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Note:

MF; Probability Mass Function
DF; Probability Density Function
CDF; Cumulative Distribution Function

MGF; Moment Generating Function
CGF; Cumulant Generating Function

Formal Definition of Independence in the case of Discrete Random Variables

Let the random variables X and Xz have the joint pmi plx,xz) and the marginal pmfs
Pl ) and palx:) respectively.

The random variables X, and X; are said to be independent if and only if
plya)=p s e xy).
Theorem:

It X and Y are random variables with joint distribution function F and marginal
distribution deiﬂﬂﬁ Fyand Fy, then X and Y are independent it and only if

Forall (x.v) E R

Filx, vi=F (05 y)
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135 Example: | ¢ @
Suppose 8% of the Lires manul¢

% defective. T, actured at a particular plamt
I‘Oledl _ ~ l“UL\[] ale [hL use of lllL Pi)lﬁb“n
app on  for (he binomial, (he probability  of

obtaining exactly one defective tire from a sample of 20
using equation (5.18) i calculated as follows:

/P(X_l)— (n(uh)[ 20)( 03)] —lnl ]__03230)
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Marginal distribution of A
. AN — "11 = : ,
fx (-‘)—J‘Zd} = [ r=2(1"x), 0<x<I

and

Marginal distribution of Y:

fr (y)=|2dx=2[x] =2(y-0)=2y, 0<y<I

0
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< inflection X < 1of5 >

The normal curve has

Points of Inflection
which are equidistant from the mean

P

Definition: By a “point of inflection’ we mean a point at
which the concavity of a curve changes,

From calculus, we know that such a point is obtained by
solving the equation

I7(x)=0

Taking the first derivative of the PDF of the normal
distribution, we have

oo d 1 ASTY_ 2 o =
! l-"]—a[d E;rrf ]_dﬁdx{ﬂ ]

< =
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['he variance of the Multinomial distribution

Var(Xf):”pf (l_p;')

The covariance of the Multinomial distribution
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The mgf of a binomial distribution is easily obtained as follows:
Y ¢ p(x T (n) . L
.”{.']—‘T-v ""J["}_.r_l.:l] 1.-.".:};: (1-p)

-3 ") (1-p)"

P={) \ -

= [{! p)+ pe' I

for all real values of 1.

- aofF \ "4

Now, the mean p and variance o’ of X may be
computed from M(r).

We know that = M'(0)

and

-

o’=M"(0)-u’

PAI
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(PMF and shape of the
distribution)

Geometric Distribution
(PMF and shape of the distribution)

Assume Bernoulli trials — that is,

(1 )there are two possible outcomes,
(2) the trials are independent, and

Z4

(3) p, the probability of success. remains the same from

trial to trial.

Geometric Distribution
(PMF and shape of the distribution)

(4) i, the number of trials is fixed in advance
and
the binomial distribution is given by

n o
P.x{-r)=[ ]p’(l—p} L x=01,2,3,...,n
X

When n=1,

there are two possible outcomes,

aad p, the probability of success, is the only parameter of
th> Bernoulli distribution given by

Py (¥) {L]f" (1-p) ", x=0.1

or

pe(x)=p'(1-p) " x=0.1
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Solution:

We know Lhal, in a sequence of independent Bernoulli(p) trials, if
the random variable X denotes the number of the irial at which the rib
success occurs, then then the probability mass function of X is:

x—1 —r
]p'(l—p} sx=r,r+1 r+2, ...

P[X:x]:[

r—1

Here, we do have a sequence of Bernoulli trials as — whenever
we will dig an exploratory oil well, either we will or will not strike
oil.

We can assume that Lhe trials are independent,
and, due to the independence ol the Irials, we can assume Lhat p, Lthe
probability of success, remains Lhe same from Irial to trial.

Il we regard Sinking oil as Success, then p=0.20 and r=2
and, as such, the PMF of the negative binomial distribution will be

given by
P[x =.t] =[I _IIJ m (]— p)” vx=rr+lr+2,.
-

putting the values

P(X =x) =[;::](n.2}1{u_s]“’ L x=2,34,..

ar F(X =J::I=[:_1][U.2)1(I}.H]’_2, x=2,34,..

or P(X =x)=(x—1){0.3) (0.8)' ", x=2,3,4,...

To find the required probability, we need to find P{X = 5).
P(X =x)=(x-1)(02) (0.8)"
= P(X =5)=(5-1)(02)" (0.8)"*
=4(0.2)"(0.8)’
=0.082
=B8.2%

< O =
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Example:

* A representative from an ice-cream producing company
randomly stops people on a randomly selected street in
the city of Lahore until he finds a person who actually
purchased and tried the latest product of this company

/' meaning a new kind of ice-cream they have just now
brought into the market.

* Let p, the probability that, for any one of the persons
stopped, he succeeds in finding such a person, who has
actually tried that product equals 0.20,

* And, let X denote the number of people he stops unlil he finds
his [irst success.

* How many people should we expect the marketing
representalive needs 1o stop before he finds one who actually
purchased and tried this ice-cream?

= And, while we're at it, what is the variance?

Solution:

‘How many people should we expect’ means ‘what is the average
number),

For the geometric random variable X, the average number is given

7 " — 1 N
=E(X)sm=r3 |
H \ -("')-.*;.'.-rp “0.20 - xJ
So here .
— 1 -

< O =
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Geometric Distribution
(PMF and shape of the distribution)

Assume Bernoulli trials — that is,

(1) there are two possible outcomes,
(2) the trials are independent, and

(3) p, the probability of success, remains the same from
trial to trial. '

Geomelric Distribution
(PMF and shape of the distribution)

(4) n, the number of trials is fixed in advance
and

the binomial distribution is given by

When n=1,
there are two possible outcomes,

and p, the probability of success, is the only parameter of
the Bernoulli distribution given by

Px(x)= (L] p (1-p) ", x=0,

py(x)=p (1- p)l_I ,x=0,1

PAID LI\IIO MANULING, AOOIUNIVIEN 1O, \WUIL4LCO, UUDO HVHILHDLEM’I" +9231629‘
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Therefore

X

Zp(x o ——e_’le;‘—e_“’l—eo—l
w=a X!

That is , p(x) satisfies the conditions of being a pmf of a
discrete type of random variable.

A random variable that has a pmf of the form p(x) given by
eq.(1) 1s said to have a Poisson distribution with
parameter 4

and any such p(x) is called a Poisson pmf with parameter
m.

An interesting property:

It is easy to prove that the mean and variance of the
Poisson distribution given by (1) are both equal to 4. g
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Hypergeometric Distribution

The following conditions characterize the hypergeometric
distribution:

L. The result of each draw (the elements of the population
being sampled) can be classified into one of wo
mutually exclusive categories

(e.g. Pass/Fail or Employed/Unemployed).

2. The successive draws are not independent of each other.

3. The number of draws is fixed in advance,

4. The probability of a success changes on each draw, as

each draw decreases the population (sampling without
replacement from a finite population).
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Topic No. 139

Derivation of
the Mean and Variance of
the Hypergeometric Distribution

Two important properties of the hypergeometric
probability distribution are given here.

The mean & variance of the Hypergeometric distribution
are as follows: .. _ E(X)= nE
N
&

Variance=n£(N—h) Y
N N N -1

Or --- in other words --- the mean and variance of the
hypergeometric probability distribution are

2 (N—n)
p=npand o~ =npq N i

PAID LI\IIO MANULING, AOOIUNIVIEN 1O, \WUIZLCO, UUDO AVAILADLLE VVITIATOAIMTT "'92316291
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A0PIC INO. 120

Derivation of the

MGF

of a
Binomial distribution

The mgf of a binomial distribution is easily obtained as follows:

M ()= Ze"p(x)= 3 m b (1= p)™

r=l)

-5 (")ery 0
[(t-p)+peT

for all real values of 1.

Now, the mean u and variance ¢® of X may be
computed from M(1).

We know that ¢ = M'(0)

and

o’ =M"(0)-u’
s

PAIU LIVIO TMANULING, AODOIUONIVIEN 1O, \WUIZLCO, UUDO AVAILADLLE VVITIATOAIMT "'27431629'
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Mean and Variance of the
Negative Binomial Distribution

The mean of the distribution is given by

E(X)=r(};p)

and the Variance is
r( 1-p

Var(X)= = )

MGF of the
Negative Binomial Distribution

The moment generating function of the distribution is given by

M(t):[ll__p‘r;] for t<—logp

This can be used to find the mean, variance and higher moments

Ur lhE: dirln_by_tlﬂnl_’ C e — ——— :‘_‘_'_'_:-: —
g
x*"ﬁ
[ % r{
b . § Special Case of the Negative Binomial Distribution: o
Geometric Distribution
f

In a sequence of independent Bernoulli(p) trials, |
let the random variable X denote the number of the trial f’
at which the I** success occurs. J

PAID LIVIO MANDULING, ADOIUNIVIEIN 1 O, \WUILLLCO, UUDO AVAILADLLEC VVIIAITOAIMT "'27231629‘
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Topic No. 128

Negative Binomial Distribution
(PMF, Shape of the distribution,

Mean and Variance)

Consider Bernoulli trials — that is,

(1)there are two possible outcomes,

(2) the trials are independent,
and

(3) p, the probability of success, remains the same from
trial to trial.

In a sequence of such trials, let the random variable X denote the

number of the trial at which the r'" success occurs, where ris a fixed
integer.

Then the probability mass function of X is:
x-1

P(X :_\') =[r_Jp'(l—p)"-' yX=ror+l, r+2,..,

and we say that X has a negative binomial(r, p) distribution.

PR'D CIVIS | TANDLIING, ASOIUNIVIEN 1 O, WUILLCD, UUDO AVAILADLLE VVMA I OAFFE TYZL

nnnnnnnnnnnnnnnnnnnnn

629



H'F lff—r X cleug’e ’H»\e wo. of heads —
| {_ we '{'QSS a ‘{:a!“a' Corvu oncgﬂ. _j'
:?U = 1’10* Lleqc,i -
»’L“ 7‘L 9 z_,/ K,H/ L})/-}}/’/ﬁ'u?
ar &,(Pr‘“ ch(])SLd/jHTr /J”L
=7 2 y
| 2 Wil lﬂPﬂnLLH
Jpis hall 3 Probar £ 7 w;’ |
fJﬂLﬁLffs*d/p’fi’d:’ /9|
Kkt heu T;Al 0CCVY
X:_O s
wheu Head occux n
o |
Comple space = £ ‘1]
P . eve»ff | \l‘l
iaM,FIC s.rac.e . 1 H
B i————E .
“ F’l o ..l-

0 |

/—/

PAID LI\/IO ANDULIN'G, ACOITONIVICIN 1 O, WUIZLLLCO, OUUDO AVAILADLLE VVIIAITOAIMF +9231629‘




Geometric Distribution
(PMF and shape of the distribution)

(4) n, the number of trials is fixed in advance
and
the binomial distribution is given by

px(x)= [:j p(1- p)"-l s X=012.3..0

When n=1,
there are two possible outcomes,

and p, the probability of success, is the only parameter of
the Bernoulli distribution given by

pe ()= L))" x=0

or

pe ()=p (1-p) ", x=0.1 e

If we let X denote the number of trials until the first

- oM\

cnm=
Then, the probability mass functio

Py (x)=(1 —P)H piix=12,3,.,

VAAS N

Example: 1075 o f 1739
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Poisson Distribution
(PMF and shape of the distribution)

Consider the function p(x) defined by

t'-.!j.,l.'
x=0012,.. 4A>0
p(x)={"xt * & )
0 elsewhere,
where m > 0.
Since A> 0,
therefore p(x) = 0
and
= Aje—i i = x
xX]= =g —
=2 =L

Recall that the series

2 3 - ¥

nt IH m
I+H‘+_+_+"'= E e,
2! 3 o X!

converges, for all values of m, lo ™.

Therefore
o X
Y. p(x)=e?)y = = =£"=1
x!
x x=0 -+~

That ic  nf v\ eaticfise tha randitinne nf heine a nmf nf a
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Scanne d with CamScanner



Binomial Theorem

1004

n 3 n X _n-x
(g+p)' =D |P'q
x=0 X

nnnnnnnnnnnnnnnnnnn
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game consists of tossing a fair coin until we

ead.

head is ‘success’,
p=P(H)=0.5

.

In this case, he negative binuM is given

by
P(X ;ﬂ:@j)(usf (1-0.5)7, x=3,3+L342,..

or

P(X =x)= (;_IJ(U.S)’ L x=3,4,5,..

Calculation of Probabilities

X Pfx)
s .FL.T-!!-[:bD.!i'-l}_l.Eﬂ
4 i ]'l "

PlLX "]‘111["" -0 1578
3 P;I:!j:[;}iﬂ’:ﬂll‘.’!
B PlX=6 ;=[‘;]||{u_¢_:' =0.15&2
% P(X )] :]msf.um:
s Pi v-nn[T"mn'-num

: 2!
» me;.-.[Z].u.‘-nmn
10 rt.r.m;-[ﬁmp“.mn
Andsoon. I

PAID LMO MANULING, AOOIUNIVIEN 1O, \WUIZLLCO, UUDO AVAILADLLE VVIIAI OI‘\I"IJ +9231629‘
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Example:

Suppose that a game consists of tossing a fair coin until we
obtain the 3% head.

Then

head is ‘success’,
p=P(H)=0.5

&

=3

In this case, the negative binomial distribution is given
by

P(X =x)=[;:ll](u.5)3(1—0.5)"3, x=3,3+13+2,..
or

P(X =x)= (;"lj(n.s]‘ L x=3,4,5,..

Calculation of Probabilities

x Fix)

4 p[:-!p-{:Jw.n'-o.lm

¢ r:a‘-n-mmu'-nuva

3 !t.rna-[;][un'.uum
] P{.r.ﬁ;.l;]|a!_|'.n.|ssz

’ r:.l.'-7|-{:|msJ'-a||*:
L] r,;x.u;.[ﬂmsp‘.oum
] p.x.n.[}i;nu’.nnm
12 Pt.t:lu]:[:imn"=num

Andspon.

Shape of the distribution

< O =
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Shape of the distribution

In general,
Shape of the Negative Binomial distribution

— n=20 p=0.5

I — n=20 p=0.25
— n=20 p=0.75

0.1 <

Frobability

0.05 4

J\ il -

100

)
Random Variable

It is obvious that the negative binomial distribution is
moderately positively skewed and that, as p tends to zero,
the shape of the distribution tends to normality.

PAID LIVIO MANULING, AOOIUNIVIEN 1O, \WUIZLCO, UUDO AVAILADLLE VVIIATOAIMT "'9231629‘
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representalive needs to stop before he finds one who actually
purchased and tried this ice-cream?

* And, while we're at it, what is the variance?

Solution:

*How many people should we expect' means ‘what is the average
number).

For the geometric random variable X, the average number is given
by: 11

P e — =8 73
a=BlX]=— = /

So here

u=E(X)=r=5 /

That is, we should expect the marketing representative
to have to stop 5 people before he finds one who
actually purchased and tried that particular ice-cream.

If this particular experiment of stopping people is
repeated again and again, then on the average we can
expect he would have to stop 5 people and the fifth one
will be the one who had tried it.

For the geometric random variable X, the average

number is given by: /
1—p 2

2 =Vur(X)=—-
o =Var(X) =

so here T “f

1-p _1-020 _080_,, e

RN (X )= S S e

< O =
PAID LMS HANL)LII‘JU, AOSOITONIVICN 1O, \WUILLLCO, UUDO AVAILADLLE VVI_II'\TSAPP +92316291

Scanned with CamScanner



Example:

The names of 5 men and 5 women are written on slips of
paper and placed in a hat. Four names are drawn.

What is the probability that 2 are men and 2 are women?

Let X denote the number of men.

T.en,

N=5+5=10 names to be drawn from;
K=5 & n=4,
and here the possible values of x are 0,1,2,3.4, i.c. i)

Hence the hypergeometric distribution is

L)
Ir(.nID.‘l.S):%
5]
and the required probability, i.e. P(X =2) is
ls) GG
_ _A24-2) \2)\2)] 10
n(2:10,4,5)= T TR T
W
Shape of the Distribution

hitps:/ weww.poogle com.ph/search Pgshypegrometric sdiiribution ez e | CICHAD _enPRTESPETESAsources inmsBthmasi:
& 950uNTeANWEDCARMEIhDOKO_AUN Digh&biws 1 ZBOA bily=65 T8imgre=6mdipMi-oHbjM:

- Hypergeametric Distribution POF

[ #11 | '
" I [ ‘ — MaS00,kn 50, nx3d
| 2 = M=t ke 100 D

< O =
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Geometric Distribution
(PMF and shape of the distribution)

(4) n, the number of trials is lxed in advance
and

the binomial distribution is given by

Px (x)=[:] p(1-p)~, x=0,1,2,3,....n

When n=1,
there are two possible outcomes,

and p, the probability of success, is the only parameter of
the Bernoulli distribution given by

Px (X)Z[LJP'(I—IJ)'_’ ,x=0,1

or

Py (x)=p (1-p) ", x=0,1

If we let X denole the number of trials until the first
success. E—
=

Then, the probability mass function of X is:

pe(x)=(1-p)" p, x=1,2,3,...

AN

Example: 1075011739
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Example:

Suppose that a game consists of tossing a fair coin until we
obtain the first head.

Then p=P(H)=0.5

And, in this case, the geometric distribution is given by

py (x)=(1-05)"(0.5)=(0.5)", x=1,2,3,...

or

Px (x)=2—l., x=1,2,3,...

Representation in tabular form:

1/2'=1/2=0.5
1/22=1/4=0.25
1/23=1/8=0.125
1/24=1/16=0.0625
1/2°=1/32=0.03125
1/26=1/64=0.015625

h b B W N =
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Hypergeometric Distribution

The following conditions characterize the hypergeometric
distribution:

I. The result of each draw (the elements of the population

being sampled) can be classified into one of two
mutually exclusive categories

(e.g. Pass/Fail or Employed/Unemployed).

2. The successive draws are not independent of each other.

3. The number of draws is fixed in advance.

4. The probability of a success changes on each draw, as
each draw decreases the population (sampling without
replacement from a finite population).
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Proof:
By definition

Var(X )= E(X*)-[E(X)] . where

E(X =)=£[x(X—1}+x]=E(x]++:[x(x-|)]

=

§ = +Z.r(.r ~1)e,

E(x’]

_ZJ +E v(x=1)e™”.

=u+e Zt{t 1). 4—‘:“ =2
sl ZI = J"" we i{_:‘_._-,)!

xstartsat 2, as lhc first two terms in
the summation are zero.

Let y=x-2, then
E(X*)=p+pier Y= (y=002.)
o ¥!

whenx— 2,y — {),]

= pu+ e e’ = u+ i’
# andx - @, y —> @,

Hence Var(X)=ﬂ+y=-p1=y

Virtual University of Pakistan
Probability Distributions

by

Dr. Salcha Naghmi Habibullnh l

< O =
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https://newonlinecourses.science.psu.edu/stat4 14/node/80/

Example

An oil company conducts a geological study that indicates that an
exploratory oil well should have a 20% chance of striking oil.

The company is wanting success twice i.e. two oil wells from

where they will be able to pull out oil --- and is willing to try upto
five times.

What is the probability that the second success comes on the fifth
well drilled?
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1. It appears as [ne umiung IOrm OI Ine Dinomial
distribution under certain conditions.

2. When we apply the Poisson distribution is that real-life
situation where we are dealing with Poisson process

Poisson Process

* Whenever a particular event of interest occur randomly
over a time-scale, we say that we are dealing with a
Poisson process.

For example, for the Virtual University of Pakistan there is central
telephone exchange, and we don’t know that when the telephone
operator will receive the next call, we from the past experience
know that on the average 3 calls are received per minute.

But we do not know that in any one particular span of 1 min
exactly how many calls were received? So on

Other than this information, the timings of incoming calls seem to
be totally random. Thus, we conclude that the Poisson process
might be a good model for the incoming calls at this telephone

exchange.
PAIU LIVIO TMANULING, AODOIUONIVIEN 1O, \WUIZLCO, UUDO AVAILADLLE VVITIATOAIMT "'UL31629‘
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The Poisson Process
The Poisson process is one of the most widely-used
counting processes.

It is usually used in scenarios where we are counting the
occurrences of certain events that appear to happen at a
certain rate, but completely at random (i.e. the events that
are happening without any particular structure).

Examples:
When events occur randomly over a time scale:

* From historical data, we know that earthquakes occur in a certain area
with a rate of 22 per month.

(Other than this information, the timings of earthquakes seem to be
completely random.)

* From the record of the past six months, we know that, on a particular
web server, requests for individual documents occur at the rate of 3 per
hour;

(Other than this information, the timings of the requests seem to be
totally random.)

A process in which events occur randomly either over a time|
scale or over a distance scale.

In other words,

a process in which events occur randomly in a specified
duration of time or in a specified portion of
one-dimensional, two-dimensional or three-dimensional
space.
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The Poisson Process
The Poisson process is one of the most widely-used
counting processes.

It is usnally used in scenarios where we are counting the
occurrences of certain evenis that appear to happen at a

certain rale, but completely at random (i.e. the events that
are happening without any particular structure).

S

Examples:
When events occur randomly over a time scale:
*  From historical data, we know that earthquakes occur in o certain area
with a rate ol 22 per month.

(Cher than this information, the limings of earthquakes seem 1o be
completely random.)

= From the record of the past six months, we know that, en a particular
weh server, requests for individual documents occur at the rate of 3 per
hour;
(Other than this information, the timings of the requesls scem 1o be
totally random.)

A process in which events oceur randomly either over a time
scale or over a distance scale.

In other words,

a process in which events occur randomly in a specified
duration of ftime or in a specified portion of
one-dimensional, two-dimensional or three-dimensional
space,
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When do we apply this formula?

Poisson distribution arrives in two situations:

1. It appears as the limiting form of the binomial
distribution under certain conditions.

2. When we apply the Poisson distribution is that real-life
situation where we are dealing with Poisson process
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Mode:

o Ifa> land > 1, the peak of the density is in the
mtéfm of [0,1] and mode of the Bela dmmbutlo

mode = o—1/a+p —2

If o or B < 1, the mode may be at an edge.
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Now, we are required to find the smallest value of n that
yields P(¥Y=1) > 0.80.

For this, we proceed as follows:

The condition can be written as 1-(2/3)" >0.80 implying that
0.20 >(2/3)".

Taking log of both sides, we have
In(0.20) >n In(2/3)
implying that
-1.6094 > n(-0.4055)

or -1.6094 > -0.4055n

or 1.6094 < 0.4055n

or n > 1.6094/0.4055 i.c.n>3.97.

Thus, we see that 1 = 4 is the solution. ‘ 1021
Interpretation:

The probability is greater than 0.80 i.e. 80% that at least
one success will be obtained in n = 4 independent
repetitions of a random experiment for which the probability
of success p is equal to 1/3.
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Topic No. 127

The sum ol m
independent
Binomial random variables
with same value of p
is also Binomial

Thexrrm:

Let X,. X,...... X,, be independent random vanables
such that X; has binomial b(n,. p) distnibution, for
i=12,....m.

Let, Y= ZL X-‘

Then Y has a binomial & Z:IH,P distribution,

Proof:

In general, the mgf of a binomial random variable X is

M, (f)=(i—p+pc")",

So, in case of in binomial random vanables X, 1=12,....m,

with p, = p, = p,.......p_ = p (i.c. a constant)
the mgf of X, is M, (1)=(1-p+pe')”
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By independence it follows that

m - -

M, (1)= H(l— p+ pe’)n' = (] - p+pe' )z"‘nj = (q+ pe' )Z"'"'.

Hence, Y= X, has a binomial b(z:iln,-.p)
distribution.

Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah
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Example

The probability that a planted radish seed germinates is
0.80. A gardener plants nine seeds.

Let X denote the number of radish seeds that successfully
shinate.

v

) What 1s the average number of seeds the gardener
could expect to germinate?

(i1) What is the standard deviation of X?

o

Ja11) What is the probability that, out of the nine seeds, at
least 8 will germinate ?

PAID LMS HANDLING, ASSIGNMENTS, QUIZZES, GDBS AVAILABLE WHATSAPP +923162965677
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Derivation of the \\’ \
MGF

of a
00:29

Binomial dispfibytion
The mgf of a binomial distribufOn 1s easily obtained as follow
M (t) i ZE"F(-") e Z‘E“ r} FT (| _ F]n-.
1 =0 .-
S 1Yy i it
=2\ |(er) (1-p)

yuil *"‘j

= [{I -p)+ pr']"

16

,r”

for all real values of ¢,
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Topic No. 150

Continuous Uniform Distribution
(Rectangular Distribution)
(PDF, CDF and Shape of the distribution)

Probability Distribution Function

The probability density function of the continuous uniform
distribution is:

|
—— fora<x<b,
7(x)={b-a
0 for x<aor x>b
Uniform
Prnb;biﬁy d_éns_il}; function
f(x M
1 - -
b-a
0 a b X
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the Mean and Variance of
the Continuous Uniform distribution

M

Expectation and Variance

If X~ Ula , b), then:

E(x):(a;b)
Vu:(X):(b;;)-

Proof of Expectation:

The probability density function of the continuous uniform
distribution is given by

1
_,f{.r] z{m foragx<h,
0

for x<aor x>b

Therelore

E(X)= T xf (xX)dx = j..r(bia]d.-:= ﬁji.rcbc

1 [f]’_ b—a* (b-a)(b+a)

b—a|l 2| 2(b-a) 2(b-a)

b+a a+b

2 2

< O =
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CDF of the Exponential Distribution with mean=0.5, 1, 1.5

1.0
“(x)=1-€", O<x<wo

0.8
—- F(x)=1-e%, 0O<x<w %06

N
—F(x)=1-¢", 0O<x<m &g,
-F(.r)=l—-e-ﬁ. O<x<wo 0.2

Important Note:

* If we are dealing with Poisson process in which events
are occurring randomly over a time scale then the
waiting time between successive events is distributed
according to the exponential distribution.
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Derivation of

the Mean of
the Exponential Distribution

A very interesting property:
- The hazard rate of this distribution is constant.

- The mean and standard deviation of the exponential
distribution are equal.

1. Derivation of the mean:
The pdf of the Exponential distribution is given by
I (x)=2e 0 x20,40.

== S
1 LIinws wa sk oy

o

E(X)= Jr,tf('x)ax =j-x./1.e “ax

—n ()
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Hence, we have

Hence,
/Va_r(X)=E(X1)—|:E(X)]E

_3_(%’_2_1_2—1_1
FE A = A 32 A2

implying that

1
SD(X)=0c=—.
(X) 7

e =3

Hence we have the interesting property that the mean and
standard deviation of the exponential distribution are f
cqual.

This, in turn, means that the CoefTicient of Variation of
the Exponential distribution is always equal to 1.

Explanation:
The coeflicient of variation is defined as CV = E.

PAID LMS hl‘\l\lL}Lll\lU, AOSOITONIVIECN 1O, \WUILLCO, UUDO AVAILADLLE VVIIAI OI‘\PP +9231629‘
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Hence we have the interesting property that the mean and
standard deviation of the exponential distribution are

equal.

This, in turn, means that the Coefficient of Variation of
the Exponential distribution is always equal to 1.

F.xplanation:

] - . O
The coefficient of variation is defined as CV =—.
Y7,
Hence, for the exponential distribution given by
f(x)=Ae ™, 0<x<®
the coefficient of variation is

cy 0 _VA_24_
u 1/1 4
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Example:

The duration of long-distance telephone calls is lound to
be exponentially distributed with a mean of 3 minutes.
What is the probability that a call will last =

(i) more than 3 minutes, (i) more than 5 minutes?

&

- J
= - A
& - |
— = 1
| ¢ -

L

Let X be the exponential r.v. with parameter 6.

| 1
Then the mean, i.e. E=3- so that ﬂ=§,

and the pdf can be written as

Now (i) the probability that a call will last more than 3
minutes, is given by

P(X >3)= TG]"%‘“ =[-€ﬂf =™ =0.3679.

& »

A

(

-

i

And (ii) the probability that a call will last more than 5
minutes, is given by

5

P(X >5)= T(%Je_‘sﬁdr=[—e_}éi|z =e 7 =0.1827.
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We know that the probability density function (pdf) of an
exponential distribution is

Ade™  xz0, A>0
D x<i.

(s2)-]

where A is the only parameter of the distribution.

So to find the MGFE, we proceed as follows:

: o

M, ()= E[e" ]=[e"2e dr = A.Te'“"*‘dr
0

i]

3 oA “_A e ™
“-a-n ], A=t |

Now,ift<AthenA-t>0
and we have

—{d-1)=m =(d=r)0n —n 1]
—€ - =& —£
My(r)=4 - =A -
o) { A=t A=t ] L—r .l—r]

Hence, the MGF of the Exponential Distribution is given
by

M, (1) =Ai for t<A.

< =
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Formal definition:
Gamma distribution
1 a=1_=x/f
——e O<x<m,a> 0, >0
f(x)=1T(a)A
0 elsewhere

is said to be the pdf of a gamma distribution with shape
parameter o and scale parameter [J and we write this as X has
a I'(a, p) distribution.

Shape of the distribution

* From the graph it is Probability density function
obvious that, for any o e ey
fixed value of the 5 p——p—— -
scale parameter [3, as 04 k=30.8220
a increases, the k=50.6=10
— k=9.0,6=05
shape of the 03 g —— k=75.8=10
distribution tends to k=05.8=10
normality. Lo
0.1 |- I \
0 f J_d\- Tl | |
0o 2 4 &6 8§58 10 12 K4 16 18 20
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First we introduce the gamma (I') function:

In calculus, the integral
oD
[y eay
0

exists for a > 0 and that the value of the integral is a positive
number.

The integral is called the gamma function, and we write

I (a) = _[ y* e dy
0

N\
O
1l
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CDF of the Gamma Distribution

The CDF of the distribution is given by

F(x)= r(la)"[""%] @>0,/4>0

0 elsewhere

where this y[af,iJ is the incomplete gamma function.

Incomplete gamma function

In mathematics, the upper and lower incomplete

gamma functions are types of special functions which
arise as solutions to various mathematical problems such

as certain integrals.

The upper incomplete gamma function is defined as:
[(a,y)= II""E"dl.
whereas the lower incnmplel{: gamma function is defined as:

7(e.y)= If”"e"'tﬁ.
0

It is inferesting to note that 7 (@, ¥)+ r(ﬂr }') = r(ﬂ')-

< =
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The upper incomplete gamma function is defined as:
I'(a,y)= Ir“"e"dt,
whereas the lower incomplet"é gamma function is defined as:

y(a,y)= Ir“"e"dt.
0

It is interesting to note that 7(‘9—': 3’)+r(a: )’) =r(0-’)-

Shape Of the CDF: Curm:lalive distribution function

We can see that for 09 | y .
smaller values of the 2‘3 . i
shape parameter a, i.e. a -

=0.5 and 1.0, the shape 05 .
of the CDF appears to et
be parabolic whereas, 3; | ol —
for larger values of a i.e. o1 1.5.0=10 —
a =2.0, 3.0,5.0 etc , the 0L APV VLI IR P PO
CDFis S-dliaped, 0 2 4 6 8 10 12 14 16 18 20

Scanned with CamScanner
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ﬁence

x® —\.Iﬁ ” __”. 20 xue_xm
£ “J(ﬂ S A e
—ar,BJ-f(A a+1,B)x=ap(l)=af

/The total area under the curve of a probability density function
is always equal to 1.

-1
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are defective. To illustrate the use of the Poisson
approximation for the binomial, the probability of
obtaining exactly one defective tire from a sample of 20
using equation (5.18) is calculated as follows:

p(x oy O] _ ]

=0.3230
1!

Had the true distribution, the binomial, been used instead
of the approximation,

P(X =1)= [210](.08)’ (.92)” =0.3282

To illustrate the use of the Poisson approximation for the
binomial, the probability of obtaining exactly one

defective tire from a sample of 20 using the formula is
calculated as follows:

P(X . 1) s o (20)(08) [(12!0)(.08)]1 ) e_"ﬁl[!]'ﬁ]l

=0.3230
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Cumulative Distribution Fu‘@ff

The Cumulative Distribution function of the continuous
uniform distribution is:

0 for x<a
F(x)= .;'-a for a<x<b,
-
1 for x>b

h_’—__@

Derivation of the expression for the interval a< x<b:

1 1 X

F — » — — — l q
(x) !f(t)dx ab—adx b—a'!dl
1 - 1 xX—a
_b—a[“]ﬂ_b—a[‘r—“]_b—a
Cumulative distribution function
1_
F(x)
|
0 a b X
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Why i1s it a straight line between a and b ?

F(x)=(bia)x+(—bfa]

which is of the form y = mx +c.
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Proof of Variance:

ar(X)=E(X*)-[E(X ].

By definition

Now,

2 . . 1 1 X’ ’
E(X") = I.t“ (b—a}dx: b—a [?j|

b -a ('EF'—"-'T)(“2 "‘ab"'bz) _a*+ab+b’
" 3(b—a) 3(b-a) -3

Therefore,
Var(X):a2+ab+b2—[a+bT
3 2
a’*+ab+b> a*+2ab+b* 4a’ +4ab+4b* -3a* —6ab-3b*
R 12
_a’-2ab+b’ _ (b—ﬂ)2
12 12

Virtual Universitv of Pakistan —_
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\ ‘{n 5\ G{ X< ') 0 =
1)=\53 .0 > pueY
_ é . ) Q<X <0 2 > Sk\bhle v
- (” f(x)—-e '{‘f‘,") 0 <X <®
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The Probability density function (pdf) of an exponential
distribution is

f{r--l}={

Ae™™  x20, A>0
0 x<0.

So it is obvious that is a single-parameter distribution.

Let ﬂ:l
A
then.
mean =
and
1
f(x0)= Ee' x£z0, >0
0 x<0.

So it is obvious that is a single-parameter distribution.

First and foremost, lel us consider
the shape of the distribution:

PDF of the Exponential Distribution
withmean=0=05,1, 1.5

f[.ﬂ:[L)ﬁﬁ'l, 0<x<w

[_ﬁ -2 orange
. flx)=e ] i _(ULT I<m > purple
" S(x) =[|—q]r WL D<x<w - skyblue

< =
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Next: CDF

The Cumulative distribution function (cdf) of an
exponential distribution is

xz0 A=0

|—£_'h
thﬂ:{u r<0

The Cumulative distribution function (cdf) of an
exponential distribution in terms of @

F[.r;fi]= [—e® x20,0>0
x<0,

Proof:

F(x)= j £ (x)d = [ 2e e == (~2)e e
=[e* ] =-[e"-e"]=-[e 1]

F(x)=1-¢*, x20

Now, let us consider the shape of the CDF:

< O =
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Topic No. 157

MGYF of
the Exponential Distribution
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The integral is called the gamma function, and we write

I'(a) =J‘y“"le'*"dy
0

Properties of the Gamma Function
* If a =1, clearly (easy to verify through

iﬂlEgrﬂtinﬂ) I“(l) — I E“-“'dy =1

0
* If @ > 1, an integration by parts show that

r(a)=(a—l)I}-ﬂ*fe"-"dy=(a—1)r(a-1).

* Accordingly, if a is a positive integer greater than 1,
I () =(@-1)(a-2)- (RO () =(a-1):
» Since I'(1) =1, this suggests we take 0! =1.

* It is important to note that the value of a gamma function
is always positive.

1629
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The mean of this distribution is 16.

&
The variance of this distribution is 16.
Therefore,
The coefTicient of variation of this distribution is
cov = — % 100% = Y2  100% = — x 100%
T A Ji6

1
=—x100% = 25%
4

It appears that, as 4 increases, the coefficient of
variation of the Poisson distribution decreases.

Stated a little more rigorously:

For a Poisson distribution with parameter 4 , asA tends
1o infinity, the coefficient of variation of the Poisson
distribution also tends to 0,

Virtual University of Pakistan
Probability Distribution:
by

Dr. Saleha Naghmi 1 [abil illab

Topic No. 145

Thneiermitne
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If it is known that, on the average, two minor accidents
oceur at a busy crossing --- per day, what is the
probability that, at the most two minor accidents will
occur during an entire week ?
Solution:
This is a Poisson process with Occurrence Rate = =2 pecday.
Also, one week = 7 days implies t=7
Hence
Soet: dp=2x7=14
e (Ar)" e (14)
P(x =I]= .TI = ] .l’=r.|.].2.+.. (]]
0 elsewlere,

Now, we require X<2.

S0 p(X<2)=P(X=0 orX =1 or X =2)

HaY e H(14) e (14Y

_le (14) Pl (14) ¢ (14)
0! I 21
=M 414" +98¢7 =113

=113/1202592.9591 = 000009396

We can say that the probability that at the most 2
accidents will occur at this particular crossing in a week
this probability is almost 0, which is “Next to
Impossible!™

< =
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the shape of the distribution:

PDF of the Exponential Distribution
withmean=6=0.5, 1, 1.5

f(x)=[LJe{’=f_ﬁ), T

: 0.5 -> orange
. f (r) = e_(‘), O<x<w 3 purple
* flx)= [-11—5] E{G). O<x<ew —> skyblue
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Derivation of
Poisson Approximation to the Binomial distribution

To derive an approximation formula to the binomial distribution

b(x ; n ,p) when n 20, p=20, and the product np remains constant
we proceed :
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an Example o

the Poisson Approximation to
the Binomial distribution

* To derive an approximation formula to the binomial
distribution b(x;n, p) where n 2w , p =2 0, and the
product np remains constant, we proceed:

Example:

Suppose 8% of the tires manufactured at a particular plant
are defective. To illustrate the use of the Poisson
approximation for the binomial, the probability of
obtaining exactly one defective tire from a sample of 20
using equation (5.18) is calculated as follows:

P(J{ _ I} r ﬁmmﬂl[(ﬁo}('ns)]‘ _ L [Il_ﬁ]'

=(.3230

Had the true distribution, the binomial, been used instead
of the approximation,

20
1

P(X=I)E(

J(.us)' (92)" =0.3282

< O =
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P(X < 9.45}%{_;,-..-;_‘_ s

= %[(—1#‘“"(9.415}-4;-”“}4-2:*’ L0407 }]

= %[(u.m?m-n.mssri 1)~(-0—4¢)]

:}[(-u.zuzsu) -(-4)] =Il[(-n.znz3t1}+ (4)]==

In other words, the probability that X < 9.46 is 94.94%
almost 95 %.

Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Hahibullah

Topic No. 161

MGF of Gamma Distribution

< O =
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The graph points to the following two basic properties of
the normal distribution:

1. The normal curve is __ Prababilty denshy function ]
1] ! T ™
ﬂs}rmlltﬂllt to the x- g, o=pg—
. (1] FEb, w0, —
axls‘ el gwin—"
[ Beod @0 —

-4 =i =1 -1 wl

¥ i ] ] IR ]
L3
The red curva is Me E28maars nommel gutrbution

f“ﬂ—e-'__—;,.-'-':'—"""— e

2. The maximum ordinate Probabilily denghy function T
(i.e. the l:ll[lt!l]l Drdﬂmie) y bt e —
of the normal dlﬁtnhuhnn i bz, 7m0s—
al.r-y is equa] tn = 5
1/(m!2n) “
| ‘“l"] ]
21. o

4 4 I <1 ¢« [ F T T ¥

for —m<x<om,

(-")—J—-

The red curce m the SanonT normal Gt uton

| E—

Cumulative Distribution Function

The formula for the cuomulative distribution Tanction of the normal
disinbulion is

where F(.r)=l[l+ rr[m/_)] for —o < x <o,

erf{z) is the “error function™
defined by

e dt.

rf(z)E%J"

The shape of the cumulative distribution function of the normal
distribution is S-shnped:

Cumulative distribution function
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1 Y P 2 vy 2 X — 2
fn(x) = 3 e (x—u) 120 1—6 (x—u) 20 ( fl)
o227 o

Substituting x =  in f"(x), we see that f"(x) <0.

Thus,
x = pu 1s the mode of the normal distribution.

Hence the median and mode are both equal to .
Since,
mean = median = mode,

the normal distribution is symmetrical and unimodal.
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* The probability mass function of this multinomial
distribution is:

f'(xl’...,‘;x"k;ngl pl’...’pk)

-

n! k ~
— |pir‘ X p;‘,TZ L pf‘ , when Zf_le. =n /'/
- TR ] = _/
=< X I ! 4
0 otherwise. V4
[ &Y //’I
for non-negative integers xi, ..., X;. A § Yy,

This is the multinomial pmf of k-1 random variables
X, X5,..., X, of the discrete type.

Properties:

The mean of the Multinomial distribution
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Topic No. 165 0, //

Normal Distribution
(PDF, CDF and Shape of the distribution)

Definition:
A random variable X is said to have a normal distribution if its
pdf is
L)
f(x)= e’ for —oo < x<o0.
2ro

* u is the mean or expectation of the distribution (and also
its median and mode),
* @ >0 is the standard deviation, and /’/,

= o is the variance. P 4
L
\ V4

Shape of the distribution:

E’rnbihﬁ; d-l;ﬂ'\_l funclion

Esl, 0" =
Hed, @0,
FrD, 00—
Fa-l 0n gy, —

The red curve is ha standand normal distrbution

The graph points to the following two hasic properties of

the normal distribution: ssee—
| ——
1. Thﬁ nnrmal curve iS | Probability density function s i
P asy.mptotlc to the x- o : EEE
;a '.'| E.I.XIS, e -], J.gg:-....
A S |
v éu
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Properties:
The mean of the Multinomial distribution

E (X ; ) =np,
The variance of the Multinomial distribution

Var(X,.) =np, (1— pl.)

The covariance of the Multinomial distribution

cov(X,.,Xj)=—”Pijs [# ]

Note:
The binomial distribution is a special case of the
multinomial distribution.
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Geometric Distribution
(PMT and shape of the distribution)

(4) n, the number of trials is Mxed in advance
andl
the binomial distribution is given by

Py (%) :[:) p(1-p)", x=0,1,2.3,....n

When n=1,
there are two passible outcomes,

and p, the probahility of success, is the only parameter of
the Bernoulli distribution given hy

Py (X) E(.I-:]P‘ (1-p)", x=0,1

pe(X)=p (1-p) " . x=0

If we let X denote the number of trials until the first
SUCCess.

Then, the probability mass function of X is:

Py (x)=(1-p)" p. x=12.3,..

Example:

Suppose that a game consists of tessing a fair coin until we
oblain the [irst head.

Then p=P(H)=0.5

And, in this case, the geometric distribution is given by

< O =
PAID LMS HANDLII\]U, AOOITNIVIEIN | O, WUILLCO, UUDO AVAILADLLE V\/HATSAPP +9231629‘

Scanned with CamScanner



By the term ‘contour’, we mean the set of points
on the XX, floor corresponding to which the

ordinates are of equal height.

M

Explanation: Consider the bivariate normal distribution for
whichp=0and g, =0, =0.

In this case the contours of the distribution will be
concentric circles because,
against each of these circles

(on the X, X, floor), @
the ordinates are of

equal height.

*The ordinates against the outer circle are very short;

*The ordinates against the Second circle (inner circle) are
a little taller than the ones against the outer circle;

*The ordinates against the Third (inner) circle are
taller than the ones against the Second circle;

*The ordinates against the Fourth (inner) circle are taller than the
ones against the Third circle;

And so on.

The circular contour corresponding to a lower height is
wider than the one corresponding to a greater height.

FETEEY
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PDF of the bivariate normal distribution for the case p = 0.

1 J‘z(l-'pz jafipfamfan ey ﬂ
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In the special case a = b, equation (1) reduces to

2 2
(11—26'1) +(x2—26'2) :13( _CI) ( _C?) =
a a

and we already know that

(% —cl)2 +(x, —45':2)2 =a’

"

is the equation of that particular circle with center at the point
(¢;,¢,) and with radius a.

==

Hence, if we put o, = 0, = 0 In equation (2), we obtain

(% -4 )2 (x, -.Uz)2 —1
kot ko?
= (x—p) +(x-4,) =ko” -(3)

S

which is the equation of a circle

with center at (4,, &,) and with radius = ko.

—
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Yy

is a particular value of X, i.e. it is a constant.

Because of the above, we can see that:

As far as the mean of the random variable Y corresponding
to any particular value of X is concerned,

i, =p +(x—pu,) —|p

brapdd wars rpasa rchgate e figure S age wise wndibons daebutsin sitling oo the bee
Deaanwdan conn_ligl]_rransics

represents the mean value of y against some particular
value of x.
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A Special Case of the Negative Binomial Distribution:
Geometric Distribution
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Topic No. 122

Shape
of the
Binomial distribution

* The shape of the binomial probability distribution
depends on the values of the two parameters p and n.

* The sketches given indicate the influence of p and n on
the shape of the distribution.

b(x; 5, 0.2)

[ ¥
0 1 2 3 4 5
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Topic No. 122

Shape
of the

Binomial distribution

* The shape ol the binomial probability distribution
depends on the values of the two parameters p and n.

* The sketches given indicate the influence of p and n on
the shape of the distribution.

b(x;5,0.2)

L]
J
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opic No. 120

Binomial distribution
(Binomia! experiment
and PMF of the distribution)

.
Binomial Experiment

Ax experiment is called a binomial experiment if it
possesses Lhe following four properties:

I. The autcome ol each trial may be classilied into one
of two calegories, conventionally called success (5)
and Failure (F).

It is 1o be noted that the outcome of Interest is called
a success an the other, a failure.

2. The probability of success, denoted by p; remains
constant for all trials.

3. The successive (rials are all independent.

4. The experiment is repeated a fixed number of times, say n.
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Topic No. 122

Shape
of the
Binomial distribution

* The shape of the binomial probability distribution
depends on the values of the two parameters p and n.

CZ’—”_‘-/_/‘—_‘/—_‘:

* The sketches given indicate the influence of p and n on
the shape of the distribution.

b(x;5,0.2)

'8
-
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The probability density function of the £ distribution is

1

f(.r;a,ﬁ)=3(a ﬁ)x“"(]—.t)ﬂ'], 0<x<la,p>0
where,
B(a,ﬁ) — F(a]r(ﬂ) h |

M(a+p) )

and a and f are the shape parameters respectivelyz-

About the Beta function B

* The Beta function B in the denominator plays the
role of a “normalizing constant” which assures
that the total area under the density curve equals 1.

= —

r‘_‘_—‘—— e — e ——y

— .

[ e

* The Beta function is equal to a ratio of Gamma functions:

e

» Keeping in mind that for integers, I'(k) = (k—1)!, one can
do some checking and get an idea of what the shape
might be.
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Some Properties:

* Mean =u
= E(x) =o/o+f

* Variance(x)

=af / (a+p)? (a+p+1)

Mode:

* [f a > land B > 1, the peak of the density is in the
interior of [0,1] and mode of the Beta distribution
1S

mode = a—1/a+p —2

If a or B <1, the mode may be at an edge. |

/]
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RECALL
the Mathematical Equation of An Ellipse

The equation of an ellipse with major axis parallel to the
X-axis and minor axis parallel to the X,-axis and having
its center at (c,,c,) is as follows:

The Shape of the distribution
when

p=0 AND g, =0,

In the special case a = b, equation (1) reduces to

(-"l - }2 % (-"1 _1‘—': )2
2

3

=1=?(.I'I—r:|)2+(.T:-'r::):=ﬂ= g
a =

and we already know that
(x,—¢ )2 +(x,—c,) =a?

is the equation of that particular circle with center at the point
(c,.¢5) and with radius a.

Hence, if we put 0, =0, = g in equation (2), we obtain

(xl | ‘ Ly | ,¢'
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p=0 ANDo, =0,

In the special case a = b, equation (1) reduces to

-

(5 _fl) - (x —zcz) =1=(x-¢) +(x,-¢,) =d’

a a
and we already know that

(%, +(x,—c,)’ =a®

is the equation of that particular circle with center at the point
(c,,c,) and with radius a.

(rl_‘tj]) +(T3-_;j?-)2=1
ko~ ko~
= (x,— 1) +(x,— 1, )2 =ko? .(3)

which is the equation of a circle
with center at (4, £,) and with radius = ko.
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Note:
The binomial distribution is a special case of the
multinomial distribution.
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Next:

A circle can be regarded as

a special case
of an ELLIPSE.
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Tj'__[ e f, (6 ) ) (xy )dxielx, = J J €T AT 2 ) B

’

We are given that,
M (t,,1,) =M (1,,0)M (0.1,):

Thus

ey i

M (1,.1,)= ]e"""”‘f} (x,) f2 (%, )dxdx, (1)

e T S — e S ——

3

But, by definition, M(1,.1,) is the mgf of X, and X,
ie.

M (1,,1,)= E(e"""{'x-' )= ] I e (x,x Ydadx, (2)

The uniqueness of the mgf implies that the two
distributions of probability that are described by /; (%) £ (x:)
and S (%.%) are the same.

Thus

f(xn-":)E fi (x,]f: (x:).

That is, if M (4.6,)=M(1,,0)M (0.1,), then X, and X, are
independent.
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Binomial Distribution
Let the random variable X denote the number of successes in n trials —— when
a binomial experiment 1s performed.

Then the PMF of X is given by

-

ny . n
P(I)z“ X P (l—-p)

0 elsewhere.

o

=12, 8 (D

where p is the probability of success in each trial and »n is the number of trials.
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We can now write these probabilities in the form of a
probability table as below:

X 0 1 2 3 4 5
P(X=x) 0.0954 0.2861 0.3233 0.2060 0.0618 0.0074

Binomial Theorem

1004
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* When p = 1/2, the distribution is always symmetrical.

In general:

* As n, the number of trials, increases to oo,

ﬂl_)'o andﬂ293 ‘ e

* Hence for large n, the binomial probability distribution
is symmetrical and mesokurtic.

m— —

nnnnnnnnnnnnnnnnnnn
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We are given that,
M(rnfz):M(fl'O)M (0.!1);

Thus
M (t.1y) = [ [ % £ () fa (%) vl (1)

But, by definition, M(r,,t,) is the mgf of X, and X,
i.c.

M(f Ir) E f:‘.'1+!\') j

et f (g, x, ) dx,dx, (2)

ht—'!-"'

The uniqueness of the mgf implies that the two
distributions of probability that are described by fi (%)) /2 (x.)
sl S 5.5 e i i

Thus

f(.l‘,,xz)Ef,(Il)fg (.1‘2)-

That is, if M (t,,1,)=M (1,,0)M (0,1,), then X, and X, are
independent.
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. bix10,03) s bix10,05)

L]
[ |
L s 1 |

ler |.|III
012 3 4 5 678910 012 3 4 5 67689 10

* Thus, we observe that, when p < ¥, the distribution is
positively skewed and when p > Y2, the distribution 1012
becomes negatively skewed.

. bbc10,03) *  bix;10,05)

. -
* | | L]
1 ] 1 X

1 | 1 X | L 1

R
01 2 3 4 5 67 8 9 10 01 2 3 4 5 67 8 9 10
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* When p = 1/2, the distribution is always symmetrical.
. < .
In general:
* As n, the number of trials, increases to oo,
B,20 and S,23.
,-"w/
* Hence for large n, the binomial probability distribution
is symmetrical and mesokurtic.

nnnnnnnnnnnnnnnnnnn
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. b(x; 10, 0.3) e b(x10,0.5)

* Thus, we observe that, when p < Y2, the distribution is
positively skewed and when p > %2, the distribution 1012

becomes negatively skewed.
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Cumulative distribution Function

The formula for the cumulative distribution function of the
beta distribution is also called the incomplete £ function

ratio (commonly denoted by I.) and is defined as

jf“" (1-1)"
F(x)=1 (a.8)=" B@f)

0<x<lea,f>0

where B is the beta function defined above.

Shape of the CDF:

Cumulative distribution function

Some Properties:

* Mean =u
= E(x) =o/a+

* Variance(x)

= B/ (@+p) (atp+1)

Scanne d with CamScanner
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Definition
A pair of random variables X, and X, have a bivariate normal
distribution and they are referred to as jointly normally
distributed random variables if and only if their joint
probability density is given by

i { []—pj}l\[llﬂi‘l‘] 'r. mej # ) (5 F:ﬁ H

flx,x)=
‘ 270,05:J1- p

for —o <y < wand — w0 <X, < o0,

wherey, €l 4, €l ,0,>0,0,> 0, and—1< p<1.

2 2
This is referred to as the N(P.r’ ]Jy, g., O-y’ p)

distribution.

This joint p.d.f., has @ bell-type shape.
—

Bivariate Normal:Di
withp =0 an
Mrnix:)
015
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* The standard normal distribution is a special case of
the normal distribution .
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at is meant by . ‘X, X, floor’?

Consider the three-dimensional space for example the room in which you
are sitting right now.

*Now focus on the floor of the room.

*One ‘edge’ of the floor will be called the X, axis

*The other *edge’ ol the Moor will be called the X, axis

And, as such, the floor will be called the ‘XIXZ ﬂOOT‘

(actually it is the X, X,-plane)
=TT,

ﬂﬂ_ﬂ
Next:

The concept of

Contours

By the term ‘contour’, we mean the set of points
on the X, X, floor corresponding to which the

ordinates are of egual height. /

Explanation: Consider the bivariate normal distribution for
whichp=0and g, =0, =0.

In this case the contours of the distribution will be

< O =
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Topic No. 126

Recognizing the values of the parameters of a

Binomial distribution through the expression of its
MGF

(explained through an example)

-\ ¥ |

Example:

If the mgf of a random variable X is

M(r):[%—&ée'f,

Then, X has a binomial distribution withn =35 and p = 1/3;

that is, the pmf of X is

p(x)= [j@] @T = [ 1043

0 elsewhere.

and
S 2
,u=np=§ and o =np(1-p)=—-.
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Yy

is a particular value of X, i.e. it is a constant.

Because of the above, we can see that:

As far as the mean of the random variable Y corresponding
to any particular value of X is concerned,

i, =p +(x—pu,) —|p

brapdd wars rpasa rchgate e figure S age wise wndibons daebutsin sitling oo the bee
Deaanwdan conn_ligl]_rransics

represents the mean value of y against some particular
value of x.
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In the special case a = b, equation (1) reduces to

2 2
(11—26'1) +(x2—26'2) :13( _CI) ( _C?) =
a a

and we already know that

(% —cl)2 +(x, —45':2)2 =a’

"

is the equation of that particular circle with center at the point
(¢;,¢,) and with radius a.

==

Hence, if we put o, = 0, = 0 In equation (2), we obtain

(% -4 )2 (x, -.Uz)2 —1
kot ko?
= (x—p) +(x-4,) =ko” -(3)

S

which is the equation of a circle

with center at (4,, &,) and with radius = ko.

—
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RECALL
the Mathematical Equation of An Ellipse

The equation of an ellipse with major axis parallel to the
X-axis and minor axis parallel to the X,-axis and having
its center at (c,,c,) is as follows:

The Shape of the distribution
when

p=0 AND g, =0,

In the special case a = b, equation (1) reduces to

(-"l - }2 % (-"1 _1‘—': )2
2

3

=1=?(.I'I—r:|)2+(.T:-'r::):=ﬂ= g
a =

and we already know that
(x,—¢ )2 +(x,—c,) =a?

is the equation of that particular circle with center at the point
(c,.¢5) and with radius a.

Hence, if we put 0, =0, = g in equation (2), we obtain

(xl | ‘ Ly | ,¢'
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p=0 ANDo, =0,

In the special case a = b, equation (1) reduces to

-

(5 _fl) - (x —zcz) =1=(x-¢) +(x,-¢,) =d’

a a
and we already know that

(%, +(x,—c,)’ =a®

is the equation of that particular circle with center at the point
(c,,c,) and with radius a.

(rl_‘tj]) +(T3-_;j?-)2=1
ko~ ko~
= (x,— 1) +(x,— 1, )2 =ko? .(3)

which is the equation of a circle
with center at (4, £,) and with radius = ko.
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PDF of the bivariate normal distribution for the case p = 0.

1 J‘z(l-'pz jafipfamfan ey ﬂ
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By the term ‘contour’, we mean the set of points
on the XX, floor corresponding to which the

ordinates are of equal height.

M

Explanation: Consider the bivariate normal distribution for
whichp=0and g, =0, =0.

In this case the contours of the distribution will be
concentric circles because,
against each of these circles

(on the X, X, floor), @
the ordinates are of

equal height.

*The ordinates against the outer circle are very short;

*The ordinates against the Second circle (inner circle) are
a little taller than the ones against the outer circle;

*The ordinates against the Third (inner) circle are
taller than the ones against the Second circle;

*The ordinates against the Fourth (inner) circle are taller than the
ones against the Third circle;

And so on.

The circular contour corresponding to a lower height is
wider than the one corresponding to a greater height.

FETEEY
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at is meant by . ‘X, X, floor’?

Consider the three-dimensional space for example the room in which you
are sitting right now.

*Now focus on the floor of the room.

*One ‘edge’ of the floor will be called the X, axis

*The other *edge’ ol the Moor will be called the X, axis

And, as such, the floor will be called the ‘XIXZ ﬂOOT‘

(actually it is the X, X,-plane)
=TT,

ﬂﬂ_ﬂ
Next:

The concept of

Contours

By the term ‘contour’, we mean the set of points
on the X, X, floor corresponding to which the

ordinates are of egual height. /

Explanation: Consider the bivariate normal distribution for
whichp=0and g, =0, =0.

In this case the contours of the distribution will be

< O =
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Definition
A pair of random variables X, and X, have a bivariate normal
distribution and they are referred to as jointly normally
distributed random variables if and only if their joint
probability density is given by

i { []—pj}l\[llﬂi‘l‘] 'r. mej # ) (5 F:ﬁ H

flx,x)=
‘ 270,05:J1- p

for —o <y < wand — w0 <X, < o0,

wherey, €l 4, €l ,0,>0,0,> 0, and—1< p<1.

2 2
This is referred to as the N(P.r’ ]Jy, g., O-y’ p)

distribution.

This joint p.d.f., has @ bell-type shape.
—

Bivariate Normal:Di
withp =0 an
Mrnix:)
015
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The probability density function of the £ distribution is

1

f(.r;a,ﬁ)=3(a ﬁ)x“"(]—.t)ﬂ'], 0<x<la,p>0
where,
B(a,ﬁ) — F(a]r(ﬂ) h |

M(a+p) )

and a and f are the shape parameters respectivelyz-

About the Beta function B

* The Beta function B in the denominator plays the
role of a “normalizing constant” which assures
that the total area under the density curve equals 1.

= —

r‘_‘_—‘—— e — e ——y

— .

[ e

* The Beta function is equal to a ratio of Gamma functions:

e

» Keeping in mind that for integers, I'(k) = (k—1)!, one can
do some checking and get an idea of what the shape
might be.
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Cumulative distribution Function

The formula for the cumulative distribution function of the
beta distribution is also called the incomplete £ function

ratio (commonly denoted by I.) and is defined as

jf“" (1-1)"
F(x)=1 (a.8)=" B@f)

0<x<lea,f>0

where B is the beta function defined above.

Shape of the CDF:

Cumulative distribution function

Some Properties:

* Mean =u
= E(x) =o/a+

* Variance(x)

= B/ (@+p) (atp+1)

Scanne d with CamScanner
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Some Properties:

* Mean =u
= E(x) =o/o+f

* Variance(x)

=af / (a+p)? (a+p+1)

Mode:

* [f a > land B > 1, the peak of the density is in the
interior of [0,1] and mode of the Beta distribution
1S

mode = a—1/a+p —2

If a or B <1, the mode may be at an edge. |

/]
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Sta642

Quiz k liay

All distributions (parameters

,Mean variance formulas) are very important
Mostly, hyper geometric distribution,
bivariate, and geometric distribution me se
ziada quiz aty hain ye 3 aiss topics hain jin
me se sab k quiz aye hoay.

Or apko pata hona chahiay (pmf pdf CDF) kis
distribution k liay Kya use hota.

100% quiz@@
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1) Derive mean of normal
distribution?

2) Derive mean of standard
distribution?

3) Malick bhai wali file ka sabse
pehla question.

4) 20% black 80% green wala tha.
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Uski koi file tu nahi hy but quiz
conceptual thy like koi b distribution
ly li gae uska mean kia variance kia
hy pdf mgf btao.. Ya pdf dy diar
pocha yeh kiska hy... Interval &> g
giya hy... Or k normal distribution
kis distribution ka special case hy
r shape parameters knsy hain... Or
yeh k koi b distribution dy di gae usk
parameter pochy gaey hain... R raw
moment kia.. Uniform distribution ka
dosra nam kia hy... Bivariate ko kia
bola jata hy... Joind probability mein
X y independent kb hoty hain.. Row=0
£ ho tu kia conditions fullfill hoti hy

"'{1 or odd number ki value kia hoti

# hy.. Mean variance kis distribution
¥ main equal hoty hain mean standard
| deviation egal hun tu knc distribution

hoti hy... Covariance ka formula..

# Marginal interval kaisy separate hoti

2§ hy.. Or first cumulants LS hy 2nd

P cumulants kia hy higher cumulant
kisk equal hoty hain
Agar beta constant ho tu alpa ki
skewness kia hogi...
Agar p>1/2 ho ty kia hoga p<1/2 ho tu &

n=1/2 ho tu or agar p approach ka
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Agar beta constant ho tu alpa ki
skewness kia hogi...
| Agar p>1/2 ho ty kia hoga p<1/2 ho tu
p=1/2 ho tu or agar p approach kary

zero ko tu kia hota hy... 7.~ Beta =0
ho tu shape kia hogl.... Normal curve
¢ asymptotic hoti hy to which axis' =

B! Mode kis distribution main find hota
& hy... Kisi b distribution main sigma?
& kisy denote karta hy... Mew kis ki

' representation hy **

.I.
(BT

.h:

E
:

sary btaa diey hain
May be it's helpfull for you

#Billiea
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t Mean variance ,beta gama

A
Sta Ka paper mostly Ain 2 files sy

Aya hai mujhy Zia formula type Aya
hai hyper geometric formula mean
variance properties unki. 4 mcqgs
past files sy. Bagi Ain files sy bny
hoiy thy Ain ko bs Achi tarh tyar kr
ly.achy number sy pass ho jaiy gy
Sta642

Mostly from files

Ik question tha obtain even moments

of normal distribution

Quiz main shape of curve b thy or
formulas b thy distribution k

M(t) of binomial distribution
Subjective file sa a rahi ha.

distribution of formulas achy sa
karny ha.

' Or sari distribution k parameters or

Bivariate normal distribution k topic
ko achy sau dackna mere papr m us
m say quiz short or long teno m aya

i
;
:
pdf achy sa karny ha. '
tha l

P +9231629
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MTH641 S KHAN AC... &
Abas, Baber Mande B, Dosra...

A Forwarded |
Sta642@6 Mega +2 quiz file kr

or 2 subjective file achy se kry
paper acha ho ga 212 AM

Stylish 2nd Smester

~ Forwarded

Sta642 today's paper

2 marks

1. Mean likhna tha dicrete ka

2. Mean likhna tha multinomial ka
3. 2 Real life examples btani thi
biavriate ki

4. Mean given tha poisson ka
standard deviation find krni thi

3 marks

1. Conditions btani thi jin mai
poisson apply hou

2. Module 108 wali example ka ak
part tha

3. Cdf likhna normal distribution
ka

4. X1X2 floor

5 marks

1. Discrete ka variance drive krna
tha

2. Continuous distribution ka
mean

3. Minor accident wali example

4. Normal ke pdf ka derivative le
ke simplify krna tha 212 AM

M

Stylish 2nd Smester

~ Forwarded
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6:01 AM » » - Silalz, (=

MTH641 S KHAN AC... &
Abas, Baber Mande B, Dosra...

Stylish 2nd Smester

#» Forwarded

Mcq 5,6 mids se thy baqi
handouts se thy 212 AM

Stylish 2nd Smester
~ Forwarded

Distribution ke parameters
shapes ranges mean yh sb mcq
mai tha 2:12 AM

Stylish 2nd Smester

~» Forwarded

Standard deviation or mean kis
distribution ka same hota ha and
variance or mean kis distribution
ka same hota ha 212 AM

n Stylish 2nd Smester
< ¥V & Forwarded
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MTH641 S KHAN AC... &
Abas, Baber Mande B, Dosra...

Stylish 2nd Smester
~ Forwarded

Is file me sy aaj mery 20 sy 25
mcqs aaye hen.. STA642... 17
March 2:30pm 212 AM

Stylish 2nd Smester

# Forwarded

Subjective file sa a rahi ha.
Mean variance ,beta gama
distribution of formulas achy sa

karny ha.
Or sari distribution k parameters
or pdf achy sakarny ha. 5.5 Ay

Stylish 2nd Smester

»» Forwarded

4 say 5 quiz ise topic pr thy
2:12 AM

Stylish 2nd Smester
~ Forwarded

Bivariate normal distribution k
topic ko achy sau dackna mere
papr m us m say quiz short or
long teno m aya tha 212 AM

Stylish 2nd Smester
#» Forwarded
14 March ko mere 25+ mcqgs isi

file se ho gaye the. Aur 5 short
bhi isi file se huye. 212 AM

M
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Message O O .
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Stylish 2nd Smester
A Forwarded

Bivariate normal distribution k
topic ko achy sau dackna mere
papr m us m say quiz short or
long teno m aya tha 212 AM

Stylish 2nd Smester
~ Forwarded

14 March ko mere 25+ mcqs isi
file se ho gaye the. Aur 5 short
bhi isi file se huye. 212 AM

Stylish 2nd Smester

# Forwarded

Aur 3 long is file se aaye. Mainne
is file ko easy le liya tha ache se
nai ki but phir bhi 2 long is file se

huye. 2:12 AM

Stylish 2nd Smester
~ Forwarded

1) Derive mean of normal
distribution?

2) Derive mean of standard
distribution?

3) Malick bhai wali file ka sabse
pehla question.

4) 20% black 80% green wala tha.

212 AM

Stylish 2nd Smester
~ Forwarded N
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Mostly from files

lk question tha obtain even moments
of normal distribution

Quiz main shape of curve b thy or
formulas b thy distribution k

M(t) of binomial distribution - 55,
b R ———. ot R
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Quiz k liay

All distributions (parameters

,Mean variance formulas) are very
Important

Mostly, hyper geometric distribution,
bivariate, and geometric distribution
me se ziada quiz aty hain ye 3 aiss
topics hain jin me se sab k quiz aye
hoay.

Or apko pata hona chahiay (pmf pdf
CDF) kis distribution k liay Kya use
hota.

100% quiz(Y4 (V2
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8~ Forwarded

i A Forwarded
¢ Show that CDF of an exponential

i (CDF given tha) I

B ~ Forwarded 4

Stab42

Mostly from files

Ik question tha obtain even moments
of normal distribution

Quiz main shape of curve b thy or
formulas b thy distribution k

M(t) of binomial distribution .14 by

+92 304 1350985 ~Ameen Ullah Khan

Pmf of multinomial 10:16 PM

+92 304 1350985 ~Ameen Ullah Khan

distrionbution is

]

+92 304 1350985 ~Ameen Ullah Khan ”

1st derivative of cumulant ., J .2

+92 304 1350985 ~Ameen Ullah Khan
” Forwarded

define the role of normalizing
constant in binomial distribution
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