Let X be an n-dimensional vector space and X be its dual space. Then  

   dim dim .X X n    

X  is collection of linear functions or linear operator while X may be any space. 

Proof: 

 Let dim .X n  

Let basis of X be 1 2{ ,..............., }B e e  

We define a function. 

   1

1                      

0                      :  , 1,..........,
j

if i j
f e

if i j i j n


 

 
 

 e.g. j=1 ,                 1 2 31, 0, 0,......................, 0nf e f e f e f e     

       j=2 ,        1 2 30, 1, 0,......................, 0nf e f e f e f e     

but each n-tuples jf  in this case can be extended as linear functions on X. 

 

Let X be a finite deimensional vector space.  If 0x X has the property that 0( ) 0f x   

for all f X    then 0 0x  . 

B
is the basis of X 

 

1 2{ , ,......., }

1       
( )

0       

               

n

j i

ij

f f f

i j
f e

i j




  





 

Proof: 

For all 0 0x  , 



 

0

1

0

1 1

1

j

0 0

1

   ;   f X     ,  

  f(x ) 0        0

   0     ,    j=1,......,n

   x 0   ,    j=1,........,n

0          

n

i i

i

n n

i i

i i

n

i i

i

n

i i

i

x x e

f x e

x f e

x x e x 





 





 

 
   

 

 

  

   



 




 

 

Theroem 

LetB(X, Y) be the set of all bounded linear operators form a normed space X to a normed 

space Y. If Y is a Banach space, then B(X, Y) is also a Banach. 

Proof: 

Let  nT  be an arbitrary Cauchy seq. in B(X,Y). 

We will show that  nT converges to an operator T in B(X, Y).Since nT is Cauchy for every 

0         N    such that             (m,n>N)n mT T    

For all x X  and (m,n>N) we have 

  
 ( ) ( ) ( )

 

n m n m

n m

T x T x T T x

T T x x

  

  
 

Thus for a fixed x and given   

Hence B(X, Y) is complete and Banach space. 

 

Inner product Space 

Let V be a vector space over a field F where Fis  or    . 

An inner product in V is a function , :V V F      satisfying the following conditions: 

Quiz: 

Let , ,    ;   Fx y z V   where   may be real or complex. 

i. , 0;    , 0     0x x x x x       

ii. , ,   ; but not true for second value as  , ,x y x y x y x y            

iii. , , ,x y z x z y z        

iv. , ,x y y x     

, :V V F     inner product. 

Inner Product Space 

The pair ( , , )V    is called an inner product space. 

a): ,            , ,  ,   ,ax by z where x y z V a b F      

Using (iii) property  , , ,ax by z ax z by z        

Using (ii) property  , ,a x z b y z      

   0, 0. , 0 , 0z x z x z      

b): Quiz:   



for all  ,  ,   x y V a F   

  

, , ,

, ,

x ay ay x a y x

a y x a x y

      

     
 

 

Theorem: 

For any two elements x,y is an inner product space V, 

, .x y x y     , the define norm is ,     ,   x,y Vx x x     

Proof: 

If x=y=0  then 0=0 

Let at least one of x and y is not equal to zero 

Let  , 0x y x y       by definition 

 
, ,

, ,

x x y y x y

x x y y y x y

  

 

      

      
 

 

Theorem: 

In an inner product space V, the function  . :V   given by  

  ,x x y  
 , 

x V  defines a norm in V. 

Proof: 

N1: 0x   

 For a  x V , , 0      as  , 0x x x x x       

N2:  

 
0x       , 0      , 0      0x x x x x         

N3: x x   

now 
2

,       ,x x x x x x            

  
2 2 2

,x x x x      

N4:      x, y Vx y x y      



Now 

2

2 2

2 2

2 2

,

, ,

, ,

, , , ,

, , , ,

, , , ,

2Re ,                   Re(z)

2 ,

2               ,

x y x y x y

x x y y x y

x y x x y y

x x y x x y y y

x x y x x y y y

x x x y x y y y

x x y y z

x x y y

x x y y x

    

      

       

           

           

        

     

    

   





 
2

2

  y x y

x y

x y x y

 

 

  

 

 

Theorem: 

   2 2 2 2
2       for all x,y Vx y x y x y       

Proof: 

   

2

2 2

,

, , , ,

2Re ,          ....(i

x y x y x y

x x x y x y y y

x x y y

    

        

    

 

 

Replace y=-y 

   

2

2 2

,

, , , ,

2Re ,           .....(ii

x y x y x y

x x x y x y y y

x x y y

    

        

    

 

Adding (i and (ii 

   
2 2 2 2

2 2x y x y x y      

That we have to prove. 

 

Polarization Identity 
For any x, y in complex inner product space 

 2 2 2 21
,

4
x y x y x y i x iy i x iy          

Appolonius Identity 

  
2

2 2 21 1
2  ,   , ,

2 2
z x z y x y z x y x y z V          

Using parallelogram law 

 

2 2 2 2
2 2    put       x = z-x,  y =z-y  x y x y x y             

Self-assignment 



Theorem: 

Let V be any inner product space. For any sequences     and n nx y in V  

   ,    y   n nx x y  implies , y   , yn nx x      

Proof: 

   

, y , y

, y , y , y , y

, y , y

, y , y

n n

n n n n

n n n

n n n

x x

x x x x

x y x x

x y x x

    

           

       

       

 

Now from Cauchy Swarzinequality 

   ,x y x y
 

   n n nx y y x x y     

Given that   ,    y   n nx x y  so, 

   0   ,   0   as nn ny y y y x x x x          

As n  

   
, , 0

, ,    as  n

n n

n n

x y x y

x y x y

     

   
 

Theorem: 

If     and n nx y are Cauchy sequences in V, then the inner product ,n nx y  is a Cauchy 

sequence in F. 

Proof: 

    ,n nx y are Cauchy sequence 

To show ,n nx y  is also Cauchy Sequence. 

   0       ;       0,   m,nn m n mx x y y      

  , , = , , , ,n n m m n n n m n m m mx y x y x y x y x y x y                 

  

, ,

, ,

n n m n m m

n n m n m m

n n m n m m

x y y x x y

x y y x x y

x y y x x y

       

       

   

 

   , , 0,  as   n,mn n m mx y x y        

   ,n nx y  is a Cauchy Sequence 

 

  



Theorem: 

In an inner product space V and x, y in V if x y  then  

2 2 2
x y x y    

Proof: 

 

2
,

             = , , , ,

x y x y x y

x x x y y x y y

    

          
 

As x and y are perpendicular so , 0, , 0x y y x     

 
2 2 2

, ,x y x x y y x y        

Generalized form: 

  1 2, ,......... nx x x be nonzero vectors in V inner product space such that 

 , 0   ,   i jx x i j    

This system  1 2, ,......... nx x x  is called orthogonal system as all vectors inside it are 

perpendicular to each other. 

The generalized statement is  
2 2 2 2

1 2 1 2......... ......n nx x x x x x        

The idea of proof is  

  

2

1 1 1

1 1

1 1 1

1 1

,

......... , .........

, ......... ..... , .........

,

n n n

i i i

i i i

n n

n n n

n n

i j

i j

x x x

x x x x

x x x x x x

x x

  

 

  

     

         

  

  



 

  
2 2

,    ,   if     , 0 and for   then ,i j i i j i j ix x x i j x x i j x x x         

  

2

2

1 1

n n

i i

i i

x x
 

   

 

Any sequence { }nx    of non-zero mutually orthogonal vectors in an inner product space 

V is linearly independent. 

Proof: do it yourself 

 

Let 1 2( , ,......... ) nx x x x
be the orthogonal sequence. 

 

Remark: 

If 1, 0  ,   i=1,2,.......,nx x    
0

    , 0
n

i i

i

x x


   

1 1 2 2 1 1

0

, ..... , , ............ , 0
n

i i n n n n

i

a x x a x a x a x x a x x a x x


       
 

 

  



IMPORTANT SUBJECTIVE FOR FINAL TERM 

Q.No.01: Prove that < 𝑥, 𝑎𝑦 + 𝑏𝑧 >= 𝒂 < 𝑥, 𝑦 > +𝒃 < 𝑥, 𝑧 > 

Proof: 

< 𝑥, 𝑎𝑦 + 𝑏𝑧 > = < ay + bz, x            > 

< 𝑥, 𝑎𝑦 + 𝑏𝑧 > = < ay, x      > +< bz, x      > 

< 𝑥, 𝑎𝑦 + 𝑏𝑧 > =  a < y, x    > +b < z, x    > 

< 𝑥, 𝑎𝑦 + 𝑏𝑧 > =  a < 𝑥, 𝑦 > +b < 𝑥, 𝑧 > 

Hence proved. 

 

Q.No.02: Prove that 𝑼𝑽 is unitary OR (𝑼𝑽)∗ = (𝑼𝑽)−𝟏 

Proof: 

(UV)∗ = U∗V∗ 

Since we know that  

U∗ = U−1 and V∗ = V−1 

So 

(UV)∗ = U−1V−1 

(UV)∗ = (UV)−1 

It shows that UV is unitary. 

 

Q.No.03: Give any two examples of Linear Functional. 

Solution: 

Space C a, b  and Space l2 

 

Q.No.04: Prove that (𝑺 + 𝑻)∗ = 𝑺∗ + 𝑻∗  

Proof: 

< x,  S + T ∗y >=<  S + T x, y > 

< x,  S + T ∗y ≥<  Sx + Tx , y > 

< x,  S + T ∗y >=< 𝑆𝑥, 𝑦 > +< 𝑇𝑥, 𝑦 > 

< x,  S + T ∗y >=< 𝑥, S∗y > +< 𝑥, T∗y > 

< x,  S + T ∗y >=< 𝑥, (S∗y + T∗y) > 

< x,  S + T ∗y >=< 𝑥, (S∗+T∗)y > 

Hence we have proved that 

 S + T ∗ = S∗ + T∗ 

 

Q.No.05: Find matrix multiplication if 1 2 3 1 2 1 2( , , ) ( , , )          

 
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 𝑕 𝑖

  

𝜉1

𝜉2

𝜉3

 =  

𝜉1

𝜉2

−𝜉1, −𝜉2

  

𝐻𝑒𝑛𝑐𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠  
1 0 0
0 1 0

−1 −1 0
  

Q.No.06: Show that 
2

2

,  if    

, 0 if  then ,

i j i

i j i j i

x x x i j

x x i j x x x

  

    
 

Proof: 



The generalized statement is 
2 2 2 2

1 2 1 2......... ......n nx x x x x x        

2

1 1 1

1 1

1 1 1

1 1

,

......... , .........

, ......... ..... , .........

,

n n n

i i i

i i i

n n

n n n

n n

i j

i j

x x x

x x x x

x x x x x x

x x

  

 

  

     

         

  

  



 

2 2
,    ,   if     , 0 and for   then ,i j i i j i j ix x x i j x x i j x x x         

2

2

1 1

n n

i i

i i

x x
 

   

 

Q.No.07: Show that 𝑵(𝑻)       < 𝑁(𝑇) 

Solution: 

𝑥 ∈ 𝑁(𝑇) 

∃  𝑥𝑛 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 𝑥𝑛  ∈ 𝑁 𝑇 + 𝑥𝑛 → 𝑥 

Therefore 

𝑇𝑥𝑛 → 𝑇𝑥 

𝑥𝑛  ∈ 𝑁 𝑇  

𝑇𝑥𝑛 = 0 

𝑇𝑛 = 0 

𝑥 ∈ 𝑁 𝑇  

𝑁 𝑇        < 𝑁(𝑇) 

𝑁 𝑇        = 𝑁 𝑇  

𝑁 𝑇 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑. 

 

 

Q.No.08: Give an example of function which is not linear.  

Solution:    .  : 𝑥 → 𝑅 is functional but not linear. 

 

 

Q.No.09: Find basis of R(T). 

Solution: 

(𝜉1, 𝜉2, −𝜉1, −𝜉2) = 𝜉1 1,0, −1 + 𝜉2(0,1, −1) 

So the basis of R(T)= { 1,0, −1 ,  0,1, −1 } 

 

Q.No.10: Generalization of Orthogonal  

Solution:  1 2, ,......... nx x x be nonzero vectors in V inner product space such that 

, 0   ,   i jx x i j  
 .

This system  1 2, ,......... nx x x  is called orthogonal system as all vectors 

inside it are perpendicular to each other. The generalized statement is
2 2 2 2

1 2 1 2......... ......n nx x x x x x        

 

 



Q.No.11: Show that U is normal. 

Solution: 

UU∗ = U∗U 

Since we know that  

U∗ = U−1 

So 

UU−1 = U−1U 

(UV)∗ = (UV)−1 = I Hence its proved that U is normal. 

 

 

Q.No.12: Show that U
-1

 is Unitary or Prove that  𝐔∗ = 𝐔−𝟏 𝐨𝐫   𝑼 = 𝟏  

Solution: Since U is bijective it shows that U
-1

 is bijective (U−1)∗ = (U∗)∗ = U = (U−1)−1. 

Hence it implies that U
-1

 is unitary. 

 

 

Q.No.14: Show that U is Isometric. 

Solution: 

  𝑈𝑥 
2 =< 𝑈𝑥 , 𝑈𝑥 > 

  𝑈𝑥 
2 =< 𝑥, 𝑈∗𝑈𝑥 > 

  𝑈𝑥 
2 =< 𝑥, 𝐼𝑥 > 

  𝑈𝑥 
2 =< 𝑥, 𝑥 > 

  𝑈𝑥 
2 =   𝑥 2 It proved. 

 

 

Q.No.15: Prove that (𝑺𝑻)∗ = 𝑺∗𝑻∗  

Proof: 

< x,  ST ∗y >=<  ST x, y > 

< x,  ST ∗y ≥<  SxTx , y > 

< x,  ST ∗y >=< 𝑆𝑥, 𝑦 >< 𝑇𝑥, 𝑦 > 

< x,  ST ∗y >=< 𝑥, S∗y >< 𝑥, T∗y > 

< x,  ST ∗y >=< 𝑥, (S∗+T∗y) > 

< x,  ST ∗y >=< 𝑥, (S∗T∗)y > 

Hence we have proved that 

 ST ∗ = S∗T∗ 

 

 

Q.No.16: Show that T
*
T=0 or T=0 is normal. 

Solution: 

𝑇∗𝑇 = 0 𝑖𝑓𝑓 𝑇 = 0 

𝑒 =  𝑇∗𝑇 =   𝑇  

(f)  is true by e. 

 

 

Q.No.17: Show that (𝜶𝑻)∗ = 𝜶−𝟏𝑻∗. 

Solution: 



< 𝑥,  𝛼𝑇∗ ∗𝑦 > = <  𝛼𝑇 𝑥, 𝑦 > 

< 𝑥,  𝛼𝑇∗ ∗𝑦 > = < 𝛼(𝑇𝑥), 𝑦 > 

< 𝑥,  𝛼𝑇∗ ∗𝑦 > =  𝛼 < 𝑇𝑥, 𝑦 > 

< 𝑥,  𝛼𝑇∗ ∗𝑦 > =  𝛼 < 𝑥, 𝑇∗𝑦 > 

< 𝑥,  𝛼𝑇∗ ∗𝑦 > = < 𝑥, 𝛼 𝑇∗𝑦 > 

 𝛼𝑇∗ ∗  =  𝛼 𝑇∗ 

 

 

 

 

Q.No.18: Show that (𝑻∗)∗ = 𝑻 

Solution: 

< 𝑥,  𝑇∗ ∗𝑦 ≥< 𝑥𝑇∗, 𝑦 > 

< 𝑥,  𝑇∗ ∗𝑦 ≥< 𝑥, 𝑇𝑦 > 

It implies that  
 𝑇∗ ∗ = 𝑇 so its proved. 

 

 

 

 

Q.No.19: Show that  𝑻∗𝑻 =  𝑻𝑻∗ =  𝑻 𝟐 

Solution: 

  𝑈𝑥 
2 =< 𝑈𝑥 , 𝑈𝑥 > 

 

 

 

Q.No.20: Show that < 𝑻∗𝒚, 𝒙 > =< 𝒚, 𝑻𝒙 > 

Solution: 

< 𝑇∗𝑦, 𝑥 > = < 𝑦, 𝑇∗𝑥        > 

< 𝑇∗𝑦, 𝑥 > =<  𝑇𝑥, 𝑦      > 

< 𝑇∗𝑦, 𝑥 > =<  𝑦, 𝑇𝑥 > 

Hence its proved. 

 

Q.No.21: Show that 𝑸 = 𝟎 if and only if < 𝑸𝒙, 𝒚 >= 0  
Solution: 

𝑄 = 0 ⟹ 𝑄𝑥 = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥𝜖𝑋 

< 𝑄𝑥, 𝑦 > = < 0, 𝑦 > 

< 𝑄𝑥, 𝑦 > = < 0. 𝑤, 𝑦 > 

< 𝑄𝑥, 𝑦 > =  0 < 𝑤, 𝑦 > 

< 𝑄𝑥, 𝑦 > =  0.   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥𝜖𝑋 

It implies that Qx=0 and by definition Q=0. Its proved. 

 

 



Q.No.22: Write examples of Bounded Linear Operators 

Solution: Identity Operator, Zero Operator, Differentiation Operator, Integral Operator 

 

Q.No.23: Define Self Adjoint Operator or Hermitian Operator. 

Solution: 

Abounded Linear Operator 𝑇: 𝐻 → 𝐻 on a Hilbert Space H is said to be Self Adjoint 

Operator or Hermitian Operator if  T∗ = T.  

 

Q.No.24: Define Self Adjoint Operator or Hermitian Operator. 

Solution: 

The Hilbert Adjoint Operator T∗ of T is defined by < 𝑇𝑥,𝑦 > =< 𝑥, T∗𝑦 > If T is self 

adjoint then it becomes < 𝑇𝑥,𝑦 > =< 𝑥, T𝑦 >. If T is self adjoint or unitary then 

T is normal. 

 

Q.No.25: Define Unitary Operator. 

Solution: 

Abounded Linear Operator 𝑇: 𝐻 → 𝐻 on a Hilbert Space H is said to be Unitary Operator if T 

is bijective and 𝑇∗ = 𝑇−𝟏. 

 

Q.No.26: Define Normal Operator. 

Solution: 

Abounded Linear Operator 𝑇: 𝐻 → 𝐻 on a Hilbert Space H is said to be Unitary Operator if T 

is bijective and 𝑇𝑇∗ = 𝑇∗𝑇 

 

Q.No.27: Define Extension of T. 

Solution: Extension of T on a set 𝑀 ⊃ 𝐷 𝑇  is defined as 𝑇 : 𝑀 → 𝑌 or 

𝑇 𝑥 = 𝑇𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝐷(𝑇) 

 

Q.No.28: Define Polarization Identity. 

Solution: 

For any x,y in complex inner product space we have  

 2 2 2 21
,

4
x y x y x y i x iy i x iy          

 

Q.No.29: Define Bounded Linear Function. 

Solution: 

Let X and Y be normed spaces and : ( )T D T Y a linear operator, where ( )D T X . The 

operator T is said to be bounded if there is a real number c such that for all ( ).x D T   

Tx c x  

 

Q.No.30: Define Canonical Mapping. 

Solution: 

:C X X  this mapping is called canonical mapping of X into X  defined as xx g .  



 

Q.No.31: Define Orthonormal System. 

Solution: 

Orthonormal systems are those functions which are real or complex whose inner product with 

itself results in 1 and with other functions result in 0. 

 

 

Q.No.32: Define Polarization Identity. 

Solution: 

For any x, y in complex inner product space 

 2 2 2 21
,

4
x y x y x y i x iy i x iy          

We have to prove this complex inner product space. 

 

 

Q.No.33: Define Appolonius Identity: 

Solution:    
2

2 2 21 1
2  ,   , ,

2 2
z x z y x y z x y x y z V          

 

Q.No.34: Define Equal Operators: 
Solution: Let 𝑇1 and 𝑇2 be two operators defined on equal i.e. 𝑇1 = 𝑇2 if they have the same 

domain i.e. 𝐷(𝑇1) = 𝐷(𝑇2) 

 

Q.No.35: Write examples of Inner Product Space: 

Solution: Identity 

 

 

Q.No.36: Define Inner Product Space: 

Solution: The pair ( , , )V    is called an inner product space. 

 

Q.No.37: Define Linear Functional: 

Solution: A linear functional f  is a linear operator with domain in a vector 

space X and range in the scalar field K of X; thus 𝑓: 𝐷 𝑓 → 𝐾. where K=R if X 

is real and K=C if X is complex.  

 

Q.No.38: Define Bounded Linear Extension: 

Solution: 𝑇: 𝐷 𝑇 → 𝑌 be a bounded linear operator, where D(T) lies in a 

normal space X and Y is a Banach Space then T has an extension 𝑇 : 𝐷 𝑇        → 𝑌. 

Where 𝑇  is a bounded linear operator of norm. 

  𝑇  =   𝑇  

 






























