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LECTURE NO. 60
Fourier Transform of Unit Step Function:

Find the Fourier series of
1 |x|<a

il {0 x| > a

Solution: Fourier Transform of f(x)

F(a) = ff(u)e“i““ du

For given problem,
a

F(a) = jl.e‘i““ du ..(1)

—a
e—iaa . e—ia(—a) eia a

F(a) = = =

—ia a
- @

—lx

2 eia a __ e—ia a
a[ 21 ]
el(x) _g—ilx)

Using relation “sin(x) = P ” we have

Divide and multiply by 2,

F(a) = — sinaa
a
It is the required function when o +# 0.

If we put & = 0 in equation (1), we get
a

Fla) = jl du = 2a

—a

LECTURE NO. 61
Fourier Transform of Exponential Functions:
Fourier function of
e —Px’ P =0
Solution: As we know from previous lecture,

F(a) = jf(u)e‘i““ du

For given problem,

Fla) = fe‘puz. et dy

@ 2

F(a) = fe—p{uz_ipi“} du = fe‘l’{“z‘i?aw(%) (3

—00

Ll

)2} du

Let

dy = /pdu = du=—dy

%Ir—\

By putting in above relation, we have
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This is our required result.

LECTURE NO. 62
Conjugate of a Fourier Series:

Theorem: For a real valued function f(x)on (—o0, ), show that F(a) = F(—a)
Proof: As we know

F(a) = jf(u)e‘i““ du

Taking conjugate, we have

F(a) = ff(u)e‘i““ du = fm(m) du = ]f(u)ei““ du

— 00

F(a) = ff(u)e‘(‘i““)du = jf(u)e“i(‘“)u du = F(—a)

Hence proved that
F(a) = F(-a)

LECTURE NO. 63
Fourier Transforms of Even and Odd Functions:

Let f(x) be an odd function
FU@) = | fae e du=F(@

Here put u=-—t =du=-—dt
As Uu—>o0 , too agnd u—->—0©0 = t->H

Fla) = — j f—t)e—i@(D gt = — j F(E)e-*CD gp = — f F(E)e it g

Hence proved that
F(a) = —F(—a) = —F(a)

LECTURE NO. 64
Attenuation Property of Fourier Transforms:

Theorem:
F{iy(xje 7§ = Fla —pi) where F(a)=F{j(x)}

(00)

F{f )} =F(a) = jf(u)e“'““ du

—00

Proof: Aswe know

For given function,

F{f(x)e™P*} = jf(u)e"’”e‘i““ du

= ff(u)eizp“e‘i““ du = jf(u)eizp“"i““ du
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F{f(x)e P} = f Flw)e—i@P gy = F(q — ip)

Hence proved that
F{f(x)e™?*} = F(a — pi)

LECTURE NO. 65
Shifting Property of Fourier Transform:
Theorem:

If F{f(x)}=F(a) then F{f(x—p)}=e"' F(a)

Proof: As we know ]

Fla) = F{f(x)} = ] fwe™ du
For given function, ) -

PG -} = [ fu-pe du

Pt u—p=t = u=p+t and dt =du

F{f(x —p)) = f F()e—e®+) gr j F(E)eiow =it gy,

=g P j fe ™ du = e @ F{f(x)} =e " F(a)
This is our required result.

LECTURE NO. 66
Fourier Transform of Derivatives:

Theorem: For a function f(x)on (=0, ), show that if f(x) is n-times differentiable and f* 1(x) = 0
as x — too, then

F{f ™)} = (ia)" F(uw)

Proof:
dny dny —lau
d {du"} B f dun © au
By integrating,
. n—1.,|1% oodn—l -
= e ) ) + ia ] e du
s —ilau dn—Zy ’ : [ dn—Zy —ilau
=0+ (ia)! [{e du"‘z}_w tia [ ——e du]
dn—Zy dn—Zy
LW | : 2 AD
= (i) [O + (ia)F {du"‘z}] = (ia)* F {du"‘z}

Now by induction,

FIE2) = (@ P () = G Fw

Hence proved that

F{f™(x)} = (ia)" F(u)

“Dedicated To My Unknown Students Which Are Our Future Heroes.”
Regards: Virtual Alerts
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LECTURE NO. 67
Parseval’s Theorems:

Theorem: If f(x) and g(x) are real valued on (—o0, ), then show

COo

I fF(a) G(—a)da = ff(u)g(u)du

—CO

1) j|f<u>|2 du = f|F<a>12 da

Proof: 1)
jF(a) G(—a)da = jF(a){ f g(u)e t-ou du}
= f{fF(a)e"““}g(u) du = jf(u)g(u) du
ll): Putting f = g o -

fF(a)G(—a)daz jF(a)mdaz fF(a)G(a)da= ff(u) g(u) du

—00 —CO —00

> [16@Pda= [lg@Pauor [If@Pdu= [IF@F da
Required result proved.

LECTURE NO. 68
Convolution (Definition and Related Theorem):

F(f) =F(a) , G(g9) =G(a)
F(f. g) # F(a)G(a)
F(f*g) =F(a) G(a)
Convolution: of function f(x) and g(x) is defined and given,

fag= jf(u)goc—u)du

Now we have to prove some theorems.
1) Commutative (f * g = g * f): By definition

fro= | f@ok-wau

u—->oo = t-+oo

Put &¥—u=t.U=¥—t =du=-—dt andas{
U—>—00 = [-— 00

So, we get

frg= [ rax-09@an = [ gOre-@r=g+s

Hence proved
f*g=g*f

2) F{ff xg} =F(a)G(a) Or F'[F(@)G@)]=f=*g
By definition,

(00)

F1F(a) G(a)] = % f F(a) G(a) e'** dx = % j F(a) e** dx .G(a)

—CO
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As we know (from previous lectures)

CO

G(a) = fg(t)e‘i“t dt

—00

By putting, we have

co

F1F(a) G(a)] =% fF(a) el dx fg(t)e‘i“t dt

—COo
(00)

FF(a) G(a)] = % fg(t) dt jF(a) g g

—QC0
GO

F7F(a) G(a)] = % fg(t) dt fF(a) ele(x=t) g¢

By using inverse Fourier transformation,
1
FUF@ 6(@] =5 [ 9@ flx-0de = g+

As "gxf=fxg" so
F'UF(a) G(@)] =f*g
Applying "F" on both sides, we get

F{f x9} = F(a) G(a)

Examples:
e N ox? . ey (1 XISP
D f@=e i g@={y S
ii) f(x):e‘(“': : gx)=e " 5 a,8>0
Do Your Self.

LECTURE NO. 69
Solving Integral Equation by Convolution:
Solve the integral equation,

CO

y(x) =gx) + j y()r(x —u)du

—Q0

Solution: For the given integral equation, taking fourier transformation on both sides,

(00)

F(y(x)) = F{g(x)} + F{ j y(u)r(x — u)du}

Convolution of last function,

Co

j y()r(x —uw)du = y(x) * r(x)

—0C0

So, above relation can be writtena as
Fly(®)) = F{g()} + Fly(x) *r(x)} ...(1)
(F(y(x)) =Y (@)
F{g(x)} = G(a) By putting equation (1) becomes
(F{r(x)} = R(a)
Y(a) = G(a) + Fly(x) xr(x)} = G(a) +Y(a)R(a)

A

Let

By solving we have
G(a)
1—R(a)

Y(a) =

Taking inverse fourier transformation,

Page | 41



MTH647

Handout

_ [ @ ([ G \ .
FUY(a)} = F 1{1_R(a)} S f(l_R(a))e dx

—CO

1
Since F -1 then F~ ! - B and here F~Y{Y(a)} = y(x)

So the above equation becomes,

(00)

y(x)=i f{ G(a) }eiax dx

21 1—R(a)
This is our required result.

LECTURE NO. 70
Fourier Sine and Cosing Tranforms:

I: If f(x) is an odd function, then Fourier sine transform is defined and given by

Ela) = f f(u) sinau du
0

And its inverse Fourier sine transfrom is given by

00)

2
(%) = —f F.(a) sinau da
no

II): If f(x) is an even function, then fourier cosine transform of f (x) is defined and given by

Ela) = j f(u) cosau du
0

And its inverse Fourier cosine transfrom is given by

o

2
f(x) = —f F.(a) cosau da
T

0
Example:

If; " fx)=e™ . m >0 then E(&)=1
As we know

F.(a) = f f(u) cosau du
0

For given function, it can be written as

oo

E.(a) = j e ™ cosaudu ... (1)

0
Using integral formula, which is given as

eP* ,
[ f e?® cosgxdx = T i {p cosgx + q squ}]

Here p—->-m, g—-a and x—->u
So, by applying integral formula, equation (1) becomes

F.(a) = [mez

—mu

(00)
={—m cosau + a sinau}]
+ 0

By applying limits, we get

F.(a) = = F{e™™}

me 4
Now its inverse, cosine transform;

(00

2
filx) = ;j F.(a) cosau da
0
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For given function, it can be written as (Putting F,. () calculated value)

2 m
flx) = ;f —— cosau da

As fix) =™

2m f cosau
—mx

m?2 + a2
e cosau 2
= a
2m m? + a?

0
This is our required result.

LECTURE NO. 71
Integral Equations Solution by Fourier Sine Transform:

Solve the integral equation

Jf(x) sinax dx = {10— a 0 ngll

Solution: The given function can be writen as

Rf@)=B@ = [ fosinaxax =1 (¢ 05251

Its F~1 for given function,

(o)

EH )= flu) = j F.(@) sinax da

0
2 .
filx) = ;Oj(l — a) sinax da

Integrating and applying limits, we have

1 _
= Z {(1 — ) (— coiax)}: + f Coiax (—1) da

T

o4 - 1o
) = %(x —;mX)

This is our required result.

LECTURE NO. 72
Laplace Transforms:

Objectives/Aim/Steps:
Given lLiks . I Apply Aplplv
Problem Algebric Elementry Laplace )

Problem Methods Transform

Solutlon Say
< [> Algebric

Problem

b e

Transform [>
into

Knowning
Method

Solution

Final

Solution
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Usefulness:

Deals with discontinuos functions (like electrical signals, eechanical forces etc) and sine, cosines forms (like
Fourier analysis).

It is Direct method to solve differential equations.

Applications:

Physics, Engineering Problems — Transform into — Differential Equations (Like ODEs, PDEs, BVPs, etc.)

LECTURE NO. 73
Integral Transform:
For given function f(t) defined on [0, ) or t > 0, if improper function

Co

] K(s,t) £(t) dt

0
Is convergent, then it is called an integral transformation of f(t) where s € C. And if choosen

K(s,t)=e™st then F(s)=L(f(t))= f e St f(t)dt , s€C.
0

Is said to be Laplace transform of f(t) provided that it is convergent. Here K(s,t) = eS¢ is known as
Kernal.

Q: Why K(s,t) = et ? Why we choose/use Kernal?

Ans: 1) Kernal smooth out the given functions (Like sharp egdges, corners etc.)

2) Easy to integrate or differetinate.

3) By kernal, differntial equation transform into algebric equation. So that it can be easily solved.

LECTURE NO. 74
Geometical Interpretition of Laplace Transform:

Since we know

(00)

L(f(t)) =F(s) = j B, s €C,R.
0
Trnasformation of f(t) into f(s):

f(@® Transform Throug Laplace F(s)
Time - Frequency
Domain Domain

F(s) gives us information about the different frequency components that makes the f (t).
Laplace relations:

L(f(t)) = F(s)
f@) =L1(F(s))
LHL(f(®)] = f(©®)
LIL7Y(f(®)] = F(s)

LECTURE NO. 75
Laplace Transform of “1”:
Since we know
L(F®) = F(s) = f =t F(t) dt
0

For given function,
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L(]-) = f 1.e_St dt = }lm e—St dt
0 0
Integrating and applying limits, we have
_st1T 1 5 ; :
L(1) = |lim = ‘__ lim e=t| = —=|imm—
T—-o —§ S Too 0 s |T>w est
1 1r1 1

1
L(1) = -
This is our required result for s > 0. What if s < 0?

If; s<0=> —-s>0= —s=m(say) €ER*

If so, then equation (1) becomes

lim@— = lim e =St = lim e™" =Ng™

T Soo e T —>oo T —>oo

So, whenever s < 0, we cannot calculate the transform of “1”. Hence, we can take only s > 0.

LECTURE NO. 76
Laplace Transform of Exponential Function:
Let f(t) = e%. Here “a” is a constant, then evaluate L(e%)

Solution: Laplace transform for given function,

o

L™ ) = f et g dti= j e~ (~a)t g¢

QO

0
Integrating and applying limits, we have
—(s—a)t |® -1 : 1
L eat — = e~ s—a)t
(%) =g=a)], (s—a[ ]0
-1 1 17 —1 1 1
Lg% = ] = —n
(s —a)leG-at|, (s—a)le e
L( at) 1
e —
(s —a)

This is our required result. (Fors —a > 0= s > a)

LECTURE NO. 77
Linearity of Laplace Transform:

Theorem: If L(f(t)) and L(g(t)) exist, then for any constants "a" and "", transform of

a L(f (D)) + B L(gu))

Also exist and further

Lla (f®)+B (g®)]=aL(Ff®)) + B L(g(®)

Also holds.
Proof: Applying Laplace transform on L.H.S.

= Lla (f(D)) Zﬁ (g@®)]

(00)

0
~ Integration is a linear transformation on R.

0o COo O

:jae‘“f(t)dt+fﬁe‘“g(t)dt = «a j e““f(t)dt+ﬁf etg(t)dt
0

0 0 0

. (1)

:f e [a (f(®©) + B (9())]dt = f [a{e™ f (O} + +B {e™* g()}]dt
0
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=aL(f(t))+BL(gt)) =R.H.S

Required result proved.

L(f(t)) and L(g(t)) exist.
= aL(f(t)) +BL(gt)) <o alsoexist. Improper Integral)

LECTURE NO. 78
Corollary:
Lla{f(®)}+ B {g(©)}] = a L{if (£)} + B L{g(t)}

Lla{f(t)}] = a L{f ()}

Here we use “Scalar Composition” property.

If p = 0;

This property also used in calculus. For example:

(Linear Transformation: T(av) = a(Tv)

d d
Derivative: — (a sinx) = a—sins
dx dx

Integration: fcf(x)dx cjf(c)dx

.

\

LECTURE NO. 79
Laplace Transform of Hyperbolic Function:

As we know
e* +e™*
2

cosh(x) =

a_n

Calculate: L(cosh at), where “a” is a constant
Solution: As given

L(coshat) =L E (e + e‘at)‘ = %[L(eat g% )]

1 17 1 1
L(coshat) == [L(e*) + L(e™)] = §L g e a]

s L(e%) = ﬁ and L(e %) = ﬁ, o)

l;s+a+s—a S
L(cosh at) =§[ . ]:52 —

This is our required result.

LECTURE NO. 80

Laplace Transform of Cosine and Sine:

Show that
a

s? + a?

Licosdtl) = and L(sinat) =

s+ a

N

Proof: Suppose that
L(cosat) =F. and L(sinat)=F,
L(cos at): Applying Laplace Transform

Co

E. = ] e 5t (cos at) dt
Integrating and applying limits, we have

0
e—St b e—St
cos at ( ) - j ( ) (—asin at)dt
—S —S
1[cos at1® a
F, = ——[ ] — —j e St (sin at)dt
est 0

S S
0

E. =
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lrcosoo cos(0)] a ,
fp =l = = ;(L(sm at))
b= : [0 — 1] : E
c S S S
1 a

Fe=s—3cFE - (1)

L(sin at):

(00

g st =
F = j e St (sinat) dt = |sin at( - )
0 0 0

Co

S

S

11sinat1” a
’ est ]0

Fo=—

0
1 [sin o sin(0)

sl e® e
F=—2l0-0]+%F
8= - S S (o
a
F=-F .
By putting F, value in equation (1), we get
a 1 a?
=555k 2 sk
at 1 s +a*) 1
et lte=s 2 (T2 )75
. | s? S
= =
s \s?+a? s4 4+ g?
As L(cos at) = F,, so
L(cos at) = ——
cos at) =
s? + a?
This is our required result.
Now, from equation (2)
fa =i Iy
By putting in equation (1) we get
S P 1 a P (s N a) S 1
o e = - N p— —_——
g~ 5 g ° a s’a’® s
2 2
s“4+a 1 a
( as )FS s S_(sz+a2)
As L(sin at) = F,, so
L(sin at) = ——
sinat) =
s? + a?
This is our required result.
LECTURE NO. 81
Laplace Transform of t" (n € N):
Theorem: Prove that
n!
Lt")=—— ; neN ..(1)
S/Z*l
Proof: We’ll prove it by mathematical induction.
Forn = 0;
) ! 1
L(t ) :SO+1 = L(l) Zg

(5

+ -;f e St (cos at)dt

) (acos at)dt

+ %(L(cos at))
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Suppose equation (1) is true for fixed
Forn+ 1;

n" and we will prove it for "'n + 1".

(n+1)!

Sn+2

L(tn+1) -

Applying Laplace Transform,

COo

L(tn+1) - j e—st tn+1 dt

0
Integrating and applying limits, we have

—st
tn+1 €
—S

[T n+1r
L2+ = ——’ ] + f g3t ¢t dt
S 0 4

oo

L(tn+1) —

1 pred n+1
L(tn+1) = ——[lim o 0] + - L(t™)

As given L(t") = SO

n+1’

L(tm+1) =—%[0—0]+n:1( i )

(n+1)!

Sn+2

L(t)l+l) —

i.e. it is true for "n + 1". Hence, proved our required result.

LECTURE NO. 82
Laplace Transform of t* (a > —1):
Aaplying Laplace Transorm,

CO

L(t%) =]e‘“ t* dt
0
{v=st=> dv=sdt=>dt=ldv and t ==
Put

S v
Ast > 0=>v -0 and as t—>oo=>v—>oo

L(t) = ] (%) L = f (o)

0

L) = o [ e
0
Here
f eV v% dv = Gamma Function =y(a + 1)
0
So,
- Yla+1)
L( t ) - Sa+l
This is our required result.
LECTURE NO. 83

S-Shifting Theorem:

— j (e_St) (n+ Dt" dt
-5

If f(t) has the transform F(s) where s > k, then "e® f(t)" has the transform F(s — a) where (s —a) > k

I.e.

L{e"f()}=F(s — a)
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In term of inverse Laplace transform,

LH{F(s —a)} = e®f(t)

L(f(t)) =F(s) = f e 5 £(f) dt

0

Proof: As we know Laplace Transform,

For given function,

(0e)

F(s—a) = j e~ G-t £(t) dt = f &% g% £10) dt = f est (e f(t)) dt
0 0 0
F(s —a) = L(e* f(t))
It can also be written as,

L HF(s —a)} = e* f(t)

This is our required result.

LECTURE NO. 84
Application of S-Shifting Theorem:

Evaluate

2s — 27
- : L at t - : L at - t PR L_l( )
i): L(e** coswt) ii): L(e“ sinwt) iii) T+ 25 1 201

Solution: (Here we are going to use previous results)

i): L(e™ coswt)
L( ) S . S—o0
coswt) =
s? + w? (s —0)? + w?
S—a

(s — a)? + w?

L(e% coswt) =

ii): L(e* sinwt)
W

L(e% sinwt) =
( ) (s — a)? + w?

, 2s—27
) 1 ()
lll) s24+2s5+401

L‘l( 2s — 27 )—L‘l( 2s+2—-2-27 )=>L‘1<2(S+1)_29)

s2+2s+401) s24+2s+1—1+401 (s +1)%2 + 400

. 2(s+1) _ 29
=L ((s v (20)2> - ((s T+ (20)2)

o 2(s + 1) ) 29 20
=L ((s My (20)2) ~E= ((s T+ (202 )

=21 ( Lk ) - 29171 L )

(s +1)%+ (20)2 20{(s + 1)2 + (20)2}

) el
(= (-D)* +@0)2) 207 \((s—(-D)" + (202

Using method of calculations i) and ii)

29
= 2e"¢ cos20t — >0 et sin20t

— [2 20t =2 ZOt]
=e coS — — Ssin
20
This is our required result.
LECTURE NO. 85

Piecewise Continuous runction:
Infromlly, a function is a piecwise continuous on an interval if it has finite jumps (discontinuities) on that

interval.
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A function f(t) is a piecewise continuous on a finite interval [a, b] if satisfy the following conditions.
1) Function f(t) defined on an/that interval. (i.e. [a, b])
2) Interval can be sub-divided into finitely many sub-intervals in each of which function f(t) is
continuous.
3) Function f(t) has finite limits as "t" approaches either end points of sub-intervals from interior
of [a,b]. {f(ay+0) < oo, f(ay— 0) < x); Finite}
Example:
sinx if 0<x<m/2
f(t)=15e* if mw/2<x<m Qverallinterval [0,2r]
-2 if T=Xx<2n

LECTURE NO. 86

Existence Theorem for Laplace Transform:
Let f(t) be a piecewise continuous function on every finite interval in [0, c) and satisfies |f(t)e“"’t| <m,
V t > 0 and for some "k and m" then Laplace Transform of f(t) exists forall s > k.
Answer: As given

If(He ™| <m ..(1) Vt>0&forsome"k andm"
Here equation (1) is known as “Growth Restriction”. Equation (1) implies,

If(O)] <me*

t
f()e™® -0 as t >0 = lim f(kt)
t—oo @

Proof: As given that f(t) be a piecewise continuous function. f(t)e

-0
—kt

is integerable over any finite
interval on [0, c0). Laplace Transform,

Co

j e St f(t) dt

0

L @) =

< [ If@®]e™" dt
J

For given function,

IL(F(®)| < j mekt e=St dt = mf e~k de . (2)
0 0

Integrating and applying limits, (without “m”) , we have

r 1 o 1 1
—(s—k)t —_ —(s—k)t .
e dit = e = |
of s—k| IO s — k leG=Rt],

i | 1 1 1
:_s—k[em_eo]: s—k Jor s =k

So, equation (2) becomes,

m
|L(f (t))| < % = L(f) exist if growth restriction is satisfied.

Hence prove our required result.

LECTURE NO. 87
Counter Example of Existence Theorem:
Example:

f(t) =% As t > 0 then f(t) » o

Here f(t) is not a piecewise continuous function on [0, o). Also
f@)l<me* If m=1k=0
Applying Laplace transform on given function,

Page | 50



MTH647

Handout

dt

L{f ) )= ]

Let +st=x = st=x?

Put 1 dt 2
x—ﬁﬁdt = E_de

L(f(®)) = J 2—dx = —j

Here

(00)

VT

f e dx = 3 (Gaussian Integral)

0

2
L(f(t))=\/g><\/f=\/§ ; 820

Hence relation (1) becomes,

Hence — is not a piecewise continuous function but its Laplace Transform exists. This is our required result.

vt

LECTURE NO. 88
Laplace Transform of Derivatives:

Prove that

i) L(f)=sL(f)-f(0) it) L(f ') = s*L(f) — sf(0) — £'(0)

Proof: since we know
If; fisdifferentiable = f is continuous.

):

Laplace transform fro given function
L) =L(f ®) = f e f'(¢) dt
Here f(t) is continuous. Integrating and applying limits, we have

L(F) = le=t F o)l — ] FE) (-5)e=t dt

, 0| [
1y = imE2 - L2 v s [ et poy a

0
L(f) =0~ £(0) + sL(f)
L(f) =sL(f) = f(0) ..(1)

1):
Taking derivative of equation (1),
L(f") = sL(f) - f'(0)
Putting value from equation (1),
L(f") = s[sL(f) = £(0)] - f'(0)
L(f") = s*L(f) — sf(0) — £'(0)

Hence prove.

LECTURE NO. &89
Laplace Transform of nth Derivatives:

L(fn) — S”L(f) . Sn—lf(()) . Sn—Zf'(o) e SOfn—l (O)

Watch Lecture(s).
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LECTURE NO. 90
Applications of Laplace of Derivatives:
Find L(coswt) v using derivative expression of Laplace.
Solution: since we know from previous lectures
L(f)=sL(f) - f(0) ..(1)
L(f") =s*L(f) =sf(0) = f (0) ..(2)

Here
f(t) = coswt = f (t) = —wsinwt & f (t) = —w?coswt
f0)=1=7(0)=0
By putting values in equation 2,
L(f'") = s*L(f) — sf(0) — f'©
L(—w?coswt) = s’L(f) — s
—w?L(coswt) = s’L(f) —s
—w*L(f) = s’L(f) —s
s = L(H{s* + w*}
S

L(f) =

s? 4+ w?

LECTURE NO. 91
Evaluate:

L(t sinwt)
Solution: Here

f(t) =tsinwt = f(0)=0
f (t) = t(w coswt) + 1 sinwt = f (0) =0
f () = w[t(—w sinwt) + 1 coswt] + w coswt

f (t) = —w?(t sinwt) + 2w coswt
By putting values in equation 2,

L(f") = s*L(f) — sf(0) — £ (0)
L{—w?(t sinwt) + 2w coswt} = s*L(f)
—w?L(t sinwt) + 2wL(coswt) = s*L(f)

—w?L(f) + 2wL (52 j wz) = s*L(f)

2wsS
_ 2 2
L(F) = 2WS
/)= (s? + w?)?
This is our required result.
LECTURE NO. 92

Laplace Transform of integral:

Theorem: let f(t) is a piecewise continuous function fort > 0, & d[f (t)] = F(s). Further |f(t)| < me*
forsomem > 0 and k > 0, then

ff(r)dr——F(s) and Lt ff(r)dr

Proof: Let

Gle) = j F(2) dr

f(t) is piecewise continuous = g(t) is continuous
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9(0)] = f () di| < j £l dr < f mek dr
0 0 0

t
ekt

9@ =m |-

m okt _ M
0=>k( 1)_ke

= g(t) satisfies growth restriction. Now
t
, d
g (t) = . f(r)dr | = f(t)
0
Except at point of discontinuities. This implies g(t) is continuous.

L(g (t)) =I{f (t)) and sL(g(t)) — g(0) = F(s)
(t

N
e
s

~"

sL<jf(r)dr>=F(s) = L<Jf(r)dr

J \ 0 y,

LECTURE NO. 93
Evaluate:

H L™ {s(s2 1— wz)} and 1) L™ {32(521+ wz)}

L_l{ 1 }_L_l{l w } . 1L_1( w )
(s?2 + w?)) w s? + w? W s + ?

1
L(F(s)) = —sinwt ;- i (32 -Ia-)wz) = sinwt

):

Now, (Going to calculate required function)
t
1
3 (;F@)) = [ 1@ ar
0
t

}zj—smwrdr
0

L—l{ -
s(s? + w?)

Integrating and applying limits, we have

s(s2 +w?2)) T w?
1 1
L‘l{ }z—l—cos t
s(s? + w?)) w? ( Q)
This is our required result.
1):
1 1

L™ {52(321+ wz)} =&~ {"

L—-l{
s?2(s? + w?)

s s(s? + w?)

-

v
= —|T —
s2(s?2 + w?)) w?l

L—l{ ! }— ! t
s2(s?2+w?))  w?l

This is our required result.

SINWT’

w

Sinwt

w

ol

}:ff(r) dr = f%(l—coswt)dr
0 0
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LECTURE NO. 94
Solving ODE with Laplace:
Solve,

y —y=t ; y0)=1y(0)=1
Solution: Applying Laplace on given function,

Lly" —y) = L(t)
Using formula {L (t" = I )} on L(t!), we get

Sn+1
i 1
Lly )—-L(y) = e

Putting L(y" ) from previous lectures, we have

, 1
s°L(y) —sy(0) -y (0) —L(y) = 7

Putting values from initial conditions,

1
(82—1)L(y)—8—1=S—2

(s? = 1DL(y) = Sl2+ (1+5)
(1+5s) 1
(s2-1) 4 s?2(s?2 —-1)

L) = /| 11
Y= 1T sz =1 &
1 1 1

+ e s
s—1 s2-—-1 &2

—L‘l( 1 4 1 1)
Y= s—1 s2—1 &s2

L(y) =

L(y) =

()=

Using results < L ( : 1) = sinht, we get
| 1 (5) =t

This is our required result.

y=e '+ sinht —t

LECTURE NO. 95
Unit Step Functions:

It is defined and given as;
1 if t>a
”(t_a)_{() if t<a

Applying Laplace Transform,

L(u(t—a)) = j e St u(t —a)dt
0

L(u(t— a)) = f e St (O)dt+f e St (Ddt ; a>0
0 a
L(ult - @) = 0+ — le!|7 = —~[0— %]

e —as

Lu(t—a)) =

S
This is our required result.
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LECTURE NO. 96

Plot the Following:

i): A() =klu(t—-1)—-2u(t—4)+u(t—-6)] k>0
T

ii): B(t) = sin (2 ) [u(t) — ult — 2) + u(t —4) — -]
Watch Lecture.

LECTURE NO. 97

Time Shifting Theorem:

LetL (f(t)) = F(s), then the Laplace Transform of shifted function is given by;
0 if t<a
Lif(t —ault —a)} = {e—as Fls) @ BEeq
And
L He * F(s)} = f(t — a)u(t — a)

Proof: As we know from previous lectures,

e % F(s) = e‘asj et f(t)dt = je‘(a“)s f(®dt ...(1)
0 0
- {a+t:T = t=r—dad dt=dr
u Ast->0=21t->a,t>00=>7T>
e % F(s) = j e S f(t—a)dt = je““f(t—a)dt
0 0
e % F(s) =je—“f(t—a)(0)dt+j e St f(t—a)(1)dt
0 a

a (00)

g% F(s)= j e Stf(t — a)u(t —a)dt + j e St f(t — a)u(t —a)dt

0 a

a O

e B F(s) = f eSHf(t —a)u(t —a)ldt + f e Stf(t—a)u(t —a)dt

0 a
By combining,

(00)

e~% F(s) = f e SH{f(t — a)u(t —a)ldt

0
e F(s) = L{f(t — a)u(t — a)}
L e F(s)} = f(t — a)u(t — a)

This is our required result. Example:

L{sin(t — 2)u(t — 2)} =?
1

, sin(t —2) ==
Using results s°+1
u(t—2)=e2
—2s
L{sin(t — 2)u(t — 2)} = Bl
st Jul )} SZ+1° s?+1

This is our required answer.

LECTURE NO. 98
Problem:

Express the following function in terms of Unit Step Function and find its Laplace Transform.

Function is given as;
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(2 if 0<t<l1

1, . s
f(t)=<_t if 1<t<-=

2 2
T
 cost Lf t > 5
Solution: As we know about Unit Step Function from previous lecture (95), applying on the given function,
1 T T
_ 0 — _ 42 _1) _ _= _ =
f@&)=2lu(t—0)—ult—-1)]+ > t [u(t 1) —u (t 2)] + cost |u (t 2)] .. (A)

Applying Laplace Transfom on the given funciton,

L{Ff(O)} = 2L[u(t — 0) — u(t — 1)] + %L ltz (u(t ~ 1) —u(t- %))] +1L [cost (u (t- g))] .. (B)
Finding values for the eqution (B) one by one,

Llu(t —0) —u(t —1)] = L(u(t - 0)) — L(u(t — 1))

Using formula {L(u(t — a)) = e—:s} from previous lecture (95), we get
1 1
Llu(t—0)—u(t—-1)] = . ;e‘s

Llu(t—0) —u(t—1)] = %(1 —e %) ...(0)

Now, for

i [tz (u(t -1)—-u (t - g))‘ = L{t*’u(t—-1)}-L {tzu (t - g)} . (2)

Since we know from previous lecture (97),

ft —au(t —a) =L {e™ F(s)}

L{f(t —au(t —a)} = e ™ F(s)

L{f(t — a)u(t —a)} = e L{f (¢)}
Put{t—a=1=>t=a+7

L{f(Dut —a)} =e ™ L{f(a + 1)}
It can also be written as,

L{fu(t —a)} = e L{f(a + t)}

Using this expression for equation (z), becomes (- a = 1)
|4 y [ 8 2
— =S 2Y _ p75S —

— e L{(1+1)?} — e L(2+t)

2
m T
=eSL{t?+2t+1}—e2° L{t2 + 7t +T}

n!
Sn+1

; [ s 2 o S | (2 1 n?1 y
L|t u(t—l)—u(t—i) =e {S—3+25—2+;}—8 2 S—3+7TS2+ 4; .. (1)

L|costu (t — g)] = e_%s L {cos (% - t)} = e_%s L(—sint)
I n

L |cost u (t — E)] = —e 2° L(sint)

L |cost u (t — %)] — g3 . -:sz .. (ii1)

Now, finally putting calculted values (i,ii,iii) in equation (B)

2 1 2 O (2 1 #n?d |
L t)t=—(1—e5)+— —S{_+2_+_}_ 33 + e |
U} =<-10-e?)+7 [e atigto-e {33 T+ SH e

Using formula {L(t") = }, so we get

Now, for

This is our required result.
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LECTURE NO. 99
Problem:
Find the Inverse Laplace Transform of;
e—Zs e—33

+
s24+n?  (s+2)>
Solution: Since we know

L—l e—ZS N e—3$ B L—l e—2$ . L—l e—3s
s2+n?2 (s+2)2) s2 4+ n? (s + 2)2

=2 (P )+ (3_35 (s +1 2)2) ()
82+n2) = sinn(t — 2)u(t — 2)

—) = (t—3)e 2D u(t - 3)

[ L—-l (e—Zs
Using results < - ( e

Equation (1) becomes

e—Zs e—3$ 1
L‘l{ } - —[sinm(t — 2)Ju(t — 2) + (t — 3)e 23 y(t — 3)

s? + n? (s + 2)2
This is our required result.

LECTURE NO. 100
Dirac’s Delta Function:

Let
L 0<t<k
fi (t) = {k b T
0 , Otherwise
In general,
L
£ (t — ) :{E if ast<a+k
0 if Otherwise
If Kk = 0, then
i N fs oy _fo0 if t=a
Ty= I ht—a)=slt—=a)= {O , Otherwise
Such that
Integraal = j s(t—a)=1
0
Example:
a+k a+k 1
f fi(t —a)dt = j —dt = |t|a+" = E[a+k—a] =1
Note:

00)

f g(t) s(t —a)dt = g(a)

0
These types of function are known as special class of function. i.e. Distributions.

LECTURE NO. 101

Laplace Transform of Dirac’s Delta Function:

Since we know

fk(t—a):{% if as<t<a+k

0 if Otherwise

(For better understanding, watch lecture)
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1
filt—a) = E[u(t —a)—u(t—(a+k))]
Applying Laplace Transform,

LAt~ ) = L [u(t — @)~ u(t ~ @+ 0)]}
1
L{fi(t = @)} = —{Llu(t — a)] = L[u(t — (a + K)]}

_eas

Using result {L[u(t —a)]

S

—as e—(a+k)s]

Lifi(t - )} = %[e -

S S
1 [1—es
L{fk(t—a)}:ze as[ - ]

~ k — 0, apply Laplace Transform of Dirac Delta Function (for above relation)

2.2 L33
L(S(t—a))=Il(i_r)r6L{fk(t—a)}=ll(i_r)r(1)e"“S [1—{1—k5+k sk +}]

2 2
o k?s? [k3s3
L(s(t—a))z}cli%e [1—1+ks— 5 + : _‘
s ks k*s’
L(S(t—a)) =’l{1_133e [ks (1— 5 + z _>]

After applying limits,
L(s(t — a)) =g
This is our required result.

LECTURE NO. 102
Problem:
Find the response of damped spring system given by initial value problem;
Yy +3y +2y=ut-1)—-ut-2) ; y0)=y(0)=0
Solution: Applying Laplace Transform on given function,
L{y' +3y +2y}=L{ut—1) —u(t—2)}
Ly 4+3Ly + 2Ly =L{u(t — 1)} - L{u(t-2)} ..(0)
Since we know
(Ly" =s*L(y) — sy(0) — y (0)
< Ly = sL(y) — y(0)

| Lu(t—a)) = eS
By using, equation (1) becomes
—S —2s
(L) = 5(0) = ¥ (00} + 3{L(y) — ¥(0)} + 2Ly = —— - =

(s?+3s+2)L(y) = %(e‘s — g~ 2%5)

1
s(s?+3s+2)

L(y) = (™5 —e %)

= F(s)} we have

Liy) =F(s) (e —e %) ..(4)
Now, by applying partial fraction on F(s)

i) 1 A+ B 3 C
z — . —
s(s2+3s+2) s(s+2)(s+1) s s+2 s+1

Putting {s(sz+3s+2)

Fls) =

By solving, we get
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4= B = C=-1
2t Tz 7

So,

1/2 1/2 1
F = + —
(s) S s+2 s+1

LH(F(s)) = %L_l (%) ¥ %L_l (s -|1- z) - (s Jlr 1)

1 1
LY F(5)) = 5(1) + E(Q_Zt) — (&™)

Now, equation (A) implies,
Liy) =F(s)(eS—e %) = F(s)es —F(s)e™?
Applying Inverse Laplace,
y(t) = L7 (F(s)e™) — L7 (F(s)e™**)
Since {L71(e™* F(s)) = f(t — a)u(t — a)
y() =f(t—Dut—-1)— f(t —2)ut - 2)

Note that; Unit Step Function Step corresponds to piecewise continuous function. By applying,

(0 if 0<t<l1
1 1
oL ,2(t-1)__,—(t-1) .
y(©) =427 2° ° f ot
l + le—Z(t—l)_e—(t—l) — {l_{_ le_z(t_z)_e_(t_z)} : t > 2

w2 - 2 2 2
This is our required result. (For better understanding, watch lecture)

LECTURE NO. 103

Hammerblow Response of Mass Spring System:

Solve the given problem;
y 43y +2y=6(t-1) ; y0)=y(0)=0
Solution: As given that
y 43y 42y =6(t—-1)
Applying Laplace Transform,
Lly" +3y +2y] =L[6(t—1)]
Ly" +3Ly +2Ly=e*
s’L(y) +3sL(y) + 2L(y) = e
LO[s?+3s+2]=¢€""
e ° 1
L) 243542 G+DE+2)°
By applying partial fraction on function, we get
1 i | 1

(s+1)(s+2):(s+1)_(s+2)

= .. (1)

So relation (1) becomes,
1

1
L) =| .
M =6+D " G+
Appplying Inverse Laplace Transform,

y(t) =17 {(s -Il- 1) e_s} —L= {(s -il- 2) e—s}

]e—s = [FY(F(s)) = F (O

Using results <

LYF(s)e™ = f(t — a)u(t — a)}
f@)=e*t—e™
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So, there exist two answers

(0 if 0<t=<1
y(t) = {e‘(t‘l) —g 2 s

LECTURE NO. 104

Convolution:
Let
f=e , g=1
Then
1 1

LF®) =LY =— , Lg®)=L1) =

Product;
L(F 9) = L(et 1) = Lie!) = ———
As
1
Lf)=L@N=5=7 » LWL =L L@ =557

So,

L(g) L(f) # L(gf) Or L(f)L(g) #L(fg)
Suim;,

L{f)+L{g) =L{f +g)

Q: Is there any function whose Laplace gives L(f) L(g)?
Ans: Yes, it is convolution function.

f*g=ff(f)g(t—r)dr
0
L{fg) =1 ffmg(t—r)dr = L(f) L(g)
0

LECTURE NO. 105
Theorem:

If L(f;) = F;,L(f;,) = F, and f;(t), f>(t) satisfy the Growth Restrictions then,

Fy(s). Fy(s) = L f R B =i
0

Proof:
]

~"

[t
R.H.§S = L+ ffl(t) fr(t —1)dt
0

y,

) 00 )

— f e 5t <( Tftfl(r) fo(t —1)dT

J 0 \7=0 J
Here R.H. integral is the form of " [[ ¢ (t, T)dtdt " which is taken over the region bounded by 7 = 0,7 = t.

"
"

(t
I f £ 06 Bl — D) dt ..(1)
\ 0

Changing the order of integration on R.H.S, we have
)

(00)

>=j{f1(r) je'“ fz(t—r)dt}dr
0

t=t

L

A

[t
j fit) fL,(t —1)dr
\& J
{t—r=z >t=1T+2z= dt=dz
Put
to1T=22z-0, Ast o> 0=2z-> 0w

Page | 60



MTH647 Handout
je‘“ f,(t—1)dt = f g2 g(2)dz = e‘”f e % f,(z)dz = e™5" F,(s)
T 0 0

So,

N

L

A

= ffl(t) et Fp(s) dt = f(f1(t) e " drt) (Fz(S))
0 0

(t

| A® At -0

\ 0 y
= (F(s))(F,(s))=L.H.S

Hence prove our required result.

Problem:

LECTURE NO. 106

Find h(t), provided that

Solution: If

Then

H(s) = ! = L H) =HE) =2
- (s—a)s - o

L(f)=F(s) & L(g)=0aG(s)

\

"

( t
F(s) G(s) = L+ ff(r)g(t—r)dr
0 y,

Applying Inverse Laplace,

Given that,

Using result <

L1(F(s) G(s)) = f F) g(t - Ddr
0

H(s) = = F(s) G(s)

(s—a)s

(F(s) = = ft) = L“l(F(s)) = [ (ﬁ) = 2% = f(7)

e . we have

\G(s) =% = gty =L(6() =L G) =1= g(t—-1)

LY(H(s)) = LY (F(s) G(s)) = j e 1dt
0

Integrating and applying limits,

1 1
LY(H(s)) = —[e*]o = —[e® = 1] = h(t)

This is our required result.

LECTURE NO. 107

Properties of Convolution:

Some Unusua

) fx1+#f

): frg=g+f i) fr@1+g)=F*g1+f*g>
iii): (frg)xa=fx(g*a) iv): f*0=0xf=0

| Properties of Convolution:

Let f(t)=t

t

f(t)*lsz(r).l drzfrdrz—[rz]f):—tz £ = FL)
0

0
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i):(f«f) &0
Let f(t) = sint
t t
1
f*f=Jsinrsin(t-—r) drzij[cos (2t —t) — cost] dt
0 0
1[1‘(2 t) t]t lll‘t t t+1't
b S = —_—- — — s [ e - —
fxf > zsm T TCOS T3 zsm cos 2sm
1
f*xf= E[sint — tcost] £ 0

This is our required result.

LECTURE NO. 108
Example:
y +y=g@®); y0=y(0)=0
Solution: Applying Laplace,
Ly +y)=L(g®) = LG +Ly)=G6()
L(y") = s’L(y) —sy(0) —=y'(0); y(0) =0 = L(¥") =s’L(y)

Using results{ L(y') =sL(y)—y(0); y(0)=0 = L(y') = sL(y)

L) +L(y) =G(s) = L) = =F(s) G(s) ..(1)

1+ s2
Where

F(s) = - () = 17 (15 ) = sint = f©

L1(G(s)) = g(@®)
L(f*g) =F(s)G(s) = LY F(s)G(s))=f=xg
So, equation (1) implies,

y() =LY F(s)G(s))=f*g
y(t) = ff(r) gt —1)drt = jsint g(t —1)drt
0 0

This is our required result.

LECTURE NO. 109
Integral Equation:

It is type of equation that involves unknown function which appears inside and outside an integral.

Example:
L

y(t) — J y(t) sin(t —t)dt =t

0
These types of equations are known as “Volterra Integral Equations”.

Above relation can be written as,

y(t) —y(t) xsint =t
Applying Laplace Transform,

Lly(t) — y(t) = sin] = L(t)

Using formula {L (t" = +1)} on L(t),

i 1
L) —Ly=sint) = = L) —LG) Lisint) =

L) [1-

1
1+52] sz L(y)[1+52] s2
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1+ s? 1 1
L(y) = s L(}’)=S—2+S—4
Applying Inverse Transform, (Using Formula {L (t" = S:;)})
1 1 1 1 3!
—7-1 ~] -1
©=1"(g+5) = 7 (z)+55 (H)
1,
y(@) =t+zt

This is our required result.

LECTURE NO. 110

Volterra Integral Equation of 2" Kind:

y(t) — f(l +t) y(t —1)dt =1 — sinht
0

Solution: Given relation can be written as,

y(t)— (1 +t)*y(t) =1—sinht
Applying Laplace Transform,
L{y(t) — (1 +t)*y(t)} = L{1 — sinht}
L(y)—L(1+t)L(y)=L(1)— L(sinh)

Using formula {L (t" = s:':‘l)} ( L(sinht) = 32%1)
1 17 1 1 —5-1] 5" —s-1
e e e e
L(Y) = §2 — 1
Applying Inverse Transform, ( L(cosh at) = st_a)
_ 1 —
y(t) =L (32 — 1) = cosht

This is our required result.

LECTURE NO. 111

Differentiation of Laplace Transform:
Let L{f(t)} = F(s), where 'f(t)’ is a function satisfying the growth restriction; then

n

Lig" f()} = ()" o [F ()] ... (1)

Proof: We prove it by mathematical induction.

co

F(s) = L{F(6)} = f e=st (1) dt

0

d d [ (o
—F(s) = d_sj =t F(E) dE = jae‘“ f(t) dt
0 0

%F(s) =](—t)e‘5t fHdt = (—1)f e St f(t)} dt
0 0

d
(D' ZF() = [ e f@)de > L f0)

0

Lt (0} = (~1)! o= F(S)
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Let equation (1) is true for "n", we prove it for 'n + 1

a"
L F(©)} = (1"

n

d [ —St n = d n d
— j (" f©} dt = <[ -1

—F(5)
S

s 0 - n+1

Of = (e fO}dt = (<1 2 [F(S))

n+1

| e e p@y de = (—1)" Zo [FE5)

n+1

(=Dte s t" f(t) dt = (—=1)" ey

n+1

|
|

So, finally

co

L{t" f(t)} = f e St tntl £(t) dt = (—1)*H]

0
This implies; truth of given proportion for "n" also implies its truth for"n + 1".

n+1

ds™ + 1

LECTURE NO. 112

Problem:
J te 3t sintdt =7?
0

Solution: As given

COo Co

j t e 3t sint dt = f e 3t (t sint) dt

0 0

Here {f(t) = sint = F(s) = % Using relation

CO

d
f e {t f(D)dt = (~1) 7 F(s)

0

(0e)

et F(B)} de = (—1)"

[F(s)]

(~De™t e+ £(8) dt = (~1)" ————=[F(s))

1
j —St {t sint}dt = (—1) (1+ )—( 1)(— 1)(1+ 2)2

0
Put's = 3

oo

f e St {t sint}dt =

0

23) 3
(1+32)2 50

This is our required result.

LECTURE NO. 113

Problem:

| S+ a
L1 {Zn( )} - wheea,b >0
s+ b

Solution: Here

n

—F(s)
S

()

28

(1 + s2)2
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S+a
F(s) = ln( ) = F(s) =In(s+ a) — Inifs + b)
s+b
; 1 j|
F'(s) = -
(s) s+a s+b

Applying Inverse Transform,

Using result

i 1 L
L(e ™™ 1) = = L‘l( ) =g
3 5+a

L{tf@®)}=-1F (s) = LYF (s)} = (-Dtf(t)

Above relation becomes,
(—1iE f(t) — g % . ght
t

—bt — e @
&) =——

So,

—bt —at

o) = () -

This is our required result.

LECTURE NO. 114
Integration of Transforms:

Theorem: If L{f(t)} = F(s), then L{ } f F(x)dx, provided that lim,_ {f’(’t)} exists.

Proof: Let

g(t) —Q = f(t) =tg(0)

Applying Laplace Transform,
d
L{f(®)} = L{t g(t)} = L{t' g(t)} = (-1) 7 [G(s)]

d
F(s) = ——[6()] = —— L{g(®))

| Fds = ~[L{g@Nz = ~limiL{g®) + L(g®)

S
Since

_____ i
limit{g(t)} = llm.!fj g > g(t)dt =0

S—00

0
So, above relation becomes

(00)

fF(s)dsz {f(t )} L(g(t) = fF(x)dx

S
(o0

[ { f F(x)dx} = @

S
This is our required result.

LECTURE NO. 115
Problem:

- sint s
Show that J Tdt = E
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Solution: Since we know from previous Iecture

CcOo co

1
L{f(tt)} fF(s)ds = j Sk Lntdt =f 1+ 5)2 d$§ = [Tan™']?

S S

r 1 sint
j dt = Tan 1() — Tan~1(s)
est ¢

0

.....

Taking {limiv= — 51 and s—»0 = Tan~ 1(s) >0~

S§—00 est
1 sint sint
J dt =——Tan 0 = fl— t=— —(O):—
0

est t 2

Hence prove.

LECTURE NO. 116

Theorem:

L)
If f(t) is a piecewise continuous function satisfying lm)l.__f:((— < 0o, then show that
t—(

L~ {F( )} ff(s)ds

g = j FG)dE = g(0)=0 & g'®=f@®
0

Proof: Let

Lig(®)} = Lif (O}

F(s)
sL{g(0)} - g(0) = F(s) = L{g(®)} =—
F(s)
L~ { p } g(t) = jf(S)ds
F(s) t y
-1{ Sf }zjjf@)dg ds
0 0
Generalized form,
F(s) S t
—1{ = }: j j f £(3)ds™
00 0
This is our required result.
LECTURE NO. 117
Problem:
1{ s+b\"
n( ) a,b >0
51 d
Proof:
| oL 1
s+b\"° S+ b\ s s+a\s 1 /s+a
zn( ) =ln( ) =zn( ) =—ln( ) (1)
s+a s+a s+b S S+b
This implies,
+
F(s) = (S a) =In(s+a)—In(s+b)
+b
F )=
= 5+%a s+b
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Applying Inverse Transform,

LHF () =L (s -Il- a) ~ B (s j— b)
(-1)! tf(t) =™ —e™™

—-bt __ e —at
) =—
Hence,
F(S) - : e—bs — e a8
L= {T} = ff(g)dg = f —~ ds
0 0

This is our required result.

LECTURE NO. 118

Heaviside’s Expansion Theorem:
Let F(s) and G(s) be two polynomials on "s" where "Degree of F(s) < Degree of G(s)".f G(s) has "n"
distinct zeroes, "a; r =1,2,..n" i.e. G(s) =(s—ay)(s —ay) ... (s—a,), then

- lF(S)]_ o F(a,)
G(s)| &G (o)

e ot

Proof: As given that,"Degree of F(s) < Degree of G(s)" and G(s) has "n" distinct zeroes, i.e.
o T = LiZi s’

F(s) F(s) 1 il piad my & I
— ; STF>=Nn
Gis) (—aps—ay)..(s—a,)..(—a,)
F(s A A A, A
(s) - 1 + ¢ b e L g "
G(s) s—a; S—a, S—a, s —a,
Multiplying with "s — @,." on both sides,
F(s A A A
()(S_ar)z - (S—ar)'l' : (S—ar)+'°'+ . (S—ar)+"'+ - (S—ar)
G(s) S — o S — ay S — a, S —a,

Taking"logs » a, = s—a, =0"
So, above relation becomes,

i sy ) =4
_  (s—a) ; F(ar)
Ay = Flan) lim 5= = Fa) i [

Now;

F(s) B F(ay) 1 F(ay) (| F(a,) 1 F(a,) 1
HON (G'(al)) G-ap (G’(az>> G-y T (G'(a») G-ay T (G'(an)> G-a,)

Applying Inverse Transform and solving, we have

1 (@) F(a;) pait 4 F(a;)
G(s)
We can write it as,

it Fla,) ., F(a,)
c@)’ T’ T’ T T @

ant

| (F_(Q) ) n F(a,) plt
G(s)) £&Glar)

This is our required result.

LECTURE NO. 119

Problem:
Use Heaviside’s expansion theorem;
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ged 25>+ 55 — 4 »
s3+s2-2s)

Solution: Since we know from previous lecture

L(F®)_NF) .
L1 (@) = =1G((Xr) e ..(1)

Here
F(s) =2s?+5s—4 & G(s)=s3+s?—2s=s(s—1)(s+2)
G(s)=3s2+2s—-2,
And G(s) has distinct zerosi.e. ¢y = 0,1, —2
G0)=-2, G1)=3, 6(-2)=6
F(0O)=-4, F(1)=3, F(-2)=-
Equation (1) becomes for given problem,

B (F(s)> CNF) L FO)

. FQ1) ,,  F(-2)
70) e me T

LG i@ TTm° T

=2t

e

By putting values,

L (F(s)\ -4 3 =0 ..
1 <é§zzsi> = ::32(:1) 4':3¢3 4"};‘6? &

A (E@Y e
1(m>—2+e — e~

This is our required result.
LECTURE NO. 120

Laplace Transform of Rodriguez Formula of Laguerre’s Polynomial:
Laguerre’s Polynomial is given by;

t n

L () = - -t
11(t>'—';;Tci e )

L{l ()} = L {e " _t)} _

Applying Laplace Transform,

I dtn
Calculation;
Lit"} = S:L-:-l
L{e™" t"} = (s _|_n1!)n+1

“F(s) > F(s—1) o e 1
L {et = (et t")} = n! Ssn+1

lL{ ol (e t")}=(s—1)n

d n Sn+1
e’ d" I (s —1)"
{Tl' dth (t t)} Sn+l

This is our required result.
LECTURE NO. 121

Solving ODE with Variable Coefficients (Laguerre’s Equation)
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ty +(1—-t)y +ny=0; n=0123.. & y(0)=y(0)=0
Solution: Taking Laplace Transform,
Lity"}+ L{1 - )y} +nL{y} = 0

L{ty' }+L(y") — L(ty) +nL{y} =0 ..(1)
Calculation;

Liy)=Y
L(y") =sL(y) —y(0) =sY = F (s)

; d , . d dy
L(ty) = —E(F (S)) = —g[SY] = —Y_SE
s AP d dy
o el / = 2 — S 3
L(ty") = —— (F'(s)) T [s?Y] = —2sY — s* —
By putting values, equation (1) becomes,
d d
(—ZsY—sz—y) + sY — (—Y—s—y) +nY =0
ds ds

d
(s—sz)—y+(n+1—s)Y=O
ds

s(l—s)%z(s—n—l)Y

Now separating the variables,

dy (s—-n-1) 1 n+1
“r dsz[ - ds
Y s(1—-15) 1—-s s(1-ys)
dy 1 1 1
7_1—sds_(n+1)[1—s+§]ds
dy |1-n—-1 n+1) n n+1)
— = i ds = —_ ds
Y (1-15) S s—1 S

Intengrating;
my=nin(s—1)—-(m+Dins=In(s—1)"* — Ins"*

(s =1)"
ny =in |
(g= 1"

Applying Inverse Transfor, this implies

y(®) = () = L (F(s)) = L [

This is our required result.

(s—=1)"| et d" ~
gn+l ] = (tn & t)

nldtn

LECTURE NO. 122
System of ODEs:
x —y —2x—y=6e3 ; 2x +y —3x—-3y=6e3 ; x(0)=3y(0)=0
Applying Laplace Transform,

L(x)—L(y)—2L(x) —L(y) = 6L(e3) ; 2L(x)+L(y)—3L(x)—3L(y) = 6L(e*)
Let
Ex)=X , Ly)=Y
Now, simplifying

sX—x(0)—sY+y(0)—2X-Y =6

2sX —2x(0)+sY —y(0)—3X—-3Y =6

s$—3 ; s—3
(S—DX—(&+DY:3+;g§ : Q&—@X+L&—@Y:6+S_3

35— 3 6s — 12

§—3 : §—3

Solving Simultaneously,
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1 _ _ _
[(s—3)(s —2) + (s + D(2s - )y = 2 D=3 [+ D6s = 12)
j (s —3) (s —3)
(6s —12)(s — 2) (35 —3)(2s — 3)
L[(s —2)(s—=3)—=(s+3)(2s—=3)]Y G_3) G_3)
Simplify and Solve by Partial Fraction,
fX 352 —6s —1 1 2 2

A

3s+5 1 i |
Y =—

=1 =1 G=17 =5

Applying Inverse Transform,
{x(t) = L71(X) = et + 2t e* + 2e3¢
y(&) =L 1Y) =e' —tet — e
This is our required result.

LECTURE NO. 123

Laplace Transform of Some Partial Derivatives:
Theorem: If u(x,t) is afunction of “x & t”, then show that

( | du
s L <E) — silln, 55 o)

ot*

N L<8u)__ d o208
); 0x/ dx ux,s) = dx

i 0°u _d“ﬁ
! w): 0x2)  dx?

1):

j e‘“ dt = ¢ " [ulx )l —(—= s)f u(x, t) et dt

I (a_u) =0—Lu(xt)+ sL(ux,t)) = sii(x,t) — u(x,0)

u

L (E) = sti —u(x, 0)

: d%u _L(6v> e B ou
ot2) " \ot A T

d0°u ou
L (ﬁ) =sL(v) —v(x,0) = sL (E

JBE

2
k (6_u> = s[sL(u) —u(x,0)] — v(x,0) = s?L(u) — su(x, 0) — u,(x, 0)

ot?
0%u
L (F) = s%%i(x,s) — su(x,0) — u,(x,0)
I11):

o

f e St dt = f(e —Stw)dt = —L(u(x t))

0
L(au)_ d (%, s) = dil
ax) — dx " T ax

| G-3DGE-1DZ s—-1 (s—-D? (s-3)

0°u
ii): L( ) = s%ii(x,s) — su(x, 0) — u,(x,0)

) —v(x,0)
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1V):

i 0°u\ (62) Hierailan ou

ax2) \ox eretet ox =7
0?u\ d d/d \ d®
L (a—) = L@ =2 (57) = 2@
d%u d?
L (6?) = @{U(X, s)}

Prove completed.

Problem:

du du .
=2—+u ; u(x,0)=6e3* whichis bounded forx > 0,t > 0.

ax ot
Solution: Applying Laplace Transform,
ou du
L (—) = 2L (—) + L(u)

dx dt
d
aﬁ = 2[sti(x,s) —u(x,0)] + 7i(x, s)
Putting given value and simplify,
ol

a — (25 5 1)a(x: S) - _128_3x (1)

Now,
[.F = e—f(25+1)dx — p—(2s+1)x

So, solution of equation (1) is given by,

(I.F)Xti=c+ f(I.F) X (R.H.S)dx
(e—(25+1)x) X1 =c+ f(e—(23+1)x) % (—12e‘3x)dx

(e—(25+1)x) Xii=c—12 j e—(25+1)x e—3x dx = c — 12 f e—(25+4)x dx
12

—(2s+1)x ~ —(2s+4)x
e XU=c-— e
( ) —(2s+4)
6
7 (2s+1)x —3x 2
i=ce +(S+2)e )
Given that u(x, t) bounded as x = o, t — 0.
Put ¢ = 0, in equation (2)
6
Lw)=1= g
&) (s+2)

This is our required result.

“Dear, qooo Luck For Exam.”
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