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MTH 641

FUNCTIONAL ANALYSIS

MODULE # 60 To 113

(FINAL TERM SYLLABUS)

Don't look for someone who can solve your problems,
Instead go and stand in front of the mirror,
Look straight into your eyes,
And you will see the best person who can solve your problems!

Always trust yourself.

(BY ABU SULTAN)
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MODULE NO. 60

LINEAR OPERATORS

» Bounded Linear Operator
Norms spaces are generalization of distances. By using Norm spaces we are going to discuss
Bounded Linear Operator.

Bounded Linear Operator (Definition):
Let X and Y be normed spaces and T : D(T) — Y a linear operator, where D(T) c X .
The operator T is said to be bounded if there is a real number c such that for all x € D(T).
[T <c|x|

If this condition satisfied then we call T to be a bounded linear operator. Bounded
function mean range is bounded but here bounded set is mapping over a bounded set so we

call this a bounded linear operator. c is fix.
I~ . . xeD(T)-{0}
[

The smallest possible value of ¢ is supremum of left hand side. Then the value of c is called

o I

as
XGD(T) || X”

We call the value as T norm
=[]
If D(T)={0}, |T|=
[T
c=|T|[= su
=28
IE ||T||||X||
This is the formula that we use for bounded linear operator.

MODULE NO. 61

BOUNDED LINEAR OPERATORS

» Lemma (Norm)
First we define the norm (equivalent definition) and then prove that the norm defined on T
satisfies all four properties of Norm i.e. (N1) to (N4).
Lemma (Statement):
Let T be a bounded linear operator as defined before then an alternate formula for the norm of
Tis
[T = sup [T
D(T)
!
The norm defined on T satisfies (N1) to (N4).
Proof: Part (a)
[T <c|x|
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We have to prove

I L FE
Xe D(T) ||X|| xeD(T)

=t
X X
Let | [=& SetY=— | x=#0
a 1) 1
M
y| =10 =1
Iy =2
| T = sup [[T]
xeD(T), a

x20
as T is linear so, we take constant a |?1‘1|de\the norm
=sup [T, X = sup

” ” XeD(T) L ) yeD(T), ”

Iyl
Here variable is y which can be any other. Part (a) of lemma is proved.
Part (b):

1
Ty as =y
|| a

mi= s = s
=1

N1: ||T|| >0 is obvious.
N2: T[>0 = T=0,
[T|=0 = Tx=0, VxeD(T) = T=0

NE: o up foT] = suplTd= e fupld= T | as suplm-I]

Ix=1

N&:  |T+T,| < [T+
[T, +T,|| = sup [[(Te+T2)X|
M

< ﬂpHTlx +Tox| < ‘Sl‘lp (x| +[Tx])

= ﬁl‘JpHTlxn + ﬂpHTzX” =T, ||

First we define a T xT norm and then prove the four properties of norm.

MODULE NO. 62

EXAMPLES BOUNDED LINEAR OPERATORS
> ldentity Operator
» Zero Operator
» Differentiation Operator
> Integral Operator

More Files Join VU Group:
https://chat.whatsapp.com/BL40k4jnM9iJiglhAA1SG3



https://chat.whatsapp.com/BL4ok4jnM9iJiglhAA1SG3

MTH 641 Functional Analysis - by ABU SULTAN

Identity operator:
[: X > X = I, = x {x#{0} normed space}
_ g M, M _
1= sup sup as Tx =X
xeD(T), ||X|| xeD(T), ||X||
x£0 x#0
1= sup 1=1
xeD(T),
x£0
Zero operator:
Thenormspace O: X -»Y , 0O,=0 Xe X
TX
fol= sp =0 joj=0
xeD(T), ||X||
x#0

Differentiation operator:
This is defined on normed space of all polynomial on J=[0, 1]

|X|=max {|x(¥)|, te}
Value of t varies from 0 to 1 and where the value is maximum, that maximum value is norm
of x.
applying operator the derivative. Differentiation operator is.
Tx(t) = X'(t)
Derivation is itself a linear operator.
Now we check that it is bounded or not. [Tx(t)|<c|x(t)| . If it is bounded then what is the
value of c.
Let x (tH=t" nel ,whatisthe norm of x n(t)

%, ()] =max{ k(1) | te[0,1]} =1
Using operator Tx_(t) =nt™*

define the norm ||Txn ® || = max ‘ntn 71‘ =1
||Txn (t)||= max(| nt“_ll:t €[0,1])=n.1=n

[l -"—c neo

X, 1

. Vb
As n had no bound so, there does not exist any ¢ such that M <c hold.

X,

n

Now c is fixed number which does not depend upon N but in this case it depends on N, if we
take c as n then next value n+1 will not satisfy this equation. It means that there does not exist
7]

X,

n

any c that this condition < ¢ holdhence derivative operative is not bounded.

Integral Operator
Definedas T :C[0,1] -»C][0,1],

1

y=Tx y(t) = l k(t,T)x(t )dt
k is integral of T it is fix for different integral operator,
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T is linear as integration is linear, also derivation is a linear operator same as integral is linear
operator.

K is continuous on J x J . We have two variables t and t , k(t, 1)

Whatever the value of k is, it should be in the square .

k(t, t)is bounded. And if it is bounded then

k(t, ©)<k,, t,t€eJxJ, k,eR  where JxJis this square box.

X0 < maxx(0)|=|x| 0 1
1

Now example, ]| =[T]| = max J'k(t,r )X(t )dt
0

1
< max [|k(tT)][x(z ) dv
0

<k x|
ITx| <k, || it has k and k, is fix so integral operator is a linear operator.

MODULE NO. 63
EXAMPLES BOUNDED LINEAR OPERATORS

» Matrix

Identity operator:
T:R" >R
2 alﬂ( éﬂ [ xl]
IR A )
lae . alli&] x|
rxn nxl rx1
A X =Yy

The entries are x=(&;), y=(m;)

And the matrix is A= (o), 1<i<r, 1<j<n

nj= ;ajkak

T is linear because the properties of matrices is it bounded?

||x||=gmzlm) ,

y= r ¥ , yeR"
1 |
Lin )

X eR"

and

for bounded we have to check norm of T “T(x)”.
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( l
| Z“
U
Ki —; n;
Z[ Sa &)

jk kJ
k=1

Tx

j=1

Where 1j = ;a iEx

Cauchy Schwaz inequality on above |Tx|?

(e 2R 2\%12 IR 2\

) 120 & ||Z |
le_\kl m—l JJ ” ” szikz“l

[T < e {x*

Here is a ¢ which depends upon T.
We can write as

[ <]

T is already linear and with this value of ¢ we can say matrices is a linear bounded operator.in
last four examples three are linear operator but differential was not linear operator.

MODULE NO. 71
LINEAR FUNCTION (EXAMPLES):
> Space C[a b]
> Space I
Space Cl[a b]:

We have define a linear function on space Cla blinat we have fixed an element
fromthe set Jas t, € J . Now define a functional operator f(x) which is operating on x which

is element from C[a b]. xeC[a b]
This x is not a variable, it is a function. So fiwhich is defined on C[a b]linear as it is a
linear operator. fiis bounded. To find the norm

| £ =[x(0)| <[ x|

IX[=1 = |[fif <1....... (i)

If we take Xo =1and substitute in this equation we get

RACHIERANEY
1<[fi] .1 = |fi] 21 (ii

” le =1

So the function defined on C is linear, bounded and Norm is 1.

From i) and ii)
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Space I’
We choose afixsay a=(a;)el®
f ()= ¢&a xel?, x=(&))
j=1

This sequence is linear, converging and bounded.
For boundedness

:w__ w__ N e (N [E
£ ‘;g,a,‘s;‘g,a,‘gJ;‘@\ \/;\aj\ X4
It is the same definition of bounded.
M of a complete metric space X is itself complete if and only if the set M is closed in X.

MODULE NO. 72
LINEAR FUNCTION:
> Algebraic Dual Space
> Second Algebraic Dual Space

> Canonical Mapping

Algebraic Dual Space
Set of all linear function defined on a vector space X is itself a vector space and called

Algebraic Dual Space and denoted by X *

Operation on this vector space are
1% Operation Sum

f+f, f,, f, linear functional
(fi+ f2)x=fi)+f2() xeX
2" Operation Scalar Multiplication
(af )x=af (x)
Second Algebraic Dual Space X**

Space element Vector at a point
X Xe X

X" g f(x)

X" G 9(¥)

For each x,g e X**
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‘h(;) = ‘%‘(H - f(l) 1@_)(’ fixd

W\w H\'i "L""‘“ ) .(\‘ 5 Q'M"' X, xa

K‘(*;l ' F' ;v) e (a.;"t @!L) w \

e d .;‘l“’f{S;‘_\M : ®xe X
sapdeeelh) C e

Conical Mapping:

C: X — X**this mapping is called canonical mapping of X into X ** defined as

X [ gy.

Clox+PBY)(f) = oy (f)

= flax+By)=af()+Pf(y)=ag,(f)+pg,(f)

=a.(Cx)(f)+B(Cy)(f)

So, this is a linear function as well. Canonical mapping is a relation between X and X **.

MODULE NoO. 73
LINEAR FUNCTION:
» Algebraically Reflexive
» Second Algebraic Dual Space
» Canonical Mapping

Isomorphism:
It is one-one and onto map.
Algebraically Reflexive:

T:(X,d) - (X™,d") bijective

d(TT,) =d(x, )

C: X > X"x[ g.

If C is surjective (on b) bijection. R(C) = X**

We call X to be algebraically reflexive.
Set of all linear function defined on a vector space X is itself a vector space and called
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MODULE NO. 74
LINEAR OPERATORS AND FUNCTIONAL ON FINITE

DIMENSIONAL SPACES:
Finite dimensions mean basis which have finite many elements.
Let X and Y bef.gfinite dimension vector spaces over the same field.

Let T: X —Y be a linear operator. let E ={e, ......... , €,}be the basis for X and
B={by.c.c.... ,b,}be the basis for Y.
XeX, X= gleﬁ+@2e24\ ............. +&ne,
y=Tx=T ke -Z T(Ee)= ZQT(Q
k=1 } k=1 “ k=1
T is uniquely determinal if the image y, =Te, of n basis vectors ey, ......... , &, are prescribed.
y=Tx ;yeY {b,......... 0.}
y=N1b; +n2b, + . +nrb,
Te, €Y, Te,=t11b; +112b, + ..o +t1rb,
Te, = Ztkjbj

y= Zn 0 = Z&kTek —;ﬁk Z::Tkj i

Comibinig these two summation

y= Z(z%&k )bj
il )

n;= Zrkj&k
k=1

The image y:Tx:anbj of x= Z&kTek can be obtained from

n;= Ztkjak
k=1

MODULE NO. 75

OPERATORS ON FINITE DIMENSIONAL SPACES:

Remarks:

As in the case of linear operators on a finite dimensional normed space, every linear
functional defined on a finite dimensional normed space is bounded and hence continuous.
Since for linear funcionals range is either R or L , which are complete. So X* as the space

of all bounded linear functionals defined on X, is also complete and hence is Banach space.

This is true even if X is not a Banach space.
“Algebraic Dual Space of X”: set of all linear funcionals defined on X.
“Dual or Conjugate Space of X: X* set of all continuous or bounded linear functionals
defined on X.

We take algebraic dual when there is no condition of continuous or bounded linear
functions.

More Files Join VU Group:
https://chat.whatsapp.com/BL40k4jnM9iJiglhAA1SG3



https://chat.whatsapp.com/BL4ok4jnM9iJiglhAA1SG3

MTH 641 Functional Analysis - by ABU SULTAN

Theorem:

Let X be an n-dimensional vector space and X*be its dual space. Then
dimX*=dimX =n.

X *is collection of linear functions or linear operator while X may be any space.

Proof:
Let dimX =n.
Let basis of X be B={e,,.............. ,€,}
We define a function. 1
f (e):< if i=]
"o if i i j=L.n
e.g.j=1, fer)=1,f(e2)=0,f(e3)=0, cccoccrrrrrrrrrne. f(en)=0
j=2,f(el)=0,f(ez)=1,f(83)20, ..................... ,f(en)zo

but each n-tuples f; in this case can be extended as linear functions on X.

MODULE NoO. 76

OPERATORS ON FINITE DIMENSIONAL SPACES:
Lemma(Zero Vector):

Let X be a finite deimensional vector space. If xo € X has the property that f (xo) =0
forall f e X* then xO:O.

B* is the basis of X*

f1, f2, 0o S
{:>lf2(e):ﬂ} =
b 10 i #
=5
Proof:

Forall x,=0,

X=2 xe ; feX
i=1

fo)=0 zn:f(_"xiei):o

>

= xif(ei)=0 . =L
i=1
= X;=0 , Vj=1,......n

n

XO=ZXiei=O = XOZ8

i=1

MODULE NO. 77

OPERATORS ON FINITE DIMENSIONAL SPACES:
Theorem(Reflexivity):
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A normed space X is said to algebraically reflexive if there is an isometric isomorphism
between X and X** .

Ordinarily a normed spacer may not be reflexive.

If X is an incomplete normed space even then X*and X** are Banach spaces. So in this case
X cannot be a reflexive space.

However there are Banach spaces which are not reflexive.
Theorem:

A finite dimensional vector space is reflexive.

Equivalently, A finite dimensional normed space is isomorphic space is isomorphic to its
second dual.

P«j LJ‘ X b giwh Aimenym nosmed SPM % J.’m:V)

ad X" b th sed ol
D X=X v flh?
Fou exch w €K we 1 hes X@x“
Lf(t): 8»/
whew A, X' F oh Frelibe @

MJ%) = | }”7' f:4F
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R(p) = X** @ is onto
X = X** X reflexive

MODULE NO. 78

LINEAR TRANSFORMATION:

Q No.1:
Find the null space of T :R® — R? represented by

10
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[ %]

[l 3 21 [x+3x +2xw
2 1 O’XZ’: o hx

L | L
Lxs J L ]
2x3 3x1 2x1
What is meant by null space, it means we have to find those values of x eR?say
X = (X;, X5, X3) such that we operate T the answer is zeros as
All those x are element of null space.
eI
L« 2 L]
Also we can also say that
X, +3%X, +2%; =0
2%+ %, =0
We can solve it by using any linear algebra method that will give us solution like echelon
form or reduced echelon form and the base of that solution is called basis of null space. Basis
mean when apply the element of R®the answer should be zero and get a system of linear
equation. Find the solution of this system of linear equation. And after finding the solution
find the basis that basis are basis of null space.
Example.
Q.NO2

Find the null space of T :R® — R3defined by (gl,gz,gs) <—>(§1,§2, —gl—g 2)
1) Basis of *(T)
2) Basis of N(T)
3) Matrix representation.
MODULE NO.79
EXERCISES
DUAL BASIS
Example 1:
a):  Find the dual basis of X when basis of X are B ={(1,-1,3),(0,1,-1),(0,3,-2)},
Find B" =2, X" =?do it yourself
b): let {f, f,, f.}be basis of dual space for X and if X is given by
e,=1,11), e,=(1,1,-1), e;=(1,-1,1)
Find f,(x), f,(x), f;(x) when x=(0,1,0)

MODULE NO.80
NORMED SPACES OF OPERATORS
e Examples of Dual Spaces

e RN
Isometric Isomorphism
A linear operator ¢ : X —Y. X,Y normed spaces, is said to be Isometric Isomorphism if
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¢ isbijective.
¢ preserve norms.
That is for any

xe X, [600] = is
MODULE NO.81
EXAMPLES SPACES OF OPERATORS
e Examples of Dual Spaces
o |!
Space I*

The dual space of 1" is | means that it is bijective, it is linear and it preserve norm.
After defining the map we shall prove these properties one by one.

Proof:

MODULE NO.82
BOUNDED LINEAR OPERATORS
Quiz: Complete norm spaces are called Banach spaces.
Theroem

LetB(X, Y) be the set of all bounded linear operators form a normed space X to a normed
space Y.
If Y is a Banach space, then B(X, Y) is also a Banach.

Proof:
Let { Tn} be an arbitrary Cauchy seq. in B(X,Y).

We will show that {Tn}converges to an operator T in B(X, Y).Since{Tn}is Cauchy for every

e>0 3 N suchthat [T,-T,[<e (m,n>N)
Forall xe X and (m,n>N)we have

[T () =T (= (T =T )(¥) |
<[, ~Talllxl <& K

Thus for a fixed x and given &
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Hence B(X, Y) is complete and Banach space.

MODULE N0.83

FINITE HILBERT SPACES
Functional analysis course consist of three major parts parts
1. Metric space is set and we define a space on it that has a certain properties. If it is
completer then it is complete space means it should converge within the space
2. Normed Spaces: Norm is a vector space and we define a norm on vector space. Norm
is a generalization of distance function.
3. Finite Hilbert Spaces (Inner Product Space)
Hilbert Space
Quiz: Complete inner product space is called a Hilbert Space.
In inner product the generalization is dot product.
Inner product Space
Let V be a vector space over a field F where Fis R or [ .
An inner product in V is a function <e,»>:V xV — F satisfying the following conditions:
Quiz:
Let x,y,zeV ; o eFwhere o may be real or complex.
i <Xx>20 <x,x>=0 <x=0
ii. <ox,y>=oa<XYy> ;butnottrueforsecondvalueas <x,ay>#a <X,y>
<X+Y,Z>=<X,2>+<VY,Z>

V. <X, y>=<y, x>

<>V XV > Finner product.

Inner Product Space

The pair (V+<"*>) s called an inner product space.
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<ax+by,z > where X,y,zeV , abeF

a):
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Using (iii) property <ax+by,z>=<ax,z>+<by,z>

Using (i) property a<x,z>+b<y,z>
<0,2>=<0.X,2>=0<X,2>=0

b):  Quiz:

for all X,yEV , aeckF

<X ay>=<ay,x>=a<y,X>

=a<y,Xx>=a<Xxy>
MODULE NO.84

CAUCHY SCHWARZ INEQUALITY

Theorem:
For any two elements x,y is an inner product space V,

l<x,y>[<|x]-[y] , the define norm is | x| =J<x,x> , xyeV
Proof:
If x=y=0 then 0=0
Let at least one of x and y is not equal to zero
Let  |<x+Ay,X+Ay>[>0 by definition

<X, X+AY >+ <AY, X+Ay >

<X X+AY >4y <Y, X+Ay >

MODULE NO.85

NORM ON INNER PRODUCT SPACE
Theorem:
In an inner product space V, the function || . ||:V — R* given by

x| = J<x,y> xeV definesanormin V.

Proof:
N1: ||x|| >0

Fora xeV, ||x|=y<xx>20 as <xx>20
N2:
IX|=0 = J<xx>=0 & <xx>=0 < x=0
N3: o= el ¥]
now Jox|=J<ox,ox> = [ax|? =<ax,ax>
= Jox|f =ae <x,x>= o[ |X[P

Na:  |x+y||<[x|+]y|] ¥V x yeV
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2
[x+y| =<x+y,x+y>

=<K X+HY>+<Y,X+Y>

=< X+ Y, X>+<X+Y,y>

S<KX>H<SY,X>H<SX,Y>+<Y,Y>

S<KX>HSY, X>H<X, Y >+<Y, Y >

Now

S<KX>H<SX Y > HX Y >+H<Y, Y >
=[x|2 +2Re < x,y > +|y[? IRe(2) < f |

<[xF +2l<x.y >|+ [y

<[xIf + 2]yl +Iv1? 3 kxy>[< kv

= (Il Iy’

[x+ [P <Ix|+

Iyl
MODULE NO.86

PARALLELOGRAM LAW

A_c2+B_Dzzz(Ez+B_c2)

Theorem:

[x-+yI

Proof:

Replace y=-y

Adding (i and (ii

That we have to prove.

Special Case:

“lx-yf =2k + o) foralixy <0

IX+yle =<x+y,x+y>

=<KX>HSK Y SHK Y >H<Y, Y >

=[xF +2Re <x, y >+|y|? N (

[x—yp =<x+y,x+y>

=<K X>—<X, Y > <X, Y >+<Y,Y>

=|)x|* —2Re < x,y > +||y|f (]

[+ I +x=yIF = 2[x|* + 2]y

Another result from above equations is

Subtracting (ii from (i

[ x+ Yyl Ax-yp=4Re<x,y>

If V is a real inner product space
Re(z)=z or Re<x,y>=<x,y>

<X, Y>=" {||x+ y”
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The above form is when V is a real inner product space not complex space.
MODULE NO.87
» POLARIZATION IDENTITY
» APPOLONIUS IDENTITY

Polarization Identity
For any X, y in complex inner product space

<xy>—l X+ Y7 - o2
=PI lx vl ilx iy —ilx-iy]

We have to prove this complex inner product space.
Proof:
Let XY eV

[x+yP =<x+y,x+y>

= ||x||2 +2Re <X,y > +||y||2

2
=[x+ <X y>+<xy>+]|y|

=[xP+<xy>+<yx>+
If we replace y=-y I y y IvIF

||x+y||2:||x||2+<x,—y>+<—y,X>+||—y|[2“ ..................... (ii

=[xF-<x y>—<y.x>+|y|f
Replace y =iy ineq(i

[x+iy|? =[X|? + < xiy > + < iy, x>+ [iy|?
=[XP+T <x, y>+i<y,x>+|y|f Oliyf=<iy,iy>=ii <y,y>=-i®<y,y>
=xF-i<xy>+Hi<yx>+yp .. (iii
Replace y=-iy ineq(i
Ix—iy||? =|| | + < x, —iy > + < =iy, x> + |-y [?
=|x[? +i<x,y>-i<y,x>+|yf (%
Subtracting (ii from (i
||x+yH2—||x—yH2:4Re<x,y> ....... (v
Subtracting (iv from (iii

[x+iy|? -lx=iy|*=2{i<y,x>-i<xy>}

=-2i{<x,y>-< y,x>}:—2i{<x,y>—< x,y>}>
==2i2)Im<x,y>=4Im<Xx,y > (Vi
Now we solve 4Re <X, y>+4Im< X,y >

X+l Appolonius Identity
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x=y[f +illx+y[f -ifx-y
[F=4{<xy>}
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1

2 2 2
1
=] +lz=y] =3hy] +2e—, 09| L nyzev

Using parallelogram law

’

X+yp+|xX-ypk=2|xp+2]y] put x=z-x, y'=z-y
Self-assignment
N . MODULE N0.88
SPACE c'0,~
2]
» SPACE 1I°
Counter example 1: Spacecro,ﬂ

2
Inner product define a norm and under this norm
Every inner product space is a norm space.
Every norm space is not an inner product space. This is not true always.
If a space is inner product then it satisfied the parallelogram law otherwise it is not an inner
product space.
We take a norm and built an inner product space and then prove that this inner product space
does not satisfy th paraJwIelogram law.
The given set is C O,E real valued continuous function defined on C[a, b].
| |_ 2 U
The norm of function f e CrO,E | ,
L 2]]
Ifl= suplfw]
| 2!
Let f,g ecro,ﬂ
| |_ 2 U

We know that sin and cos are continuous functions. Let C

S

; f(t)=sint, g(t) =cost

|_O, ] is an inner product space
||_ 2 |J
where the inner product <> define by

|tl=J<rf./> = <f f>=|f

[fl= Sup [ (|

L2

[f+alf +1f -9l =2[ | +2[glf

As f(t)=sint, g(t)=cost

[ £ll= Sup;[sine)|=1=] ]
I 2]
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[ +9= Sup,|f0)+9(x)|

|L2|J

= Srupﬂsm X+C0sX| = 2
N2
[f-gf=1
Now
[f+o* +f ~alF =2] [ +2]gl*

2
(V2) +@2=2x12+2x22
2+1=2+2
3=4
But 3+ 450 our supposition is wrong. This inner product space does not satisfied
parallelogram law. Hence every norm space is not inner product space.

Counter example2: Spacel®

I? Collection of all bounded sequences,
P>1, P = 2if p=2 then it will give inner product space

. 1= SP

We will see that < x,x>= || is an inner product space or not. We will check this if it
satisfied the parallelogram or not.
Let

x=(1,1,0,0,.....) : y=(1,-1,0,0, crrvr..... )

X[ = ¥1° +1° +0+0+... =&2=2"

|y] =8P +(-1)P+0+0+... =&2=2°
1
X+y=(2,0,0,0, ..... ) = HX_|_yH= p2p:2 6=2

1
x-y=(0200,..) = |x-y|=¥2"=2 P=2

x4y < A 2P
1 1
22492=0% 2P +2x 2P
2
8=4x 2P as p>1,p#2
The values on both sides are also not equal so this does not satisfied the parallelogram law.
Contradict to our supposition. So norm space is not an inner product space.
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MODULE NO.90
» THEOREM (CONTINUITY OF INNER PRODUCT)
Theorem:
Let V be any inner product space. For any sequences {x»} and {yn}inV
Xy =X, Y,—Yy implies<x,y,> —> <Xy>
Proof:
< Xo, Vo > =< X, y>|
=< Xy, Yo > = <Xy, Y >+ <X, Y > — <X, Y >
=< Xp, Yo =Y >+ <X =X, Y >
<|< X0, Yo =Y >+ < X =X,y >
Now from Cauchy Swarzinequality
%y < (X[l
<l =yl I, Xl
Giventhat x, >Xx , y,—>Y S0,

lya=Yl=[y-y[=0 . [x,—X|=]x-X|=0 asn—w
As n—>w

|<Xa Yo > =< X, y>[<0

<X, Yy >><X,y> as N—> oo
Theorem:

If {xn} and {yn} are Cauchy sequences in V, then the inner product < Xn, yn > is a Cauchy
sequence in F.
Proof:

{xn},{yn} are Cauchy sequence
To show < x,, Y, >is also Cauchy Sequence.
= % =% >0 i Yo —Yau| >0 mn—ow
|<Xas Yo > = <Xy Yo > F KXo Vi > = <Xy Yo >+ < Xy Yoo > = <Xy Yo > |
=|< Xy Yo = Yoo >+ < Xy = X, Yo >
<[< Xas Yo = Yoo > H[< Xe = X1, Vi >
<[xalllya = Yol + %0 = X0 [ |

= |<anyn>_<xm,ym>|—)0, as Nnm-—oo

U

<X,,Y, >Iis a Cauchy Sequence

MODULE NO.91
Examples of Inner product spaces

> SPACE R’
» SPACE 1"
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» SPACE [ [a,b]

» SPACEI"

» SPACE P, (Collection of all polynomials of degree n)
Proof:

1. R", the elements are of the form
X = (Xgy Xgyeeeeeenn Xa) Y=Y Yoy eeeeeeens Vo)

The inner product form is <Xy >= in y, (Note: check all axiom self-assignment)
i=1

The Norm is | x| = J<x x> :\/Xxixi :\/Zn: X’
i=1 =

2. o"
The elements are 2=(24,2y,0en.. 2,) 2 =2),7 5 ,Z',) if conjugate does

not define then it does not satisfied the second or third axiom of inner product space.

The inner product form is <z,7 >= z z 7 (Note: check all axiom self-assignment)
i=1

3. [I[a,b]be the space of all continuous function defined on [a, b].
b

<f.g >=J f(t).g%dt define an inner product on C[a, b]

(Note: complex function can also be including. In previous example the C[a, b] was not inner

product space with define function definition).
<o, o>V xV > F
We will check all four properties of inner product as
i): <f,f>=0 <« f=0
ii): <f+g,h>=<f h>+<g,h>
iii): <af,g>=a<f,g>
v): <9, f>=<f,g>
it define inner product and is define inner product space.

4. |"is a space of sequences.
12 x{x}
The condition or norm is

i|xi|2 <00
i=1

Let defined the inner product of y = {yi} is

<X, y>:ixi§i

i=1
Checd all four axioms as exercise for inner product.
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5. P
Let P,be the collection of all polynomial of degree n(or less than n).
We can write thisas  a x"+a_, X" +...+ax+a e.g3x —2x+1 of degree two.
Let u(x), v(x) e P,

The inner product is
b

<U(x),Vv(x) >= L ux)v(x)dx , xela,b]

with this define P, is an inner product space.

We have not defined conjugate of v(x) as the interval defined is a real valued so its conjugate
is also real valued.

MODULE NO.92
Orthogonal Systems

» PYTHAGOREAN THEOREM
The dot product of two vectors when they are perpendicular is zero. Similarly in inner
product if two vectors are perpendicular then their inner product is zero.

Theorem:
In an inner product space V and x, y in V if x Ly then

I+ y [P = x| +[y|?
Proof:
X+ yl =<x+y,x+y>

S<KXSHSKYSHSY,X>+H<Y, Y >
As x and y are perpendicular so <X, y>=0,<y,x>=0

Ix+ ¥ =<x,x>+<y,y>=|x]p+||y|

Generalized form:

{xl, X2y uveeenns xn}be nonzero vectors in V inner product space such that
<X, X% >=0 , i#]
This system {Xl, X2yeereernns xn} is called orthogonal system as all vectors inside it are

perpendicular to each other.
The generalized statement is [ X, T +X ”Z = ||X1||2 + ||Xz||2 Foet K |f

The idea of proof is

2
n n
Xxi :<ZXIJZXI)>
i=1 i=1 i=1
=<Ky F e + Xy Xy Fvreenns +X, >
=< Xy, Xy F oo F Xy > et < Xy X F o +X, >
n n
i=1 j=1
<x_,x_>:”x_”2 , ifi=] <x,x >=0andfori=j then <x.,x.>:”x.”2
! J ! 1 ] i j i
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MODULE NO.93

Orthogonal Systems
» THEOREM (LINEARLY INDEPENDENCE)

Any sequence {x,} of non-zero mutually orthogonal vectors in an inner product space V is
linearly independent.
Proof: do it yourself

n
o
i=1

Let X< (X1 X, oo %) be the orthogonal sequence.

Remark:

If <X X >=0, Vi=1,2,.....,n = <gaixi,x>=0

<Zaixi , x> =(@X; + 8%, + oo+ Xy, X) =8y (X, X) F +a, (X, X)=0
i=0
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