Virtual University of Pakistan

STA642

Probability
Distributions

by

Dr. Saleha Naghmi Habibullah

Topic No. 1

Random
Experiment,

Edited by
Mabhar Afaq Safdar Muhammadi

MSc Math, Whatsapp 03494873115

Outcomes, Sample Space
& Events

00:49

01:08

01:45

Random Experiment

Any experiment or process in
which the outcome is
unpredictable that is eligible to
be called a random

experiment.

Example 1:

Tossing of a Coin => a Head or
a Tail.

However, until it lands on the
floor, we do not know which of
these two will turn up.

Example 2:

Survey of the Employees of an
Organization:

Question on Marital Status:

Possible outcomes:

single, married, separated, divorced,
widowed

However, until we obtain a reply from
the respondent, we do not know what is
his/her marital status.
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Random Experiment

Any experiment or process in
which the outcome is
unpredictable that is eligible to

be called a random experiment.

Outcomes

The various possible results of a
random experiment.

Example 1: Head, Tail

Example 2: Single, Married,
Separated, Divorced,
Widowed

Sample Space

It is the set of all possible outcomes of a
random experiment.

Example 1: Head , Tail

Example 2: Toss a single die
1,2,3,4,5,6}

Sample space will be the set of all of
these taken together written as

S={1,2,3,4,5,6}

In case of two fair dice, the sample
space consists of the 36 ordered
pairs:

ie.{(1,1), (1,2), (1,3),...,(6,5),
(6,6)}.
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Event

Any subset of a sample space
is called an Event.

Example 1 01:13

The set of ordered pairs which
yield a sum which is an even
number

denoted as A= {(1,1), (1,3),
(1,5),(2,2), (2,4), (2,6),...,(6,6) }.

02:58
Example 2

The set of ordered pairs in which
both the numbers are same

denoted as B= {(1,1), (2,2), (3.3),
(4.4), (5,5), (6,6)}

03:37

A= {(L1), (1.3), (1,5), (2,2),
(2.4), (2,6)......(6,6)}.

B= {(L.1), (2.2), 3.3), (4.4),
(5.5), (6,6)}

Event B is a subset of event A.

04:53

Topic No. 02

Definition of

Random Variable

Concept of a Random
Variable

It is that variable which is associated with
a random experiment.

Example:

Let the random experiment be the toss of
a fair coin and the possible outcomes are
Head and Tail. And the sample space
associated with the experiment denoted
by Cbe C={H,T}, where Hand T
represent heads and tails, respectively.

Let X be a function such that X(7)
= 0 and X(H)=1. Thus X is a real-
valued function defined on
sample space C.

That X is a function defined on
the sample space C, X(T) = 0 and
X(H)=1 which takes us from the
sample space C to a space of real
numbers D= {0,1}.

C is H and T and applying the
function the image we obtain i.e
the domain and range concept,
So, if the domain here is H and T
then the range will be 0 and 1.

Definition
Consider a random experiment with
a sample space C. A function X,
which assigns to each element ¢ € C
one and only one number X(c) = x, is
called a random variable.

The space or range of X is the set of
real numbers

D={x:x=X(c), ceC}.

Given a random variable X, its range
D becomes the space of interest.
Besides inducing the space D, X also
induces a probability which we call
the distribution of X.

We are interested in knowing the
probability of getting a 0 and 1, and
as we already know that if it’s a fair
coin then the probability of getting a
0 is half and also for the probability
of getting a 1 is half as well.
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But, generally in this case, we can
say that the set D is a finite or
countable set or an interval of real
numbers.

When a set is finite then, we are
referring to discrete random
variables. We call random variables
of the first type discrete random
variables, while those of the second
type continuous random variables.

Discrete random variable has two 04:28

situation, one is exactly the same
I mentioned earlier where a set D
is a finite set that has the
elements {0, 1} or the other, if
we toss a fair die we have the
elements{1,2,3,4,5,6}.

The second situation ,which also
gives you a discrete random
variable that is when it is the
Countably infinite set.

00:09
Example:

D is the set consisting of the
numbers 1,2,3, and so on, which
mean that they are countable but
not finite. So, in this situation, we
say that this is a Discrete random
variable or if they are finite the
elements may be called
d,,d,,...,d,, then also it is a
discrete random variable.

00:12

Topic No. 3

Example of
Random Variable

Example: 00:24

Let a card be selected from an
ordinary deck of playing cards. The
outcome is one of these 52 cards.
Suppose that P assigns a probability
of 1/52 to each outcome c.

Let X(c)=4 if c is an ace, let X(c)=3 if
cis aking, let X(c)=2 if cis a queen,
let X(c)=1 if cis a jack and let X(c)=0
otherwise.

Now, we can develop a table with
two columns.

The first column consisting of the
values of the random variable X
ie. 0,1,2, 3,4 and the second are
the probabilities.

The classical definition of
probability i.e. favorable over the
total.

The sum of probability should be

equal to 1.
X px(x)
0 36
52
1 4
52
2 4
52
3 it
52
4 4
52
52
gp_r (x)= 0 =1
Topic No. 04

Discrete Random
Variable

Definition
(Discrete Random Variable)

We say a random variable is a
discrete random variable if its
space is either finite or
countable.

Example:

Consider a sequence of independent flips of a
coin, each resulting in a head (H) or a tail (T).
Moreover, on each flip, we assume that H and
T are equally likely; that is, P(H)=P(T)=1/2.

x px)

0 12

1 12
sum 1

This is that case, when the space is Finite.
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Example of a Countably
infinite set:

Let the random variable X equal the
number of tosses needed to obtain the

first head. The space of X is
D= {1,2,34,...}.

Consider that X=1 when the sequence
begins with a H.

Although it is an infinite sequence of

02:58
Likewise, X=2 when the sequence
begins with TH.
In the same way when X=3 the
sequence is TTH. See we are getting a
head in the third toss.
04:54 e
Suppose that we are interested in 1 1 1y
finding the probabilities of the — ]
various possible values of X. [%1
3 (1 \‘
As shown in the table: o lE_J
4 1y
2

probabilities the sum has to be 1.

05:51

. e

07:01

Here, X is the total no. of tosses
that was required in order to get
the first Head.

rx==(3] (3] wraan

xeflor 20r 3 or.)
raer] {40
o )

Hence, the sequence of the probability will be

N7 (1) (1)
Now, let X=1 we see, P(X =1)=[*) (*}(*j

08:54

00:09
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[ORORGES

Obviously,that is aninfinite geometric series

1 2
1 (5] 1
a=—, r=—>—=| —
2 1 2
2
as we knowthat

Geometric series = 4
-r
1/2
P| X e{1,2,3,..} |= =1
[x <0251

Topic No. 5

Concept of
Probability Mass
Function

What is Probability Mass
Function?

Consider a random experiment with a
sample space, finite or countably
infinite. A function X, which assigns to
each element ¢ € C one and only one
number X(c) = x, is called a random
variable. If we express the probabilities
against each random values of X
algebraically, then, we can say that this
is the probability mass function of X.

Example:

Toss a fair die, the possible
values are 1,2,3,4,5,6.

Algebraically:

P(X=x)= x=1,2,3,4,5,6.

1
-

Definition

The probability mass
function (pmy) of X is given
by

py(x)=P[X =x], for xeD. (1)
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The PMFs satisfy two
properties:

1) OSpX(x)Sl, xeD

2)

Discrete Random

xeD pX (x)

1

CDF of a

Variable

Example:

Suppose we roll a fair die
with the numbers 1 through 6
on it. Let X be the upface of
the roll. Then the space of X

is {1,2,....,6} and its pmf is
px(i)= 5’ fori=1,2,...,6.

or
F(4)=P(X £4)=1+1+l+l 4
6 6 6 6 6
x | p) Fx)
1 1/6 16
2 16 =1/6+1/6=2/6
3 1/6 =2/6+1/6=3/6
4 1/6 =3/6+1/6=4/6
5 1/6 =4/6+1/6=5/6
6 16 5/6+1/6=6/6=1

07:08
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Figure 1: Distribution Function

The height of each ‘Jump’ yields
the probability of that particular
value of X.
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Example of

Probability Mass
Function

Example:

Consider and urn which contains slips of paper
each with one of the numbers 1,2,...,100 on it.
suppose these are i slips with the number i on it
for i=1,2,...,100. For example, there are 25
slips of paper with the number 25. assume that
the slips are identical except for the numbers.
Suppose one slip is drawn at random. Let X be
the number of slip.

a) Suppose that X has the pmf p(x) = x/5050, x
=1,2,3,...,100, zero
elsewhere

b) Compute P(X< 50).

Solution:

a) Suppose that X has the pmf p(x) =
x/5050, x =1,2,3,...,100, zero

elsewhere.
i |
1 1 slip containing the no. 1
2 2 slip containing the no. 2
3 3 slip containing the no. 3

100 | 100 slip containing the no. 100

Total number of slips= 1+2+3+...+100

‘Classical definition’ = m/n

The sum of the first n natural
numbers _ n(n+1)

2

Here, total no. of slips = 100(101)

=5050

As the slips are identical i.e.
equally likely to be drawn

Therefore, the probability = %
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X | Frequency i m
) SF p(x)

ik 1/5050

2/5050

3/5050

4/5050

I EN I
FNEIIN

100 100 100/5050
5050 5050/5050=1

Now, to express mathematically,

P(X =x)=ﬁ, x=12,3,..,100

03:39

b) Compute P(X< 50).
Solution:

1+2+3+...+50

or
n(n+1) 50(51)

P(X gso)szin

5050 5050 202

LP(X< 50) =0.2525

04:40

Topic No. 7

Continuous
Random Variable

05:00

Concept of a Continuous
Random Variable

In the continuous case, we
cannot define probability on
one particular point, instead, it
is the probability defined on
an interval.

06:09
Example:
If we are measuring a height of a
student. It depends on the
refinement of that measuring
instrument.

Suppose if we say that this
person is 5 feet 4 inches tall, or
in other words we are saying he
is 64 inches tall. This is the
measurement at a crude level.

* Inreality it is a some value between 63.5
and 64.5, if we use a more refined
instrument and after measuring we say that
it is actually 64.2 inches. Even this is not
the actual truth, it is the height somewhere
between 64.15 and 64.25 inches.

* It all depend on the measuring instrument
that how much precision can that
instrument measures.

* Theoretically there can be an infinite
number of decimal places after the
decimals. This is the basic concept that
variable can assume any value.

Cumulative Distribution
Function F(x)

Fy(x)= J'fX (t)dr

The function fy(t) is called a
probability density function
(pdf) of X. If fi(x) is also
continuous, then the
Fundamental ~Theorem of
Calculus implies that

L ()= £ (%)

The PDFs satisfy the two
properties:

1) ]zfx(x)dt=1 and
2) fy(x)=0

In the Continuous case, the area
under the curve of that function
gives you the probability.

If you are interested in
computing the probabilities,
then, they can be obtained by
integration, i.e.,

Pla<X gb)=ffx (t)dt = F, (b)-Fy (a)
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Example:

Suppose that, we randomly select
a number between 0 and 1. Recall
that the cdf of X is Fy (x) = x, for
0 < x < 1. Hence the pdf of X is
given by

1 O<x<l

Jx (x) B {O elsewhere.

N

0 1

This is called a Uniform or
rectangular distribution
where, 0<x<1.

Topic No. 8

Example of

Probability
Density Function

Example:

In continuous case, consider the
following simple experiment:
choose a real number at random
from the interval (0,1).

Let X be the number chosen. In
this case the space of X is
D=(0,1).

The number is chosen at random
it is reasonable to assign

P, [(a,b)]:b—a,
for O<a<b<l.

0:56

03:00
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00:37

It follows that the pdf of X is
1 O<x<l1
{O elsewhere.
For example, the probability that X is
less than an eighth or greater
than seven by eighths is

-t o2

0

5 1
J.dx+£dx
8
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Probability Generating Function

Probability Generating Function

* In probability theory, the probability generating
function of a discrete random variable is a power
series representation (the generating function) of
the probability mass function of the random

variable.

01:12

Univariate case

Definition

If X is a discrete random variable taking values in
the non negative integers {0,1, ...}, then the probability
generating function of X is defined as

G(z)= E(ZX)=:OZOP(X)ZX,

where p is the probability mass function of X.
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Example:

The probability generating function of a Bernoulli
random variable with parameter p. So the probability
generating function of X, where X represents the number
of heads that we obtain when tossing a fair coin once is

given by
1
G(z)==+=
2 2
04:16
X | p(x)| 2t | 2¥p(x)
0 |12 3 1/2
L |12 = z/2
1/2 =
S 1.2
U 5 + =
L
Y
06:27 Example:
. e e _ A
For Poisson Distribution = G(Z )=e
x| opw=t | F | TP
0 R =1 e’
0!
1 &2 == e Az
1!
2 et 2=z e (Az)
3 9:'./13 gt =g &t (_)r)
3! 31
09:53 , 1 , )
e (Az (Az
Y op(x)t =+ (42) (£2)
1! 2!
Zp(x)zX =e !l+(/1z)l+ +(
G(Z) — o |:e/1z:|
- _ e =140+
= =Y ‘ 21 31
00:10
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Mean and Variance through

How to utilize Probability
Generating Function

and

PGF

00:43

The probability mass function of X is recovered by
taking derivatives of G,

01:15

01:42

04:14
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p(k)=P(X =k)=%

Example:

The probability generating function of a Bernoulli
random variable with parameter p. So the probability
generating function of X, where X represents the
number of heads that we obtain when tossing a fair
coin once is given by

G(z)=1/2+2z/2

With the help of eq. (1), we take the
derivative

lmG(:)=3+5

MEAN

and VARIANCE
through the

Probability generating
function

The expectation of X is given by

E(X)=G'(I) (1,

where,
G’(1") =lim,_,,G (z) from below.

1
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Example:
Poisson Distribution (Mean)
G ( Z) _ e/l(z—l)
~.G'(2)= Ae*
G (1‘) =1Z1£111G (2)
= 2" = 2" = 2¢°
LG(17)=4
02:12
So the variance of X is given by
Var(X)
2
=¢'(r)+a'(1n)-[c'(1n)] @
02:38
Example:
Poisson Distribution (Variance)
G"(z)= A2’ = 2%
G(l)zlzﬂll 22/1 22
G l_) =1 €From eq. (2)
LV(X)=22 4 a-[A]
LV(X)=4
03:45
Topic No. 11
Algebraic
Expressions
of Some Well-known
PGFs
03:58

For some of the more common
distributions, the PGFs are as
follows:

(i) Constantr.v. -

if p.=1, p,=0,k#c, then
Gy (2)=E(z")=z"

(ii) Bernoulli .- if

pI:p’ p()zl_p:q7 pk:O, k¢00r l,
then

GX(z)=E(zX)=q+pz

(iii) Grometric r.v.- if

po=pqd, k=12,...g=1—p, then

G, ()= e

(iv) Binomial rv.— if
X1 Bin(n,p), then

Gy (z)=(q+pz), (g=1-p)

(v) Poisson rv.— if
X Poisson(/l), then

( ) Negative binomial rv.— if
X0 NegBm n, p) then

nknk
k nl

PR
( qzj zf|z|<q and p+q=1
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Example:

Random selection of one of
the ten digits 0,1,2,...,9

06:50

00:09

00:29

01:25

Let,

Discrete Uniform Distribution 02:35

X px) 7' |z2'p&)
0 /10 z° 1/10 Let,
1 1710 | z'=z | z/10
2 1/10 2 | Z2/10
3 1/10 2 | 22/10
9 1/10 Z2° 22 /10
10/10=1
Therefore, 05:10

G(z):%[l+ 2+ 2+ et z9:|

This is a finite geometric series in
which the first term a is 1 and

the common ratio » = z and n =10

So,
Sum = a(l—r") _ l(l—zm)
1-r 1-z
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A Linear Combination

of

PDFs is a PDF

In mathematics , a linear combination
expression constructed from a say of terms by
multiplying each term by a constant and adding

those results

is an

(e.g. a linear combination of x and y would be any
expression of the form ax+by, where a and b are

constants).

1: Consider k continuous-type distributions

with the following characteristics:

pdff, (x).

mean /4, i=1,2,..k.

If ¢,20, i=1,2,...,k,
and

¢ +c,+..+c, =0

w(x) =qf, (x)+ o f (x)+...+ cfy (x) >0

06:30

00:08

To prove

‘[:w(x)dx=l

Proof :
LHS =] [efi(x)+esfy(x)+ote fi(x)]ax

=" afi(x)ax+ [ e f(x)dx++ [ e f (x)dx
j dx_cj fi(x dx+cj fo(x)dx+.. +cj fo(x)dx O

But f,(x)isa pdf
[* f(x)ax=1

eq.(1) re — written

LHS =c,(1)+c,(1)+...+¢,(1)
=c+c,+..tc

But by our choice

¢ t+e,+.o.tc =1

S~ LHS=1=RH.S

Show that the mean of the distribution having
pdf ¢ f, (x)+ ¢, fy (x)+...+ ¢, f (x) are mean p= Z; cu,
E(newdensity)“-:o w(x)dx=1
E(X) j oy (x)+erfo () 4ot fy (x)]dx

—j |:L xf +L xf2 )+...+ckxfk(x)]dx

= CJ_”Xﬁ (x)dx+c2.|‘_x xf, (x)dx+...+c,{ j:xfk (x)dx
E(X) SO Oy F O Ly

Hence, we get In other words, the mean of a linear

Z combination of PDFs is that same Linear

# = combination of the means of those PDFs

Topic No. 13

Concept of

Cumulative Distribution Function

00:26

(discrete and continuous)

Definition: (Cumulative Distribution Function)
Let X be a random variable. Then its cumulative distribution

function (cdf) is defined by Fy(x), given in eq. (1) which you
can see on the screen

Fe(x)= P ((=o.x])=P(fceC: X (c)<x}). ()
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As above, we shorten

P({ceC:X(c)Sx}) to P(X <x).

Also,
Fy(x) is often called simply the distribution function (df).

01:36

» The graph for the discrete case it is like a staircase, which is also
called a Step function.

* On the other hand, in the continuous case it is a continuous
curve or a line.

01:58
For example:
Let p,(x) be the pmf of a random variable X. Find the
cdf F(x) of X and sketch its graph with that of p,(x) if:
a) py(x)=1/3,x=-1, 0, 1, zero elsewhere.
X | p(x) F(x)
21 1 1
3 3
0 1 Lalo2
3 g
1 17 [2ylaDa
E 373 3
04:40 H
T
ro|
she
L
] 1 ] [
m I
B
LJQ—IW
EENE NS N
ERitEsitassaia S5
Figure 1: Distribution Function
09:06
Example 2:

Let X denotes a real number chosen at random between 0 and 2.

we now obtain the cdf of X. First, if x < 0, then P(X <x) =0.

Next, x > 2, then P(X < x) =1. Finally, if 0 < x < 2 it follows from
equation 2 that P(X <x) = P(0 < X <x)=x— 0 =x. Hence the cdf

of X is
0 if x<0
Fx(x)= x/2  if 0<x<2 A3)
1 if x>2

P [(ab)]=b-a,  for O<a<b<l. (2)

10:08 L
[Fo]
|
{1
3 }
: 0.5
T 14 |
§ nl » x|
o [Jos || 1 L5 I:-I%:J_I*A
PR
Figure 2: Distribution Function
00:08
Topic No. 14
Example of the CDF
of a
Discrete Random Variable
00:26
Example:

Consider an urn which contains slips of paper each with one of the
numbers 1,2,...,100 on it. suppose there are i slips with the number
ionitfori=1,2,...,100. or example, there are 25 slips of paper
with the number 25.

Assume that the slips are identical except for the numbers. Suppose
one slip is drawn at random.

Let X be the number on the slip

00:26

Show that the cdf of X is F(x) = [x]([x]+1)/10100, for 1 <x < 100,
where [x] is the greatest integer in X.

Let X be the number on the slip

(a)
02:10 x p(x)
1 1/5050
2 2/5050
3 3/5050
100 100/5050
Sum 5050/5050=1




04:23 | x | p(x) F(x) Show that the cdf of X is 00:24
1 1 1 F(x) = [x]([x]+1)/10100, for 1 PDF of the Exponential Distribution
5050 5050 <x <100, where [x] is the : —
2 = (552 eatest integer in[x] with mean=0.5, 1, 1.5
5050 H gr g B x
| B (1+2+3) Therefore, f(x):(Lje_(o'S], 0< x<o0
5050 5050 ) [x]([x]+1) . 0.5 -> orange
4 4 (1+2+3+4 _ —x)
5050 5050 F(x): 2%5050 o )=, (()<)x<oo = purple
" . (1 A5 - skyblue
) r=[gg) . oexes
10100
100 | 100 | (1+2+...+100)
5050 | 7 5050
00:00 e
1.4} A=0.5
Topic No. 15 1.2t — X
10 A=1.5
. go.s—
Obtaining the b
PMF from the CDF 0.4
0.2} \
Meg—= =3 =3 &4 &

For each of the following CDFs F(x), find the PDF of f(x): 00:00 CDF of the Exponential Distribution  with mean=0.5, 1, 1.5
@ F(X)ZZ;(%)/' ) wt0-3(3) " F(x)=1-¢", 0<x<o 10
1 3) H 08
2 (1Y 1Y (1Y
[5]*[5] LE] F(x)=1-¢%, O<x<w 0.6
3 (Y iy fyd (i) :}2
GGG 5) —F(x)=1-¢", O<x<w =g, |
TGO | O . |
. . F(x)=1-¢'3, 0O<x<wo gl
R 0.0t
(3)-G)-(3)-6) 1 >
00:06 00:08
Topic No. 16 Topic No. 17
Example of the Concept of two
CDF o2 Random Variables being Equal
Continuous Random Variable in Distribution
00:25 00:38 Let us first consider that situation when two random

variables X and Y are not equal in distribution

JS®)

F(x)

For a continuous random variable X ,the CDF is as
follows:

* F(x) =0 for all x values which are less than zero

«

¢ F(x) = x for all those x values that lies between 0 and 1.
* F(x) =1 for all those x values are greater than 1.
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Further, the cdf of Yis 0 fory < 0; 1 for y>1; and for 0<y < 1, it

We say that X and Y are equal in distribution X DY if and only if IS F, (y) = P(Y < y) - P(l -X< y)
Fy(x) = Fy(x), for all x e R. =P(X21_)’)=1_P(X<1_)’)
Mathematically we express it as =1-(1-y)=y.
2 Y Hence, Fy(y)=y, 0<y<1 which is of exactly the same form as the
CDF of X.
It is important to note while X and ¥ may be equal in distribution, they Therefore, it is clarified that two random variables may not be the
may be quite different. same yet, sometimes they maybe equal in distribution.

ie.Y DX, burY #X.

04:07 00:31
Example
Recall that X denotes a real number chosen at random between 0 and 1. we
now obtain the cdf of X. First, if x<0, the P(X<x) = 0. Topic No. 18
Next, if x >1, then P(X< x) = 1. Finally, 0<x<1, it follows from expression
(5.3) that P(X< x)= P(0<X< x)= x-0=x.

Hence the cdf of X is Fil‘St property
0 Fx<o of Cumulative Distribution Function and its
Fy(x)={x if0<x<l (5.6)
1 ifx>1 Proof
04:50 00:39
For instance, in the above example define the random variable Y Theorem 1:

and transform it as Y= 1-X.
Let X be a random variable with cumulative distribution function

Then Y # X. F(x).
For example, let, X=0.2 then, Y= 1-0.2 =0.8. Then
So, when X is 0.2 then Y is 0.8 which is not the same. (a) For all @ and b, if a < b, the F(a) < F(b) (F is nondecreasing).

Therefore it is interesting to note that the space of Y is the interval
(0,1), the same as X.

06:28 01:40 Fex)
X Y=1-X
0 1
0.2 0.8 o | F
03 0.7 F(0.8)=1 - P(X < 1- 0.8)=1- P(X<1-0.2)=1-0.2= 0.8
0.5 0.5 F(0.6)=1-P(X < 1-0.6)=1-P(X<1-0.4)=1-0.4=0.6 | X
0.6 0.6 -
a
0.8 0.2 —
1 “ X<a
+———————
Y£X x<b
07:41 03:27
But we know that for the Uniform distribution defined on Proof:

0,1), P(X<0.2)=0.2
Part (a):

Because of the fact that a < b, we can see that the interval being
{X<a} c{X<b}

N 7,

Therefore, P(X<1-y) = 1-y



03:51 Fx) 01:57

Mathematically,
F(a) | F(b)
| lim ., F(x)=0.
X
b
« :ﬁ {X=a}
x<a is a subset of
. {X<b}
x<b
05:00 00:05
Theorem:
Topic No. 20
If C, and C, are events such that C, = C,, then, P(C,) < P(C),). PO
So, applying this theorem we say that since the interval .
X < a is contained in the interval X < b, therefore the Thlrd property .
probability of X <a is less than or equal to the probability of Cumulative Distribution Function and its
X<b.,ie. Fla) < P(b). Proof

00:05 00:16
Theorem 1:
Topic No. 19
Let X be a random variable with cumulative distribution
Second property function F(x).
of Cumulative Distribution Function
and its Proof Then,
(c) lim 5 ., F(x) =1 (the upper limit of Fis 1).
00:16 00:40
Proof:
Theorem 1:
We know that
Let X be a random variable with cumulative . F(x)=P(X<x)
distribution function F(x). so obviously
Then, F(o0)= P(X < 0) isa sure event.
(b) lim 5, F(x) = 0 (the lower limit of F is 0). Therefore, ~ F(x)=1
lim .5, F(x) = 1.
00:54 02:04

We know that

Graphically, the F(x) of F(x)
. Fx) = P(X <) any random variable will
so obviously always starts from level 1

zero and rise upto level 1.
F(-00)= P(X < -0)
Subsequent to that point 1

which is an impossible event. it goes upto to infinity .

Therefore, F(-00)= 0 T +oo



00:08

Topic No. 21

Fourth property
of Cumulative Distribution Function and its
Proof

00:24

Theorem 1:

Let X be a random variable with cumulative distribution
function F(x).

Then

(d) lim , |, F(x) = F(x,) (F is right continuous).

01:08

Explanation:

In case of a discrete distribution, we take an example of a Discrete
Uniform distribution.

- Toss a fair die (1,2,3,4,5,6).
-The probability of getting a 1 or 2 or 3 or 4 or 5 or 6 are equally
likely to occur.

02:52
x P(x) F(x)
1 1/6 1/6
2 1/6 1/6+1/6=2/6
3 1/6 2/6+1/6=3/6
4 1/6 3/6+1/6=4/6
5 1/6 4/6+1/6=5/6
6 1/6 5/6+1/6=1
06:24

Consider a CDF that is continuous F(x)
everywhere other than at the point X, 1

506 -~
(ref. CDF’s that have a few points of 4/6
discontinuity) Fxg)s
206 : (0:0)
As x tends to x, from the R.H.S, the 176
ordinate F(x) tends to the ordinate o v 2 3 4.5 6

Xp

F(xy).

00:00 ¢ q):

Let {x,} be any sequence of real numbers such that
X, | Xy . Let C ;= {X< x}. Then the sequence of sets {C }
is decreasing and [, C, ={X <x}

Hence, by Theorem 3.6, To be displayed on the screen.

limF(x")=P(ﬂ:llcn>=F(xo)’

n—»0

which is the desired result.

00:20
Topic No. 22
Evaluating
Probabilities using CDF
00:20

Theorem 1:
Let X be a random variable with the CDF F.

Then,
fora < b,
Pla< X< Db]=F_, (b)-F,(a).

01:00
Proof:

Since the interval
(‘o< X<b)={-0<X<a}U
{a< X < b}.

Since these two interval are

mutually exclusive (not - a b
overlapping).

01:49
So, therefore,
we can apply the addition theorem of probability and

can say that the probability of the union is equal to the
sum of the probabilities.

P{-0<X<b}=P{-0<X<a}+Pla< X <b}.

or P{la< X <b}=P{-0<X <b}-P{-0o<X<a)}



03:35
Example:

Exponential distribution
Now, find P(1< X <2),0=2
Then required probability

Ax)=(112)e™?  O<x<n
12 |
F(x)=1-e*" O<x<w

=F(2)-F(1)=1-1-¢e'+ e12
= e'12-e1=(1/\e)-(1/e)
=(1/1.64872)-(1/2.71828)
=0.6065-0.3679 =0.2386
=23.86%

00:35

Topic No. 23

Derivative
Of the CDF'is the PDF

01:00

The function fi(x) is called a probability density function (pdf) of X.
If fy(x) is also continuous, the Fundamental Theorem of Calculus
implies that

d

an(x)=fx(x) @

01:44

Example:

Consider the CDF of the exponential distribution with
mean = 1

ie. F(x)=1-¢*

Then, the PDF is given by

d d
—F, (x)=—(1-¢")=0-(-De™"=¢", x20
dx X( ) dx( ) D

04:26

2: Another Example

12

If Fy(x)=x/2, 0<x<2

N

Then pdfis

0 1 2

d d(x) 1d 1
—F =—| = |=—=—x)=—, O<x<?2
7 (%) dx(Zj P *

i.e. Uniform distribution.

00:08

Topic No. 24

In the continuous case,

probability does not Exist
at any particular point

00:33

In the discrete case probability is given by the

length of the ordinate erected on top of any
particular point.

00:59
Discrete Probability Distribution
* Probability Distribution of a Random Variable: Isauble
grap 2 valies (oncomes) of a
Probability
Distribution of a
B Continuous Ché
“|_Rand Random Variable
E|‘ ||H||IE| _/\
= com o semre s A CACHED, SPCTRPa  e Aa  S
S 0 E S oA RS ) LA SE LSO SS =0T rom_ALIM
01:45

* On the other hand, in the continuous case, probability is
not given by the ordinate erected on top of any particular
point (on the contrary, it is given by the area between any
two ordinates).

* If f{x) is the pdf of x, then the probability x belongs to A,
where A is some interval, is given by the integral of f{x)
over that interval, that is:

P(Xe A) =/, f(x) dx

02:55

¢ If fix) is the pdf of x, then the probability x belongs to A,
where A is some interval, is given by the integral of f{x)
over that interval, that is:

PXeA) =/, flx)dx



03:28
WHY do we say that probability does not exist at any
particular point ?
i.e.
PX=xy)=0

We say this because it is not possible to have a measurement

exactly equal to X, whatever we are saying is an approximation to
the truth.

06:00
What is P(X=1/2)?
Solution:
It is a straightforward integration to see that the probability is O:

In fact, in general, if X is continuous, the probability that X takes on
any specific value x is 0.
That is, when X is continuous , P(X = x) = 0 for all x in the support.

3x’dx = [xﬂx:m = l —l =0
x=1/2 8 8

172

1/2

07:46

An implication of the fact that P(X=x) = 0 for all x when X is
continuous is that you can be careless about the endpoints of
intervals when finding probabilities of continuous random
variables.

That is:
Pla<X<b=Pla<X<b=Pla<X<b=Pa<X<b)

for any constant a and b.

Topic No. 25

The concept of
Monotonicity

Monotonically Increasing Function

In calculus, a function defined on a subset A
of the real numbers with real values is
called monotonic if and only if it is either
entirely non-increasing, or entirely non-
decreasing.

That is, as per Fig., a function that
increases monotonically does not
exclusively have to increase , it simply
must not decrease. o

Monotonically Decreasing Function

YA

decreasing
function

y=f(x)

VA Strictly Increasing

strictly
increasing
function

Function

y=f(x) increasing on an interval [

f(b) > f(a) for all b>a, where a,be I

>
Xl (nonstrictly) increasing.

[www 2oogle.com. ‘a=strictly+increasing1 =1CICHED enP!

7E5PKTESEsour: =i JKEWIO rfG-

TLOARWHINAKHSNAQ4Q. AUICIZEE biw=12808.0in=6824imrc=5vu20A0sheBs v

Strictly decreasing Function

pppppp

Focus on the word

“Mono-tone”

The concept of the CDF, will always be monotonically
increasing function.

A function f(x) is said to be strictly

On the other hand, if f(b) > f(a) for
all b > a, the function is said to be
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Total probability is 1

Total probability is 1

The total probability associated with a random variable X of the
discrete type with pmf py(x)

erD pX(x)= 1

or

the continuous type with pdf fy (x) is 1, i.e.

Jp fx(x)dx=1,

where D is the space of X.

The definition for the pdf of a continuous random
variable differs from the definition for the pmf of a
discrete random variable by simply changing the
summations that appeared in the discrete case to
integrals in the continuous case.

It is very well-known that pmfs satisfy the two properties
D px ()20 and (i) X p py(x)=1

Therefore, the minimum possible value of any probability
is 0 and the maximum possible value of any probability is
equal to 1.

It is very well-known that pdfs satisfy the two properties

(1) fx (x) > 0 and (ii) [.,,” fx (1) dt=1

(i) The second property, of course, follows from F («0)=1

* In the continuous case the f(x) represents the ordinate
against the value x, and the ordinate can be greater than
1 (although area under the curve can never be greater
than 1).

Example:

Let X be a continuous random variable whose probability
density function is:

fix) =3x
for 0<x<1. First, note that f{x)# P(X=x).

For example, £(0.9)=3(0.9)>=2.43, which is clearly not a
probability!

In the continuous case, f(x) is instead the height of the
curve at X=x, so that the total area under the curve is 1.

In the continuous case, it is areas under the curve that
define the probabilities.

Now, let’s first start by verifying that f(x) is a valid
probability density function.

* The function f{x) = 3x? is not a Probability density
function that is why we are getting f{x) greater than 1.
So, let me show you that it is a PDF.

1 3t
j3x2dx=3x— =x3\1 —1P-0'=1
0 3 0

0

Topic No. 27

Example

showing the determination of an unknown
constant ¢
Such that f(x) or p(x) is a the PMF



Example:

Find the constant ¢ do that p(x) satisfies the condition of
being a pmf of one random variable X.

2 X
-1, =1,2,3,...
p(x)= C(.’a) *

0 elsewhere

* If p(x) to be a probability mass function, then:

3] 3] -

._
Il
[Ms
S
=
¥
Il
M
7N\

What we have inside the bracket is an Infinite Geometric series,

Therefore, applying the formula § = a4 ,we obtain

L@ e

=c| 222 =c(2) and hence c¢=—

=(3)) s :

As an illustration, suppose we want to find a probability of
x=4.
1(2

1 X
Then utting ¢=—, we have xX)=—|—|.
putting ¢== p(x) 2(3)

now putting x=4,

we obtain,

12\ 1(16) 8
4)==[=] =2[2]==—0.099
P(4) 2(3) 2(81) 81

Topic No. 28

Example

showing the determination of an unknown constant c
Such that f(x) is a the PDF

Example

Suppose X has the pdf

fx(x)z{cx3 O0<x<?2

0 elsewhere

for a constant ¢

Solution:

If f(x) is to be a pdf, then,

and hence, c=1/4.

So, now the pdf will be as follows

3
X O<x<?2
4

fe(x)=

0 elsewhere

For illustration of the computation of a probability involving
X, we have

1 .3
p(l< X <1)= jx_dxzﬁzo.%z&
4 J 4 4096

Topic No. 29

Concept of Transformation

of a Discrete variable
(when the transformation is one-to-one)



We have a discrete random variable X and we know its
distribution.

We are interested, though, in a random variable Y which is
some transformation of X, say, ¥ = g(X).

In particular, we want to determine the distribution of Y.

Assume X is discrete with space D, We consider two cases.

Then the space of Y is

D={g(x):x e D,}.

Let us assume that g is one-to-one.

Then, clearly, the pmf of Y is obtained as

P[Y=y] =P[g(X) =y] = P[X = i'(y)].

Example

Let X have the pmf
P(x)- (1712)M,  x=-1,-2,-3,...

Find the pmfof Y =X 4

Solution:
The transformation,

y=g(x)=x"
maps D ={x:x=-1,-2,-3,..} onto
D, ={y: y=1,16, 81,...}

We have
y=g(x)=x'=x=g"(y)=Ay

So, utilizing the equation

PLY = y] =P[g(X) =y] = PIX = g'()].

we get the single-valued inverse function as follows:
NG
. P[Y=y]= P(X =</§)=(5j , y=1,16,81, ...

So, this is the PMF of Y=X*.

Topic No. 30

Concept of Transformation of a
Discrete Variable
(when the transformation is not one-to-one)

Consider a sequence of independent flips of a fair coin,
each resulting in a head H or a tail T.

Let the random variable X denote the no. of flips needed
to obtain the first Head.

Then, X is a geometric random variable.

If X=x, where x=1,2,3,4,..., there must be a string of x-1 tails
followed by a head:

that is, TT...TH, where there are x-1 tails in TT...T.

Thus, from independence, we have a geometric sequence of
probabilities, namely,

PX=x)=(172y-1(1/2)= 172y ,x=1,2,3,..., 1)



Suppose we are playing a game in which if the first head
appears on an odd number of flips, we lose one dollar
whereas, if the first head appears on an even number of flips,

we win one dollar.
Let Y denote our net gain.

Then the space of Yis {-1,1}.

An interesting event is that the first head appears on an odd
number of flips;

ie, Xe{l,3)5,..}.

The probability of this event is

o 2x-1
P[Xo{lor3or5or..}]= 2(%)

x=1

Next,
=(1/2) +(1/2)3+(1/2)5+...

And infinite geometric series,li =a= (1/ 2), r= (1/ 2)2 =1/4
-r

o 1 2x-1 % 2
Required probability (—) =t = ==,
=T

4

We have already determined that the probability that X is odd
is 2/3.

Hence, the distribution of Y is given by

py(-1)=2/3 and py(1)=1/3.

So, the probability that player A will win 1$ is 1/3 and the
probability that he will lose 1 $ is 2/3.

Topic No. 31

Concept of Transformation of a Continuous
Variable
using the CDF technique)

Example:

Let fi(x)=1/2,-1 <x <1,

zero elsewhere,

be the pdf of a random
variable X.

From the graph it is obvious that we are dealing with
continuous uniform distribution defined on the interval

(-1,1).

Now, let us suppose that we are interested in determining
the PDF of X2.

Let the random variable Y be Y=X2.Now to find the pdf of Y.

The point to be understood is that, if X2=y X
y >0, then
X<y => -y <X <y 0 0
e.g. 0<X2<0.5=>-025<X<025| (.04 +0.2
(because square can never be =

: 0.25 +0.5
negative) =
From the table it is obvious that the 0.49 0.7
range of the variable Y is from O to 1. 1.00 +1.0

Now finding the pdf of Y.

The cdf of Y, Fy(y)= P(Y<y) , is given by the cdf of Y,
Fy(y)= P(Y<y),is given by 1)

P(X2<y)= P(—fy < X <\[y)
5 7
= _J\%f(x)dx=_&5dx

For the range 0 < y <1, we have

I T B 20y
F(y)=_£;5dx=—x_ﬁ=§[\/;—(—\/;)]=T=\/;
0 y<0
‘B
Fy(y): J'—dx:\/; 0<y<l
42



Hence, the pdf of Y is given by

1
fy(y)-{zﬁ

0 elsewhere.

O<y<l

di(o)=o, y<0
5
d d d |
=S F(y)={=Sy="fy ==y ==y 2= 0<y<1

f(y) ry (») a,y\/; dy\/— 57 57 N y
d
2 ()=0, y=1
=0

1

;, 0<y<
or f(y): 2\/;

0 elsewhere.

127y L)

0 w0

0.2 1.12 12
= 10 !
0.4 0.79 i S
0.6 0.65 0.6 i i !
0.8 0.56 ol 1 b T
. ! ] | ] 1
1 0.50 —o—cb—m—d)—dn—»
0.2 0.4 0.6 08 10

Hence we can see that the shape of the PDF of the transformed
variable is very different from the shape of the PDF of the original
variable.

Topic No. 32

Transformation of
a Continuous Variable

using the Jacobian of
transformation

Theorem 1:

Let X be a continuous random variable with pdf fy(x) and
support Sy.

Let Y=g(X), where g(x) is one-to-one differentiable
function, on the support of X, S.

Denote the inverse of g by x=g"!(y) and
let dx/dy=d[g"'(y)]/dy.

Then the PDF of Y is given by
H) =fg'() ldx / dyl, for y €Sy, Q)

where the support of Yis the set Sy, = {y=g(x):x € Sx}.

Proof:

If g(x) is one-to-one and continuous, it is either strictly
increasing or strictly decreasing.

This can be regarded as a

case of Direct relationship
between X and g(x).

!
|
I
|
|
I
I
2

E 0.5 1 1.5

Here g(x) is one-to-one function and we
can see that it is strictly increasing.

This can be regarded
as a case of Inverse
relationship between
X and g(x).

Here again g(x) is one-to-one and we can see
that it is strictly decreasing.

Case1:
Let us assume that it is strictly increasing,.

Then the CDF of Y is given by

F,(y)= Py <y]=P[g(x)< V]
=P[X<g”(y)]=F&. @

Hence, the pdf of Y is

d d g o[
L(y) = d—y(Fy(y)) —d—y(FX(g M) =fy(g (y))(dy} (3)

where dx/dy is the derivative of the function x = g-'(y).

In this case, because g is increasing, dx/dy > 0.

Hence, we can write dx/dy =|dx/dyl|.



Case 2:
Suppose g(x) is strictly decreasing.
Then

Fy(y)= P[Y< y]=P|:g(x)< y:|=P[X < g_l(y)]zFX (g'l(y)).

becomes Fy(y) = 1- Fy(g(y)).

Hence, the pdf of Y is
h0= 0=l M)l )

But since g is decreasing, dx/dy < 0 and,
hence, -dx/dy = |dx/dy|.

Thus eq. 1 is true in both cases.

* Henceforth, we refer to dx/dy=(d/dy)g'(y) as Jacobian

(denoted by J) of the transformation.

* In most mathematical areas, J = dx/dy is referred to as

the Jacobian of the inverse transformation x = g-!(y).
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Example

of Transformation of
a Continuous Variable
(using the Jacobian of transformation)

Example : Let X have the pdf

f()— 1 0<xx<l ]
*)= 0 elsewhere 3

Consider the random variable Y= -2logX.

The support sets of X and Y are given by (0,1) and (0,00),
respectively.

The transformation y = g(x) = -2log x is one-to-one
between these sets.

The inverse of the transformation is x = g-/(y) = e

The Jacobian of the Transformation is
J de_%
dy 2

Accordingly, the pdf of Y= -2 log X is
Ao LA LA
Jl=l.—e ?==¢" 0<y<
fy(Y)={fy(e I=tge =5 Y

0 elsewhere

This is the Exponential Distribution with Mean = 2

The above is an example of

¢ Transformation of Continuous Uniform Random
Variable to an Exponentially distributed random variable

Topic No. 34

Another example
of Transformation of a Continuous variable
(using the Jacobian of transformation)

Example:
Let X have the uniform pdf Jix)
1 V4 Vs
fx(x)—;, for —E<x<5. )
Find the pdf of ¥ = tanX. l : |



Find the mode of the following distribution.

Let y=tanx
a) p(x) =12y, x=1,2,3,..., zero elsewhere.
When, x> —a/2, y=-0, x> 7/2, y=© X P(x)
1 1/2)!
y = tanx => x = tan'ly => dx/dy =1/(1+y?) 2 (1/2)2
3 (1/2)3
|J| = |dx/dy| = |1/(] +y2)| = 1/(1+y2) 4 12)4
8/16
7/16
. . 6/16
Accordingly, the pdf of Y=tanX is 6
4/16
_ 1 3016
folan (== <
— 1+ y2 2/16
h (y) ( ) 1716
0 elsewhere |
| 2 3 4 5
Therefore, simply by inspection we say that the mode = 1.
This is the pdf of a Cauchy distribution which is one of the Topic No. 36

well-known distributions.

In other words, the above is an example of M()d e

Transformation of Continuous Uniform Random variable

to a Cauchy random variable of a

Continuous Random Variable

Topic No. 35 Definition

A mode of the distribution of a random variable X is a

value of x that maximizes the pdf.
Mode

of Discrete Random Variable If there is only one such x, it is called the mode of the
distribution.
Procedure:
De ﬁni tion We will be following the procedure that is adopted when determining the

maxima and minima of a function.

A mode of the distribution of a random variable X is a value 1. First derivative to be equated to zero and the equation thus

of x that maximizes the pdf or pmf. obtained to be solved for x.
2. The value of the second derivative to be evaluated at that value of

If there is only ome such x, it is called the mode of the x which was obtained in step 1.

distribution. 3. In case the second derivative turns out to be less than zero, that

particular value of ‘x’ will be regarded as the mode of the
distribution.



Find the mode of the following distribution.

1 2 -x
o f(x)= Exe , O0<x<oo,

zero elsewhere.

Solution:

Taking the first derivative w.r.t. ‘x’

di1l , _,
f'(x)za[zxe }

-4

X

= -1 e+ 1 2xe”™”
2 2

f(x)=xe™ —%xze"‘

Now, equating it to zero, we get

x

1
=xe ——xe =0
2

I 1 _
= xe ‘:Exze ‘32:—_\):26 :

xe

fl(x)=xe™ —%xze"‘
Now, taking the second derivative
f"(x) = (x‘e"‘ (—1) +e (1)) —%(xze'A (—1) +e " 2x) =—xe "+e "+ % X —xe™

1
fr(x)=e"—2xe™ +5xze’*
putting the value of x in the second derivative, we get

2 ")

fr(2)=e?-2(2)e? +%(2)2 e’ =e¢’ —4e” +2¢7 =—e =—0.135 which is less than zero

Therefore, the MODE of the distribution is equal to 2.

FO)=0x (67 (=) )-((1/2) x ((x"2)x (&" (—x))))

.45
rFe.a

Fe.3s
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Median
Of a
Discrete Random Variable

Definition

The median of a distribution of a random variable X of the discrete
or continuous type is a value of x such that

P(X <x)£%andP(X Sx)Z

N =

If there is only one such x, it is called the median of the
distribution.

Example: Find the median of the following distribution:

41 1Y (3™
a) p(x)— m Z Z S x=0,1,2,3,4 zeroelsewhere

x P(x)
¢ L[lin[i\“n_lxlx[i‘-‘_ﬂ
ol4—o0)l4) \4) 4) 236
! a [1\-‘[5‘-1&14;\1@
1n(4-114/\4) 31747\4) 256
2 4 [92[;\.”: 41 xgx[i‘-zzﬁ
21(4-2)1\a/ \4) 2121 16 \4) 256
3 S EAYEN RIS W EN -
3(4-3)ila) La) "3 e L4) 256
4 FTR S R E R TR B A S |
_ s S PRl s TS e ol B e B
4[(474][‘\4/"\4/' 401 256 \4) 256

The median of a distribution of a random variable X of the
discrete or continuous type is a value of x such that

l

P(X <x)£%andP(X§x)2

N | —

Trial and Error

P(X <2)=ﬂ+ﬁ=@=0.74>0.5
256 256 256

.. 2cannot be the median

Try
81

P(X <1)=——=0.32<05
256

So,

P(X Sl):ﬂ 108 :&:0.74>0.5
256 256 256

Bothrequirements fulfilled = x =1

Topic No. 38

Median of a
Continuous Random Variable



Definition

The median of a distribution of a random variable X of the
discrete or continuous type is a value of x such that P(X<x) < %2
and P(X<x) > V2.

If there is only one such X, it is called the median of the
distribution.

Procedure:

In the continuous case, the median is obtained by integrating the
pdf from —inf to M and equating it to 1/2;

by solving this equation for M, we obtain the median.

Find the median of the following distribution:
c) f(x)=2/n(1+x?), 0<x<oo
Solution:
: o2
f (x) N ;[ 7r(1+x2

dx =
)
= %[tan_] (M)-tan” (0)]" =2
= [tan™ (M)-0] =%: tan™ (M) =%

=>M =tan(%]=l <« Median

FO=2/((3,14159) % (1+(x"2)))

8.9
le.s

te.7

Topic No. 39

Concept of
(100p)™ percentile

(quantile of order p)
of a Continuous Random Variable

Definition

Let 0 < p <1. A quantile of order p of the distribution of a
random variable X is a value ZAAI p & such that
P(X< &)< pand PXS E)> p.

Note:

A quantile of order p can also be regarded as the
(100 >< p)th percentile.

Explanation:

By a quantile of order p, we mean that point on the x-axis to
the left of which the area under the curve of the probability
density function is equal to p or in other words is equal to
100 ><p %.

Now, we know that, the point to the left of which the area is,
say, 20% is known as the 20™ percentile, the point to the left
of which the area is, say, 35% is known as the 35" percentile
and so on.

Therefore, that point to the left of which the area under the
curve is equal to 100 >< p % will be known as the
(100 >< p)th percentile.

Explanation of the way in which these two equations are
fulfilled in the case of a continuous variable.

P(X<¢ép)<p (1)
P(X<ép)z2p (2)

(1) & (2) need to be fulfilled simultaneously. But the LHS’s
of both (1) and (2) are the same P(X <c)=P(X <c¢)

Hence it is obviously that both (1) & (2) can hold
simultaneously of and only of the two inequalities are
replaced by the equal sign

P(X <&p)=P(X<{p)=p

or J.gpf(x)dx= p



Find the 20™ percentile of the distribution that has pdf f(x)=4x3, 0< x< 1,
zero elsewhere.

Hint: With a continuous-type random variable X, P(X< ép) =P(X< ip)
and hence that common value must equal p.

50.20 :

£
50.20

. 4x°dx=0.20
x4 020 1
= 47 =020=>¢" -0°=020=>¢&" =020= &, =(0.20)4
0

=&, =0.6687=0.67

FGO=an (x"3) /
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Real-Life Example

of the computation of the (100p)™ percentile
(quantile of order p)
of a Continuous Random Variable

Let X be the number of gallons of ice cream that is requested at a
certain store on a hot summer day.

Assume that X follows the log-logistic distribution with @=1and S=2.
In other words, the pdf of X is given by

f(x)ziz, O<x<o

(1+x2)

How many gallons of ice cream should the store have

on hand each of these days, so that the probability of
exhausting its supply on a particular day is 0.10?

Solution: /®

fa.7

: :/ \\
|

Lo

i

T

ﬂ

He.1
|

8.

®

o5 1 15 2 | 25 3 | 3% X

where X represents the number of gallons requested i.e., the

demand

The store will be exhausting its supply only if the demand
exceeds the amount in hand.

We want the probability of this circumstance to be only
0.10.

Hence, it is obvious that we are talking about 90"
percentile of the distribution of the random variable X.

The pdf of X is given by f(x):(z—x)z, 0<x<ow, when a=land f=2
1+x°
5090 2x 50‘)0
£(x)= —dr=090=-——| =090
0 (l+x2) 1+x7,

= 17 b =—0.90:%—1=—0.9O
1+& 140 1+¢&

0.90

L

1 1 2 2 2 2
212090 —— =148 > ———1=¢ 9= = [2 =9
1+§02% 010 50‘)0 010 65l)‘)() 65L)‘)l) 5090
S8 =3
S
o6 \\_\
Ly
/
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Inverse CDF
or
Quantile function



* The quantile function is also called the inverse
cumulative distribution function.

For a given probability distribution,
the quantile function specifies the quantile of order p for all
values of p lying between 0 and 1.

In other words, the quantile function specifies the value on
the x-axis for which the probability of the random variable X
being less than or equal to this value is p (for all values of p
lying between 0 and 1).

Example

Suppose we have the Exponential distribution

f(x) =de™

O<x<w,A>0

Expected value or (mean) 1/1

The cumulative distribution function of Exponential
Distribution

1-e x>0
F(x) ={0 x<0

—Ax

The quantile function for Exponential(1) is derived by finding

the value of x for which

=>p=1- e e = 1-p

Taking log on both sides

=Ine™ = In(1-p) =—AxIne= In(1-p)
= —Ax= In(1-p) vlne=1

o= 2)

In(1-
O(p;A) = —#, for O<p< 1.

The quartiles are therefore,

first quartile (p = 1/4)=1n (4/3)/ A,
median (p=2/4)=1n (2)/ A

and third quartile (p=3/4) =1n (4)/ A

Ul f2 g3

The cumulative distribution function &7
(shown as F{x)) gives the pvalues asa
function of the g values. The quantile
function does the opposite: it gives the
q values as a function of the p values.

Topic No. 42

Example of a Random Variable
being Stochastically Larger than another
random variable

Definition
A random variable X is said to be stochastically larger than another random

iable Y if
vanble T P(X >z)=2P(Y>z),

for all real values of z, with strict inequality holding for at least one z value.
This requires that the CDFs enjoy the following property:

Fy(2)< F(2),

for all real z, with strict inequality holding for at least one z value.

This requires that the CDFs enjoy the following property:

F(2)<Fy(2),
Now,  F(2)=P(X<2)
whereas, F,(z)=P(Y<z)=P(X+A<z)=P(X <z-A)
P(X<z-A)<P(X <z) (1)
eq. (1) can be re-write as
P(X+A<z)<P(X <z)
or
P(Y<z)<P(X <2z) % Y

or Fy(z)SFX (z)



Example:

Let X be a continuous random variable with support (-0, o0). Consider
the random variable ¥ = X + A, where A > 0. Suppose that we want to
show that Y is stochastically larger than X.

Solution:
First and foremost, let us re-state the above definition interchanging the
roles of X and Y.

This requires that the CDFs enjoy the following property:

F (2) < Fy ().
Now, Fy(z)=P(X <z)
whereas, F,(z)=P(Y<z)=P(X+A<z)=P(X <z-A)
P(X<z-A)<P(X<z) (1)

eq. (1) can be re-write as
P(X+A<z)<P(X <z)

or

or Fy(z)SFX(z).

Therefore the random variable ¥ =X +A, where A > 0.

has showed that Y is stochastically larger than X.

Topic No. 43

Concept of Mathematical

Expectation
for Discrete and Continuous Random Variables

Definition 8.1. (Expectation). Let X be a random variable. If

X is a continuous random variable with pdf f(x) and
J |x|f(x)dx < 00,

then the expectation of X is

E(X):chf(x)dx.

If X is a discrete random variable with pmf p(x) and
Z|x| p(x)dx <o

Then the expectation of X is
E(X)=2xp(x)

Sometimes the expectation E(X) is called the mathematical
expectation of X, the expected value of X, or the mean of X. When
the mean designation is used, we often denote the E(X) by u; i.e.,

u=E(X).

Example
Suppose that we have a discrete random variable X given
by -1, 0, and 1. and the probabilities of P(-1) = %4, P(0)=
Y, P(1) = 4.

So,

1 1 1 1+2+1 4
P(-1)+P(0)+P(D)=—+—+—= =—=1.

(=) +PO)+PM= bty =——=
Now, to find the Mean X p(x) | xp(x)
So, -1 1/4 | -1/4

0 172 0

Mean=—l+0+l:0. 1 1/4 1/4

474

Now to fullfil the condition to get a finite number

So,
D |4 p(x)dx <o

X

x | p(x) | xp(x) | |x| ||x|p(x)

-1 144 -1/4 | 1 1/4

1

=05.0| 12 0 0 0

12 1
"
1] 14 | 14 | 1] 14
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Concept of
Mathematical Expectation

of a Function of a Random Variable X
(for discrete and continuous random variables)



Theorem :

Let X be a random variable and let Y = g(x) for some function
g.

a) Suppose X is continuous with pdf  f, (x).

If _[ |g(x)| fx (x)dx<oo,  then the expectation of Y

exists and it is given by

E(Y)= [ e(x) £y (x)dx. 0

b) Suppose X is discrete with pmf Px (x) . Suppose the support of

Xis denoted by § . If . ¢

g(x)|px (x) < oo, then the

expectation of Y exists and it is given by

E(Y)=2. . 8(x)py (%). (2)

Topic No. 45

Concept of Linear combination of the Expected

Values of two

different functions of a Random Variable ‘X’
(for discrete and continuous random variables)

Theorem 1: Let g,(X) and g,(X) be functions of a random
variable X. Suppose the expectations of g,(X) and g,(X)
exists. Then for any constants &, and k,, the expectation of k,
2,(X)+ k, g,(X) exists and it is given by

E[kg,(X)+ky8,(X)]|=kE[8,(X)]+k,E[g,(X)]

Suppose that we have a discrete random variable X that
have the values -1, 0, 1 and the probabilities of three values
are P(-1)=1/4,P(0)=1/2 and P(1)=1/4.

Now let us consider two different functions of the r.v. ‘X’
Let g,(X) b given by X+2 and g,(X) be given by X+5

And k;=2and k, =5,
So, let us construct a table:

x | px) | gX) | kg (X) | 2X) | kg(X) | kg,(X) | p(x)(k;g,
=X+2 =X+5 + k,g,(X) X)

+

k,g,(X))

-1 -4 1 2 4 20 22 -22/4
0 %) 2 4 5 25 29 29/2
Y4 3 6 6 30 36 36/4
72/4=18

In the same way, you can find the R.H.S of the formula and
will find

E[kg,(X)+k,8,(X)]|=kE[g,(X)]+k,E[g,(X)]

That both sides are equal as it was required.

00:49
Topic No. 47

Explanation of the fact that
in general
the expected value of a product is not equal to
the product of the expected values

01:09

Suppose that we have two random variables X and Y.
Then, in general
E(XY)#E(X)E(Y).
Reason:
X times Y is a non-linear function
and the expectation operator doesn't go inside non-linear functions,

it only goes inside linear functions such as X +7Y.



03:24 Example:

Let us divide, at random, a horizontal line
segment of length 5 into two parts.

If X is the length of the left-hand part, then
5-X will be the length of the right-hand part.

04:35

Since we are diving the line segment into two parts
at random, therefore it is reasonable to assume that

the length X is uniformly distributed i.e.

1
-0 5
f(x)= . <x<

0 elsewhere

05:57

Now, the expected length of the left-hand part is given by
5 5 1}
E(X)=|xf(x)dx=|x| - ldx
()= (ehte= ] 3
I
0

25 0 25 5

5 2P
X X
—_ X =— = =

(SJJ 10 10 10 10 2

0

07:40
Similarly, the expected length of the right-hand part is given by

1) (op= (5= s

5

E(5-X)=[(5

0

09:52  On the other hand, the expected length of the product

is calculated as follows:
5

E[X(5-X)]=E(5X = X?)=[(5x—2") f (x)dx

0

el e

5

!

£ 2T 25 125 375-250 125 _25
2 0

=222 _040=" 0
2 15 30 30 6

11:12

55 25
Now, E(X )E(5-X)==x=—=—
ow, E(X)E(5-X) =252 -2
whereas
25
E|X(5-X)|=—
so that

E[X(5-X)]|#E(X)E(5-X).
Hence, it is easy to see that, in general, the expected value of a product

is not equal to the product of the expected values.

12:46

However, we have the following important result:

If X and Y are independent random variables,
then
E(XY)=E(X)E(Y)

Topic No. 48

Example of
computing mathematical Expectation
of a Function of a
Discrete Random Variable ‘X’

Example: Let the pmf p(x) be positive at x = -1, 0, 1 and
zero elsewhere.

a) If p(0) = 1/4 , find E(X?). T
-1 1
0 0
1 1

Solution:

First we find the pmf for X?> .The random variable X? takes
on the values 0 and 1.

Now,

and



P(X*=1)=P[(X =-1)UP(X =1)]
=p(-1)+p(1)
=1-p(0)

It then follows that

E(X?)=0P(X*=0)+1.P(X*=1)=

AW

00:32
Topic No. 48
Another Example of
computing mathematical Expectation
of a Function of a
Discrete Random Variable ‘X’
00:42

Example: Let the pmf p(x) be positive at x = -1, 0, 1 and
zero elsewhere.

b) If p(0) = 1/4 and if E(X) = 1/4, determine p(-1) and
p(D).

01:27
Solution:
From
E(X)=(~1)0p(~1)+00p(0)+10p(1)
=(-1)np(-1)+mp(1)=%,
and
p(=1)+p(0)+ p(1)=1
03:39

we obtain the equations
{p(—l)—p(l) =-1/4, (1)
p(-1)+p(1)=3/4 (2)
Solving the equations simultaneously yields
1

P(—1)=Z,

and p(1)=%.

04:39

Therefore, the sum of the probabilities are
1 1 1
p(-1)+p(0)+p(l)=—+—+=
_1+1+2 4 1
4 4

02:05
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Yet another example of computing
Mathematical Expectation
of a Function of a Continuous Random Variable X

02:20 Example:
Let X be a non-negative random variable

of the continuous type with pdf f(x),x>0.

Show that

©

E0) = J(1-F (1))

0

where F(x) is the cdf of X .

03:56
Solution:
1-F(x)=1-P(X <x)=P(X >x)= f; (y)dy
So
I(l—F(x))dx=ijX (y)dydx
07:55
Now,

©

1=F(x)=1-P(X <x)=P(X >x)=[ f, (y)dy

x

So T(I—F(x))dxz ﬁfx (v)dydx

Note that in the above, we are integrating over the domain

O<x<oandx<y<oo.



08:54

Now, integrating over the domain 0 < x <c0 and x < y <o

is the same as integrating over the domain 0 < y <o and 0 < x < y.

09:42 Explanation:

Domain no. l: 0<x<wandx<y<w

ry

3| 2 3 4 5
11:19 Domain no. 2: 0<y<wand 0<x<y
5
5 r Y 0/
4
3
5.
1. |
T T T T T L
1 2 3 4 5

12:30
So, integrating over the domain 0 < x < and x < y <0

is the same as integrating over the domain 0 < y <oo and 0 < x < y.

Hf () dydx

fl (y)dx}

So (1— F(x))dx

|

O —e O ]

Sx (y)dxdy =

ot—38
o'—.v

14:22

Now,

fo (y)dx=fy (y)jl-dx=fx ()=l = £ () (3 =0)= ¥/ ()

Therefore

0

[(1-F (x))ax I(yfx (¥))dy = fyfx y=E(X).

0

00:09
Topic No. 50

Proof of the fact
that E(X?)
is greater than or
equal to [E(X)]

00:14
Theorem

If the variance of the random variable X exists, then

E(x*)2[E(X)]

00:39
Now
Var E[X-E(X)]
_E[Xz—ZXE(X){E(X):H
= E[X*]-2E(X)E(X)+[E(X)]
- [ 2] 5]
=E[X*]-[E(X)]
03:40

Hence, it is established that

E(X)-[E(X)] =E[x-E(X)]

But [x-E(x)] >
as the square of any quantity has to be nonnegative.
Therefore, E(X _E (X ))2 >0

E(X*)2[E(X)] = E(x*)-[E(X)T 20

Hence proved.

00:09

Topic No. 51

Mean, Variance and

Standard deviation
of a Random Variable



00:25
Mean

First, let X be a random variable of the discrete
type with pmf p(x).
Then

E(X)zzxp(x).

01:01

If the support of X is {a,, a, a; _ }, it follows that®
E(X)=alp(al)+a2p(a2)+a3p(a3)+...

This sum of products is seen to be a “weighted average”
of the values of ay, a, a; _the “weight” associated with
each a;being p(a,).

02:50
Let a,a,,a,,...,a,

a+a,+a;+..+a, a a, a a
=1 2 3 n -1, 2 3.4
n n n n n

1 1 1 1

=la,—+a,—+a;—+-+a,—

n n n n

This suggests that we call E(X) the arithmetic mean of the
values of X, or, more simply,

the mean value of X (or the mean value of the distribution).

05:15

Variance
Let X be a discrete random variable with support
{a;, a, a; }, and with pmf p(x), then

E[(X-p)' [= 2 (x=a) p(x)=(a=#) p(a)+(a,=p) p(a)+..

x

06:38

This sum of products may be interpreted as a “weighted
average” of the squares of the deviations of the
numbers a,, d,, a;, ... from the mean value y,

where the “weight” associated with each (a,- u)? is
p(a).

07:16

Standard deviation

The positive square root of the variance is called
Standard deviation.

o= E[(X—,u)ﬂ

07:36 Short-cut formula

o’ =E[(X —,u)z}=E(X2—2,uX +,L12);
and since E is a linear operator,
o’ =E(X?)-2uE(X )+
=E(X2)—2,L12+,L12
=E(X?)- 0,

This frequently affords an easier way of computing the
variance of X.

00:45
Topic No. 52

The Concept of
Degenerate

Random Variable
and one of its basic
properties

00:51

Definition

A degenerate distribution is a probability
distribution with support only on a single point.

02:57
Examples

*A coin both sides of which are showing a head

*A die all six sides of which are showing the
same number.

This distribution satisfies the definition of “random variable”
even though it does not appear random in the everyday sense
of the word; hence it is considered degenerate.



06:30

Mean and Variance of a Degenerate Random
Variable

If the space contains only one point k for which

Then p(k)>0,

p(k)zl, u=k,and o* = 0.

07:08
Explanation:

Let us consider another example, suppose that a teacher
administers a test out of 10 in a class and k= 20.

If every single student get 7 out of 10 then, the mean mark will
be 7.

In this case, the mean of the random variable X is also
equal to £ and the variance of the random variable X is
equal to zero.

00:19
Topic No. 53
Proof of the fact that the
Mean of a symmetric
distribution lies
at the point of Symmetry
00:51

Example

Let a random variable X of the continuous type have
a pdf f(x) whose graph is symmetric with respect to
x=c.

If the mean value of X exists, show that
EX) =c.
01:58
Hint: Show that E(X - ¢) equals zero
by writing E(X - c) as the sum of two integrals:
Where one from - to ¢ and the other from c to oo.
In the first, let y = ¢ - x; and, in the second, z = x - c.

Finally, use the symmetry condition f{c - y) = f(c +y) in
the first.

04:45

Solution:

Given that flc-x) = flc+x), we will show that
E(X-c)=EX)-c=0.

06:01

08:30

10:20

13:16

In the first integral,
lety=c-x=>dy=-dx
andx >-0=>y—>0,x>c=>y—>0

and in the second integral,
letz=x—c=>dz=dx
andx >c=27>0x>0=>7 >,

We have

E(X-c)= I(x—c)f(x)dx+T(x—c)f(x)dx.

—0

Applying the above transfornmations, we obtain

E(X —c):—}(—y)f(c—y)dy +]Ezf(c+z)dz

©

=—ny(c—y)dy+Tzf(C+ z)dz

0
Now, let us focus on the first integral:

Since f (.) is symmetric about c,

therefore f (c—y)= f (c+y)

=>-fyf(c—y)dy=-Fyf(c'+ y)dy

=—Tzf(c+z)dz

using the concept of dummy variable.

Hence

o

E(X —c)=—J.zf(c+z)dz+sz(c+z)dz =0.

0

Hence, we conclude that
if the density function
for a random variable X
1s symmetric about c,
then,u=E[X]=c.



00:14 06:05
Topic No. 54
Proof of the fact that the
Mean of a Standardized variable
is zero and the variance is 1.
01:23 00:11
Proof:
Let the random variable X have mean ¢ and standard
deviation o,
—h <t <h. Show that
2
(Xt E{(u) }1
o o
02:08 00:34
Using the linear properties of expected value and the
definition of u = E[X], we calculate
X - 1 1 —u
5| Xt L g (EX)-a) 22,
o o o o
which verifies the first equation.
04:06 02:44
Using the linear properties of expected value again and the
definition of o= E[(X - u)?], we calculate
2
x—u ] x-w) ] E[x-27] o
El| — =E 2 - 2 -2 1,
o o o o
which verifies the second equation.
05:46 03:40

Note:

o2 (554 -

implies that

Var(X_ﬂ)=1.
o

Proof:

Var(w) = E[(w)z}—EE(w)]2 ,we have

Var(

=1-0*=1-0=1.

)er] (25 el

X—p
o

|

Hence, the mean and standard deviation of a

standardized variable are 0 and 1 respectively.

m™ Moment about Arbitrary origin

Topic No. 55

The Concept of
Moments

Consider the expression E(X —a)"

where m is a positive integer.
E(X-a)" = J. (x=a)" f(x)dx

or

E(X-a)" =) (x=a)" p(x)
depending on whether X is a continuous
or a discrete random variable

and it is known as the m" moment

about an Arbitrary origin.

Notation
for m™ Moment about
Arbitrary origin:

1, =E(X-a)"

m' Moment about the Mean

m

In the expression E (X —a)
if we put @ = y, we obtain

E(X —,u)m = (x—,u)mf(x)dx

§e—s

or

E(X—p)" =2 (x=#)"p(x)

X
depending on whether X is a continuous
or a discrete random variable

and it is known as the m" moment
about the Mean.



04:59 09:14 Another Special Case:

Notation In the m"™ moment about the Mean, if we put m = 2, we obtain
for m™ Moment about "
. 2 2
The Mean: w,=E(X -u) =j(x—y) f(x)dx
_ mn or
M, =E(X ) 2 2
#y =E(X =) =2 (x=p) p(x)
implying that the 2" moment about the mean is the Variance
of the distribution.
05:23 00:14

Topic No. 56
Moments about the Mean are also
known as Central Moments.

Moment Ratios depicting

Skewness (#,) and Kurtosis (5,)

05:33 m™ Moment about the Origin 01:23 Measures of Skewness
In the expression E(X —a)" Let X be a random variable with mean zand variance o’
if we put a =0, we obtain (i.e. standard deviation o) such that the third moment about z
E(X -0)" :E(Xm):jnxmf(")dx ie g, = E[(X _/”)3] exists.

E(X-0)" :E(X’”):Zx”‘p(x)

depending on whether X is a continuous

The value of the ratio

3
or a discrete random variable E |:( X—-u ) :| I,
PSS . th —_— =
and it is known as the m" moment 0_3 0_3
about the Origin.

is often used as a measure of skewness.

07:35 02:35
Notation
for m" Moment about It is important to note that this measure of skewness is
The Origin:
) * negative for distributions that are skewed to the left,
M, = E (X " ) * zero for distributions that are not skewed (symmetric),
and

* Positive for distributions that are skewed to the right.

08:14 A Special Case: 03:11
In the m" moment about the Origin, if we put m =1, we obtain The square of this ratio i.e.
0 #2 ,le IUZ
/ 1 3 — 3 _ 3
w=E(X")=E(X)=|xf(x)dx VN RN
= E(x)=E()=] (@ () ()
or
u =E (X 1) =E(X)=) xp(x) is known as the 'first’ moment-ratio and is denoted by 3, i.e.
X 2
implying that the 1" moment about the Origin is the Mean of the B = ,u_3z

distribution. #



06:38

08:10

08:30

It is important to note that the numerical value of this

Measure of Kurtosis
Let X be arandom variable with mean y and variance &

(i.e. standard deviation o) such that the fourth moment about x

ie i, = E|:(X —,11)4:| exists.

The value of the ratio

E(x-w)] 4

o - (0'2)2 - (/12)2

is often used as a measure of kurtosis.

This ratio is known as the 'second' moment-ratio

and is denoted by g, i.e.

y7;
ﬂ2:_42

H,

measure of kurtosis is

* greater than 3 for distributions that are leptokurtic,

* equal to 3 for distributions that are mesokurtic, and

*less than 3 for distributions that are platykurtic.

00:33

00:51

Let X be a random variable such that for some # > 0, the expectation

Topic No. 57

The Concept
of
Moment Generating
Function

Definition:

of eX exists for

The moment generating function of X is defined to be the function

—h<t<h.

M () =E(e™) —h<t<h.

We use the abbreviation mgf to denote the moment generating
function of a random variable.

03:14 Role of mgf

In general, if m is a positive integer and if M™)(f) means
the m™" derivative of M(r), we have, by repeated
differentiation with respect to ¢,

M (0)=E(x").

Since M(t) generates the values of E(X™); m=1,2,3,...,1itis
called the moment-generating function (mgf).

04:20

In the same way, if we take the second derivative of the
first derivative, and putting t = 0, we will get the second
moment about the origin.

05:20

Example

Consider the exponential distribution given by

f(xA)=2e,0<x<0,1>0

Find the mgf of X and use it to find the mean and variance of the
exponential distribution.

06:27 Solution

By definition, we have

M (t) = E(e'X ) = /?,Te”e_’“dx
[0)

@ x(1=2) \*
= Afe " Pax=a| £
.([ ( (t - j’) 0

A (),

T (1-4)

07:38
Now, if A >#,thent-4 <0

and hence

M (1) = (t:li)(e_“’ o)
A

A
N R Py
fortr < A.




09:30

10:17

11:14

12:20

13:07

forr < A.

Evaluating the derivative at =0, we obtain

P . ]
(1-0) A 2

which is the first moment about zero

i.e. E(X)

i.e. the well-known mean of the distribution.

Next

Evaluating the derivative at
t=0, we obtain

22 24 _ 2
(2/ _ 0)3 23 /12
which is the second moment about zero

ie E(X?).

M (0)=M"(0)=

Using the short-cut formula for the
variance, we obtain

Var(X)=E(X*)-[E(X)]

_ 1_(1)2

A2 a4

2 1 1
IR
which is well-known.

Edited by
Mahar Afaq Safdar Muhammadi
MSc Math, Whatsapp 03494873115

00:23
Topic No. 58
Algebraic expressions
of Some well-known MGFs
01:15

Discrete Distributions

01:20 Distribution Moment Generating Function

(MGF)

Bernoulli P(X=1) =p 1—p+ pe'

Geometric (1-p*Ip P o ~In(1-p)

1-(1=p)e'

Binomial B(n, p) (1—p+ pe' )"

Poisson 1 eiv(" -1)

Negative binomial NB(r, p) (1=p)"
(1=pe')

. . o _etlnl)v
Uniform (discrete) U(a ,b) Tani)(ie]

06:56

Continuous Distributions



07:03 Distribution Moment Generating Function

(MGF)
Uniform (continuous) U(a ,b) e — e

t(b—a)
Normal N(u-c?) s % s

e
Chi-Squared 2, (1 ~ 2t)_§

G T (k6 -
amma (0 (1-10)" ;vi <L
(74

Exponential A

(1-027) " (1< 2)

09:54
Distribution Moment Generating Function
(MGF)
Laplace L(u ,b) e
1-b°t*
Cauchy N(u - 6) Do no exist
00:13
Topic No. 59
Derivation
of
Mean and Variance of a distribution
in terms of its MGF
(by repeated differentiation of the mgf)
00:25

» Since a distribution that has an mgf M(t) is completely
determined by M(t), it would not be surprising if we could
obtain some properties of this distribution directly from M(t).

» For example, the existence of M(t) for —h <t < h implies that
derivatives of M(t) of all orders exist att = 0.

01:38

So here we will apply the method of successive derivatives of the MGF in
order to prove that , for any pdf the MGF of which exists,

p=M'(0)
and

0" = M"(0)-[M'(0)]

2

03:06 If X is a continuous random variable, then
dM(t) d 7

M'(1)=—F>+= J.e“f(x)dx = T(%e”jf(x)dx=ixe"‘f(x)dx

di di 3 g

d e
Now, —e™ =me
dt

But here x is acting as the “constant” and ¢ is the variable.

. d X d Xt Xt x
So—e =—e =Xxe =xe
dt dt
amM %
Hence, M'( )= dt(t) = I xe" f (x)dx

06:20 Upon setting ¢t = 0, we have

dM (t)

dt

0

= T xe™ (x)dx = J.xeof (x)dx

=0 —0 —o0

M'(0)=

= T xf(x)dx=E(X)=p.

08:29 Now, the second derivative:

M"(1)= dﬁfl;(t) =%:xe“f(x)dx= T (%xe”jf(x)dxzchf(x)(ie”jdx

—n

mx mx

Now ie =me

T dt
But here x is acting as the “constant” and ¢ is the variable
d x 1x
Therefore —e" = xe

& hence M"(t) = ]' xf (x)xedx = I xf(x)e"dx

-0

10:46
Upon setting ¢ = 0, we have
M"(0)= J X f(x)e™dx= I x*f(x)edx
= I x2f(x)dx: E(X2)
12:10

According to the short-cut formula,

o’ =Var(X)=E(X2)—,u2

But since M'(O) =u and M "(0):E(X 2) (as proved above)
Therefore

o’ =M"(0)-[ M'(0)]

2



13:01

The point to be remembered is that sometimes
one way is easier than the other.

00:13
Topic No. 60

Derivation of m'* moment
about the Origin
of a distribution from its

MGTF (by repeated
differentiation of the MGF)

00:30 Theorem

If m is a positive integer and if M"(t) means the m"
derivative of M(f), we have, by repeated differentiation with
respect to f,

M (0)=E(x").
and ®

E(X’”)= Jx"’f(x)dx

—0

where or
2. *"p(0)
04:24
Proof:

M'(t)= Ixe’x (x)dx,
M'"(1)= _[ x’e" f (x)dx,
M"'(t)— Ix3e"x (x)dx ,

09:01

M ()= T x"e" f(x)dx

=M™ (0)= T x"e" f (x)dx

- T x"f (x) dx = E(X'") = m" moment about

about theorigin.

10:40

* Since M(f) generates the values of E(X™), m=1,2, 3,
..., itis called the moment generating function (mgf).

* m" moment about the Origin of a distribution from its
MGEF is the same as the m™ derivative evaluated at
t=0.

00:17
Topic No. 61

Derivation of

m' moment about an Arbitrary origin
of a distribution from its MGF
(by repeated differentiation of the
mgf)

02:00 Theorem
Let X be a random variable such that

R(t) = E(e ' X®)
exists for t such that -/ < ¢ < h.

If m is a positive integer, R™(0) is equal to the
m™ moment of the distribution about the point a.

03:38

Proof:

R(r)= E[er(x_“)] = J e f (x)dx,= I e (x)dx

v d T iama) [ d ea)

R (t)—E_J;)e f(x)dx, —_J;(Ee f(x)dx
05:34

Now,

%et(x—a) _ (x_a)et(x—a)



08:05
or
R'(O): J-(x—a)f(x)dx
= E(x—a) =1" moment about a
or
E(x —a)1 == 1" moment about a.
09:48 NVext

R”(O)=%R'(f)=%Di(x—a)e'("“) f(x)}

T (x_a)f(x)(%e'(m)jdx = ]E(x—a)(x—a)e’("'“}f (x )dx

-0

=R"(0)= T ()c—a)2 eob_a)f(x)dx: I(x—a)Z £ (x)dx

—o0

= E(X —a)2 = 2" moment about a.

00:17

Topic No. 62

Alternative method for finding
the moments from the MGF using
Maclaurin’s series expansion
of the mgf
(through an Example)

00:30

We can differentiate M(t) any number of times to find the
moments of X.

However, it is instructive to consider the following
alternative method --- one that involves the Maclaurin
Series expansion of M(t).

03:01
Maclaurin Series

By definition, for any function f{x), a Maclaurin’s series is
given by:

' " (3) (n)
7£(0)+ f (O)x+ /(0) X+ S0 ot S700)

T 21 ST !

X"+

7(x)=

05:00

If our function is M(t), the Maclaurin’s series will be
given by

06:08

But we know that

Also, we know that
M(1)=E(E™)=M (0)=E@")
=M (0)=E(’)=>M(0)=E1) =1

09:53
Therefore
E(X? E(X™"
M(t)=1+LX)t+Mt2+...+utm+...
1! 2! m!
or
M(t)=1+E(X)L+E(X2)ﬁt+ +E(X'")£+
T T e

Thus the coefficient of (#”/m!) in the Maclaurin’s series
representation of M(t) is E(X™) i.e. the m” moment about
Zero.

00:17
Topic No. 63

Derivation of the

Relationship

between the MGF of the
Standardized Variable and

the MGF of the Original Random
Variable

00:39
Theorem:

Let the random variable X have mean u, standard deviation
o,and mgf M (r),-h<t<h

_H
Then MZ(;)=e GMX(L), —ho <t<ho.
o

X_
where Z=—'u.
o



02:50  proof:

The first point to be noted is that

if—ho <t < ho.then—h < — <h,
O

which shows that - is in the domain of M X (7).
o

05:53

Now, using the definition of M, (1) = E[¢™]
and the linear properties of the expected value,
we start from the RHS of the equation:

06:51

_m P I Xt
RHS =¢ "MX(—):e "E{e" }zE[e" "]
o

(X=n)

=E|e ° |=E[¢”]=M,(t)=LHS

which verifies the equation.

09:40
Next:
Three general results
pertaining to
the moment generating function:
09:47

Three general results pertaining to the moment
generating function:

L My, ()= E[e(x“’)'] ="M, (t);

2. My (1)=E[e" |=E[ "™ |= M, (br);

b

R e

13:00 Note that the third result i.e.

M, ()=e"M, (é)

b

is of special importance when a =-u and b =0,

in which case , we have

= t
My  (t)=e° M, (;)

o

or, in other words,

M, ()=, 4]

o

exactly the same as what we proved.

00:28

Topic No. 64

Proof of the fact
that for a PDF that is Symmetric about
0 and for which the MGF exists,

M(-t)=M(t)

01:57
Theorem:

Let X be a random variable with a pdf fix) and mgf
M().

Suppose fis symmetric about 0 i.e. f{(-x) = f{x).

Then M(-t)=M(¢).

02:57
Proof:
By definition w
M(—t)= E(e(_’)x) = I N f (x)dx
[ iff(x) is symmetric about 0,
" then f(x) itself is f (-x)
= j e’(_x)f(x) dx :j e’(_x)f(—x)dx
05:11

Applying the transformation
u=-x=>du= —dx

&
X—>—00=>U—>00, X —>00=>U—>—D



00:21

Topic No. 65

Cumulant Generating Function (CGF)
and its role in finding the mean and variance
of a probability distribution

00:40

We begin with
the Concept of

Cumulants

01:09
The First Three Camulants

¢ The first camulant is the first moment about zeroi.e. the
mean of the distribution.

The second cumulant is the second central moment i.e.
the variance.

¢ The third cumulant is the third central moment.

02:54 Higher Order Cumulants

The higher cumulants are neither moments about zero nor

central moments, but rather more complicated polynomial
functions of moments.

In fact, it can be shown that the &” cumulant «,(X) of a random
variable X is the value of a certain polynomial in the first k
moments of X i.e. a polynomial in E(XY), ¢=1,....k

04:44

Next,
we consider
the concept of the

Cumulant Generating Function

05:28
Definition of Cumulant Generating Function:
The natural logarithm of the moment generating function

is called the cumulant generating function.
It is denoted by (7).

In other words:

W (r)=log M (1)

05:52
Next,

let us consider
the Role of the Cumulant Generating Function
in finding the mean and variance of a
distribution.

06:25 .
Two simple results:
Y'(0)=u
and
LP”(O) — (72
07:07
Proof:
i) Mean:
N ) L e MO
(1) = (¥ (1)) =5 (log M (1) = o (M) = 0 o

Hence‘I"(O):|M'(t)| :M'(O): H
(M@, M®©) M(©)



08:47

However
M@ =E(e").. M©0)=E(e™)=E(c’)=E(1)=1

H

So that ¥'(0) = T Hence proved.

09:44
Proof:
ii) Variance:
We have ‘P'(t) = M'(1)
M (1)
Hence W' (1) = 1(1\4'@) J: M ()M (t)—(zM )
dt\ M(t) (M(l‘))
11:00

so that ¥ (0) = L OM'©) ~(M'©)" _ (OM"(0)~(u)

(M) (1)’
=M"©0)—(n)’
However, we know that M "(0) = E (X 2)

~P"(0)= E(Xz)—(,u)2 = Var(X) = o”. Hence proved.

00:14
Topic No. 66
This is known as the
Additivity Property
of the CGF and the Cumulants
00:31

The CGF of the sum
of two independent random variables
equals the sum of their CGFs

so that

each cumulant of a sum
of independent random variables
is the sum of
the corresponding cumulants of the addends

01:10
1. Additivity Property of the CGF:

If X and Y are independent random variables,

then,

the cumulant generating function of X+Y is related to the
cumulant generating function of X and the cumulant
generating function of Y by the relation

Ky A0 = Ky () + KAD).

oz:(l))sl‘OO f: If X and Y are independent random variables,
then
Ky .,(t) =logE[¢*"]
=log E[er(x)e’(y)]
- tog ([ e[ )
=log El:e’x J +log El:e'y :I
=K, (®+K,(1).
07:05

2. Additivity Property of the Cumulants:

If X and Y are independent random variables,

then,

the n'" cumulant of X+Y is related to the n'" cumulant of X
and the n™ cumulant of Y by the relation

K,(X+Y) =x,X)+x,(Y).

The proof of this result is somewhat advanced.

00:09
Topic No. 67
Relation between Central MGF and CGF
AND
Relation between Moments about the Mean
and Cumulants
01:47

* The central moment generating function is given
denoted by C(¢)

e Definition

It is shown as the



02:37

When we consider the mgf for moments about ‘0’

also

wesay E (e”‘ ) can also be written as E (et(’“_o) )

03:48

The central moment generating function is

given

c=£[¢ ][] =elee]

= e"”E[e’x] =e "M (t)

05:23
Now, by definition, we have
K (t)=logM (1)
eK(t) _ elogM(t) — eK(z) -M (t)

C(t) — eK(t)e—yt _ e(K(t)—,ut)

09:25

* To express the central moments as functions of
the cumulants, just drop from these polynomials
all terms in which x, appears as a factor:

09:46
# =0
My, =K,
Hy = K
Hy = K, + 355

Us = kK5 +10K, K,

U =Ky +15K,5x, +10K; +15x;.

11:52

To express the cumulants x, for n > 1 as
functions of the central moments, drop from
these polynomials all terms in which y'; appears

as a factor:
12:06
K, =H,
Ky = Iy
. 2
K, = My =34,

K5 = s~ 101
Ko =ty — 15,44, =105 +301;.

00:15

Topic No. 68

Characteristic Function

00:43

The Characteristic function of a probability distribution

is denoted by ¢, (t) and is defined as the expected value

of ¢™ i.e.

Py (t) — E(eitX )
where ¢ is an arbitrary real number and i is the imaginary

number given by i=+/—1.

01:53

If the PDF of X is given by f(x), then
oy (1)=E (e”X ) = f; ™ f(x)dx.



02:36

The characteristic function exists for every distribution and it

possesses the uniqueness property. In other words, every
distribution has unique characteristic function.

In other words, the characteristic function uniquely identifies

the probability distribution.

In fact, it completely determines the behavior and properties

of the distribution.

04:13

Algebraic expressions of Some well-known
Characteristic Functions

05:09

Characteristic Functions of some well-known

discrete distributions:

Distribution

Cumulative function ¢(7)

Bernoulli P(X =1)=p

1-p+ pe"

05:32

Characteristic Functions of some well-known

discrete distributions:

Distribution

Cumulative function ¢(7)

Binomial B(n, p)

(1— p+ pe" )n

06:26

Characteristic Functions of some well-known

discrete distributions:

Distribution

Cumulative function ¢(7)

Poisson Pois (/1)

Ae"-1)

e

06:51

Characteristic Functions of some well-known

discrete distributions:

Distribution

Cumulative function ¢(¢)

Geometric (1- p)k_l p

it

pe
1-(1-p)e"

06:56

Characteristic Functions of some well-known

discrete distributions:

Distribution

Cumulative function ¢(¢)

Uniform (discrete) J (a, b)

euit _ €(h+l)”

(b—a+1)(l—e”)

07:04

Characteristic Functions of some well-known

continuous distributions:

Exponential
Normal
Chi-squared
Gamma
Cauchy
Laplace
07:09
Distribution Characteristic Function
p(t)
1—ita™)”
Exponential Exp().) ( —it )
ity 1 2.2
Normal N(u, ¢2) e _EO' t
08:32
Distribution Characteristic
Function ¢(7)
o- 2 _5
Chi-squared X2, (1-2ir)
Gamma I'(k, 6) (1-it 9)—1(
Cauchy Cauchy(u ,0) pradl
Laplace L( g, b) e
1+ b1




00:27 07:10

Topic No. 69 Now, taking the second derivative w.r.t 't', we get
” d il ,d N2 -1 d .
Derivation of mean and variance '(1) = — |=id—(A=it) " =A(=2)(A—it) " —(A-ir)
t ( A— ,;) dt dt
of a distribution from its 2
Characteristic Function = —2/1(/1—”)_3i(0—"(1)) -2 5= 24 7 (i=Nml=it=-0)
dt (A=it)  (A-it)

(by repeated differentiation of the Characteristic Function )

00:55 08:57

If X has a distribution with characteristic function (ﬂ(l ) , then, if )
E(X) and E(X?) exist, they are given respectively, by Now putting t=0, we have

(1_0)3 (1)3 22 2/2

Therefore,

¢'(0)=—1[ij=i2 (£j=i2E(X2). (ri=v-Li?=-1)

iE(X)=¢'(0)and E(X?)=¢"(0).

AZ

01:35 11:24

Example:
As we know that,

VOO =E(X?)-[E(X)]

Therefore, putting the values in the above

1 1T 1 1 2
()5 =E0) g

* Use the characteristic function of the Exponential
distribution in order to find the mea and variance.

01:48 . 12:02
Solution:

CF of exponential distribution is given by

o(1)= d—it For any distribution, if a higher moment exists, then all
Now, taking the first derivative w.r.t 't', we get lower moments necessarily exists.

d( 2 d -1 - d

(1)== =2 (A=it) = A(=1)(A-it) " = (A=
o) dz(l_”j A iy = 202 L i
od ) il
=—2(A=it)” = (0=i(1))==A(A—it)" (i) =
(=i G 0-i) === =
04:33 12:29
Now putting t=0, we have It is worthwhile to note that
#(0) = A iA A i )
(2-i(0)) (4-0) (a) 4 (D(l‘) =M (lt)



00:09
Topic No. 70
Chevbyshev's Inequality
and its proof &
an alternative form of the inequality
00:22

* Chebyshev's inequality guarantees that, for a wide class
of probability distributions, no more than a certain
fraction of values can be more than a certain distance
from the mean.

00:59

According to the Chebychev Theorem, no more than
1/k? of the distribution's values can be more than k standard
deviations away from the mean

where k is any positive real number

00:59

or equivalently,

at least 1—1/k2 of the distribution's values lie
within &k standard deviations of the mean.

02:02

When a random variable is not normally distributed, then
we can make use of Chebyshev's inequality in order to
find out the minimum amount of data that is within k
standard deviations of the mean --- in percentage form.

02:40

In reference to normal distribution, we know that

68.26% are under the curve lies between u+c
95.45% are under the curve lies between u+2c
and

99.73% are under the curve lies between pu+3c

04:42

If our data is not normally distributed, then either
we will go to the exact calculations through some
amount of labor or we can make use of
Chevbyshev’s Inequality.

05:23 Theorem: (Chevbyshev’s Inequality)

Let the random variable X have a distribution
probability about which we assume only that
there is a finite variance . Then for every k> 0,

1
P(|X —,u| > kO') < PR
or, equivalently

P(|X —y|<ko-)21—L.

kZ

06:54

Note

If the variance of a distribution exists, then its mean
necessarily exist.

Short-cut formula

07:42
Again see the statement as

Let the random variable X have a distribution
probability about which we assume only that
there is a finite variance 2.



08:29 Example:
Let k=2

1 1
1 4-1
:>P(|X—,u|<20')21—Z:>P(|X—,u|<20‘)2—

3
:P(|X—,u|<20')22

Area that is within u-2c and p+2g, this area is greater than
or equal to % or 75%

11:09

Hence, the number 1/k? or Chebychev inequality give us
an upper bound for the probability P(| X - u | > ko).

00:20

Topic No. 71

Application of Chebyshev's Inequality

00:30

Example:
Let X have the pdf
1
— —B<x<iB
F(x)=12V3
0 elsewhere.

Here =0 and ¢°=1.

01:58

If k= 3/2, we have the exact probability
3
P(|X—u|lzko)=P||X -0z = |(1
(1% =ulzk0)=2(1x -0l (3 )y
=P(|X|2§)
2

2 1 32
=1- | —=dx=1-| —=(x
-5[2 23 (2\/5 |-3/2j

07:19

* By Chebyshev's inequality, this probability has the upper
bound 1/k*=4/9.

* Since 1-V3/2= 0.134, approximately, the exact
probability in this case is considerably less than
the upper bound 4/9.

00:12

Topic No. 72

Another application Of
Chebyshev's Inequality

00:48 Alternative form

By Chevbyshev’s inequality, putting ko = m, we have
2
o
Pl X—u>m|<—, for all m>0
(X —slzm]<—. f

Var(X)

or P[|X —p|>m] S[TJ

Also, Var(X)=E(X)' -[E(X)] =13-9=4.

02:42
Example:

If X is a random variable such that
E(X)=3and E(X?) =13.

Use Chebyshev's inequality to determine a lower
bound for the probability P(-2<X<8).



04:48 Solution

By Chevbyshev’s inequality, we have
Var ( X )

2
m

P[|X—y|2m]$ , for all m>0

In order to obtain a lower bound, we flip the inequalities:

)

P[|X—,L1|<m:|>1—( —

06:08

Var(X)

2

0rP[—m<(X—,u)<m]>1— -

0rP[y—m<X <y+m]>1—

08:07

So,
Var(x)=E(X)' -[E(X)]
=13-9=4.

08:38

Now, we note that if we put k =35,
then3—k=—2 and 3+k =8,
Therefore, the required probability
P[-2<X <8]=P[3-k <X <k+3]

09:47
But, according to Chebychev's Inequality,

4

P|3— X 3>1-—
[3-m< X <m+3]> —

So
P[-2< X <8]>1-4/250r P[-2< X <8]>(25-4)/25
or P[-2< X <8]>21/250r P[-2< X <8]>0.84

00:12

Topic No. 73

H.M.<G.M.<A.M.

00:30
Example: (Harmonic and Geometric Means)

Let {a,...,a,} be a set of positive numbers.

Create a distribution for a random variable X by placing
weight 1/n on each of the numbers a;,...,a,.

01:15

Then the mean of X is the arithmetic mean, (AM),

E(X)zn_lzn:a,..
i=1

01:15

Then the mean of X is the arithmetic mean, (AM),

E(X)=ZXP(X)=%+%+...+Z—"

1 1
:;(al +a2+...+an)=ZZai

03:44 .
Theorem (Jensen’s Inequality)
If ¢ is convex on an open interval / and X is a random
variable whose support I contained in / and has finite
expectation, then

oLE(X)]<E[4(X)]

If ¢ is strictly convex, then the inequality is strict unless X
is a constant random variable.



04:52

Then, since — logx is a convex function, we have by
Jensen’s inequality that

—log(liaij < E(—logX) = —lilogai = —log(alaz...an)””
n n

i=1 i=l

8:52 .
or, equivalent,

log (lzn:aij >log(aa,..a, )U" ,
niz

and, hence

P R
(alaz...an)l/ S;Zai (1)
i=1
The quantity on the left side of this inequality is called the geometric
mean (G.M).

So, equation 1 is equivalent to saying that GM < AM for any finite set
of positive numbers.

10:52
Now in eq. (1) replace a; by 1/ a;(which is positive).
11 (11 1)
We then obtain -y >
n‘=a \aa a,
1 1/n
1 n 1 S(alaZ'“an) (2)
Or, equivalently, fzi
n i=1 al-

The left member of this inequality is called harmonic
mean HM.

14:00

Putting the equations together, we have shown the
relationship

HM <GM < AM, 3)

for any finite set of positive numbers.

00:12

Topic No. 74

Concept of a Random Vector
(explained through an example)

01:07

Let us begin the discussion of a pair of random variables
with the following example.

A coin is tossed three times and our interests is in the ordered
number pair (number of H’s on first two tosses, number of
H’s on all three tosses),

where H and T represent respectively, heads and tails.

02:04

Let C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH} denote the
sample space.

Let X, denote the number of H’s on the first two tosses and X,
denotes the number of HH’s on all three flips.

Then our interest can be represented by the pair of random
variables (X, X,).

03:52

For example, (X,(HTH), X,(HTH)) represents the
outcome (1,2).

Continuing in this way, X; and X, are real-valued
functions defined on the sample space C, which take
us from the sample space to the space of ordered
number pairs.

D = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}.

06:35
Thus X, and X, are two random variables defined on the
space C,

and,

(in this example), the space of these random variables is
the two-dimensional set D, which is a subset of the two-
dimensional Euclidean Space R?.

Hence (X, X,) is a yector function from C to D.

07:23

In simple words, the pair of random variables (X, X,) is
a random vector.



07:39
So

Formal Definition of a Random Vector in the case of
Two random variables:

07:50 Definition: (Random Vector)

From a random experiment with a sample space C,
consider two random variables X, and X,, which
assign to each element ¢ of C one and only one
ordered pair of numbers

Xi(o)=x, Xy(c)=x,.
Then we say that (X;,X,) is a random vector.
09:25
The space of (X,,X,) is the set of ordered pairs
D = {(x}, %) 1 %= X;(0), X, =X5(c),c € C}

We often denote random vector notation

X=(X.X,),

where the denotes the transpose of the row vector (X,,X,).

10:23
Conversely,
If (X;, X,) is random vector then both X, and X, are
random variables.

00:12

Topic No. 75

Concept of an event
in a case of a two-dimensional space
(i.e. a set of ordered pairs)

00:31

* Let D be the space associated with the random vector
X, X,).

* Let A be a subset of D. As in the case of one random
variable, we speak of the event A.

* We wish to define the probability of the event A, which we
denote by

PXI,XZ[A]

01:48

* A coin is tossed three times and our interests is in the
ordered number pair (number of H’s on first two tosses,
number of H’s on all three tosses), where H and T
represent respectively, heads and tails.

02:19

Let C={TTT,TTH,THT,HTT, THH, HTH,HHT,HHH} denote the
sample space.

Let X, denote the number of H’s on the first two tosses and X,
denotes the number of HH’s on all three flips.

Then our interest can be represented by the pair of random variables
X, X3).

For example, (X;(HTH), X,(HTH)) represents the outcome (1,2).

03:28

Continuing in this way, X, and X, are real-valued functions
defined on the sample space C, which take us from the
sample space to the space of ordered number pairs.

D = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}.

04:45

Thus X, and X, are two random variables defined on the
space C, and, in this example, the space of these random
variables is the two-dimensional set D, which is a subset of
two-dimensional Euclidean R?.

Hence (X, X,) is a vector function from C to D.



05:10

Now we can define various events:

e.g.
‘Number of Heads on the first two tosses greater than
zero and number of Heads on all three tosses less than 2’

Then Event A = {(1,1)}.

00:12
Topic No. 76
Joint Cumulative Distribution Function
00:36
* Given random variables X;, X,, .., that are defined on
a probability space, the joint probability

distribution for X;, X,, ... is a probability distribution that gives
the probability that each of X;, X,, ... falls in any particular range
or discrete set of values specified for that variable.

* In the case of only two random variables, this is called a bivariate
distribution, but the concept generalizes to any number of
random variables, giving a multivariate distribution.

01:45

» The joint probability distribution can be expressed either in
terms of a joint cumulative distribution function or in terms
of a joint probability density function (in the case
of continuous variables) or joint probability mass function (in
the case of discrete variables).

02:25

So, let us focus on

the Joint

Cumulative
Distribution Function

02:38
We can uniquely define Py, x, in terms of the cumulative
distribution (cdf), which is given by
Fe o (x.%)=P[{X, <x}n{X,<x}]. (1)

for all (x,, x,)OR>

because

X < x, and X, < X, are events with reference to the random
variables X, and X, separately --- AND the intersection of
these two events is the ‘joint event’.

05:40

Thus the expression is well defined.

As with random variables, we write

P[{X,<x}n{X,<x}]as P[X <x.X,<x]

06:12

Also, we can write,
P[a' <X,<b,a, <X, gbZ]zFXsz (bl’bz)_Fx..xz (a15b2)
_FX\VXZ (bl’az)“'Fx_xZ (a],az) 2)

Hence, all induced probabilities of sets of the form
can be formulated in terms of the cdf. (a,,b,]x(a,,b,]

We often call this cdf the joint cumulative distribution
function of (X, X,).

00:12
Topic No. 77
Discrete Random Vector and
Joint Probability Mass
Function
00:35

Definition: A random vector (X, X,) is a
discrete random vector if its space D is finite or
countable.

Hence, X, and X, are both discrete also.



01:36

The joint probability mass function (pmf) of
(X;, X,) is defined by

Px, x, (xl’x2)=P[X1 =x, X, :xz]’

for all (x;, x,) € D

02:32

Properties
It also is characterized by the two properties

(i)0< Px, x, (x,%,)<1 and

(ii)ZDZ Py, (X3,) =1 (1)

04:25

For an event B € D, we have

P[(Xl,Xz)eB]:ZBZ Py x, (%.%,).

05:49

Likewise we may extend the pmf Py, x, (xpxz)
over a convenient set by using zero elsewhere.

Hence, we replace

ZDZ: Px, x, (%,x,) by ZZP(%%)‘

R

00:12

Topic No. 78

Concept of the Support of a

Discrete Random Vector
(explained through an example)

00:19

* We begin with the concept of the Support of a random
variable:

* The support of a random variable is the set of values that
the random variable can take.

01:45

» Concentrating on the Support of a discrete variable:

* For discrete random variables, it is the set of all the
realizations that have a strictly positive probability of
being observed.

03:01

The above ideas can be extended to develop the
Concept of the Support of a Discrete Random Vector.

03:12
Let us attempt this with the help of the following
example.

A coin is tossed three times and our interest is in the
ordered number pair (number of heads on first two
tosses, number of heads on all three tosses),

03:45

Let H and T represent respectively, heads and tails. Then the
sample space C is given by

C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH}.

Let

X, denote the number of H’s on the first two tosses
and

X, denotes the number of H’s on all three flips.

Then our interest can be represented by the pair of random variables (X,
X,).



05:05
Now,

X,(TTT)=0 and X,(TTT)=0
X,(TTH)=0 and X, (TTH)=1
X,(THT)=1 and X, (THT)=1
X,(HTT)=1 and X, (HTT)=1
X,(THH)=1 and X, (THH)=2
X,(HTH)=1 and X, (HTH)=2
X,(HHT)=2 and X, (HHT)=2
X,(HHH)=2 and X, (HHH)=3

06:17 Now, our interest can be represented by the pair of random
variables (X, X,).

So, the eight possible pairs are
(X,,X5)=(0,0),
(X,,X5)=(0,1),
X1, Xp)=(1,1),
X, Xp)=(1,1),
(X1, X)=(1,2),
X1, X9)=(1,2),
(X1, X9)=(2,2),
(X1, X9)=(2,3),

07:03

So, we write
D = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}.

with probabilities

PI(X,.X,)=(0,0)]= 1/8

P[(X;,X,»)=(0,1)]= 1/8

P[(X,,X,)=(1,1)]=2/8

PI(X,.Xp)=(1,2)]= 2/8

P[(X,,X,)=(2,2)]= 1/8

PI(X,.X))=(2.3)]= 1/8

08:36

We can conveniently table the pmf
of the random vector (X, X,) as

10:00

Support of X,

0 1 2 3

0 1/8 1/8 0 0
Supportof X;| 1 0 2/8 2/8 0

2 0 0 1/8  1/8

00:20
Topic No. 79
Continuous Random Vector
and Joint Probability Density
Function
00:36

* Arandom vector (X, X,) with space D is of the continuous type if

its cdf Fy , (x.,x,) is continuous .

e Thatis Fy y, (xl,xz) can be expressed as
X

Fx,,x2 ('xl’x2) = J. _[ fxl,x2 (WI’WZ )dwldwz

-0

for all (x,, X,) € R?.

04:15 Joint Probability Density Function

We call the integrand

X X

Fy x, (xl’xz) = .[ j T .x, (W1’W2 )dwldw2

the joint probability density function (PDF) of
X, X5).

06:10

Then
62Fxl,x2 (xpxz)

= fxl,x2 (xl’x2)

0x,0x,
except possibly on events which have probability
Zero.
07:40
Properties

A pdf is essentially characterized by the two properties

(l) le,X2 (XI,XZ)ZO and

(ii)j}l;fxw2 ()cl,xz)dxldx2 =1. (1)



09:12

We may extend the definition of a pdf
2
fXI,X2 (xl, xz) over R

by using zero elsewhere.

10:50
* We do this consistently so that tedious, repetitious
references to the space D can be avoided. Once this
is done, we replace
fxlyxz(xl,xz) over R’
j_[fx,,xz (xl,xz)dxldx2 by _[ jf(xl,xz)dxldxz.
D —00 —00
12:27

* For an event A € D, we have

P[(Xl,Xz)e A:I = '”thxz (x,,x, ) dx,dx,

* Note that the P[(X,.X,)e A] is just the volume under
the surface 7= fx x, (xl ,xz) over the set A.

00:32

Topic No. 80

Determination of the probability of an event
in the case of a
continuous random vector
(explained through an example)

00:43 Example: Let
6x X
f (_xl’ x2) = { 17%2

0 elsewhere

be the pdf of the random vector (X,,X,) where both X, and X,
are random variables of the continuous type.

O0<x <L0<ux, <1

Suppose, we wish to compute the probability

P(O<X1 <§,1<X2<2J
43

02:28
Solution: .
Since (X;, X,) 31 _
1> 42 PlO<X <—,-<X,<2 —V[J-f(xl,xZ)dxlcbc2
is a continuous 43 173 0

random vector. L3 23/4
To= 6x7x, dx,dx, + | | Odx,dx
therefore 1-!; -([ (I ‘!. ,([ 14X,
1 3/4
:6x2J‘(J. xfdledx2+()
1/3 0
10:10

173

3 3
31 o™ s
P(O<X1<7,7<X2<2)=6XZJ‘ ! dx, +0=6x, [ | ~==0 |dx, +0
4’3 241, PARNE

1

1 1
=6xzj( 27 jdx2+0=3xzj‘(i)dx2+0=ﬂjx2dx2+0
3 64><3 173 32 32 173

11:20
or
1
P(O<Xl<§,1<X2<2)=2'[x2dx2
4’3 32,
2[_ z[_ _2_7[@_0/3?]
320 1+1),, 32| 2], 32(2 2
S (N e/ (Y
3202 9x2) 32(2 18) 320 18
-2(8).3(1).3
32\18) 4\(2) 8
12:35

Note that this probability is the volume under the
surface given by ¢ (%%, ) = 6x2x,
above the rectangular set

1
(xl,)cz):0<x1 <%,§<x2 <1}ER2

(i.e. the rectangular area given by

{()cl,xz):0<x1 <%,%<x2 <1}e R*).

00:12

Topic No. 81

Concept of the Support
of a Continuous Random Vector
(explained through an example)



00:20

* For a continuous random vector (X;, X,), the
support of (X;, X,) contains all points (x;, x,) for

which fixg, x,) > 0.

02:10
Example:

Let us consider the bivariate uniform distribution given by

£ ) I 0O<x<l 0<x,<1
X, X, )=
v 0 elsewhere

03:12
Then: bivariate uniform

x1

00:32
Definition
* The joint cumulative function of two random

variables X and Y is defined as

Fy, (x, y) = P(X <xY< y).

01:14

Properties:

The joint CDF satisfies the following properties:

01:19 1. F, (x) =Fy, (x,oo), for any x (marginal CDF of X);
2. F,(y)=Fy (e, y), for any y (marginal CDF of Y);
3. Fyy (0,00) =1
4. Fp (=020 ) = Fiy (3.-02) = 01
5.P(x, <X <x,,y,<Y<y,)=
Fyy (%5, 3,) = Fxy (%5, 5,) = Fxy (%5, 3)
+ Fyy (%, 3):

’

om
VROYZZARXIL ReSBIAQ AUICIZBEbiw=1
ki

) 6.If X and Y are independent, then

06:50
And

F,, (x, y)=FX (x) F, (y)

01:39

The support of the random vector is

{0<x <1, 0<x, <1}.

00:10

Topic No. 82

Properties of the

1. Fy (x)= Fy, (x,), for any x (marginal CDF of X);

02:04

2. F,(y)=Fyy (o, y), for any y (marginal CDF of Y);

Joint Cumulative Distribution Function



02:15 )
Explanation

1. Fy (x)=Fyy (x,%), for any x (marginal CDF of X );

2. F,(y)=Fy (e, y), for any y (marginal CDF of Y);

05:27

3. Fy, (oo,oo) =1;
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00:15

Topic No. 83

Properties of the
Joint Cumulative Distribution Function

00:23
Definition

* The joint cumulative function of two random
variables X and Y is defined as

FXY(x,y)z P(X <xY< y).

01:03
Properties:

The joint CDF satisfies the following properties:

01:14 1. F, (x) =Fy (x,oo), for any x (marginal CDF of X);
2. F,(y)=Fy (o,y), for any y (marginal CDF of Y);
3. Fyy (0,00) =1;
4. Fyy (=0, ) = Fy (3.—0) =0
5 P(x, <X <x,,y,<Y<y,)=
Fay (X3, 32) = Fry (%.32) = Fyy (%5 1)

+ Fyy (‘xl’ yl);
6.If X and Y are independent, then

F,, (x, y)=FX (x) F, (y)
0219 4 F,, (—o0,y)=Fy, (x,—0)=0;

T fxy) =z

F

04:52

5.P(x1<XSx2,y1<YSy2):

FXY(XZ’yz)_FXY(xl’yz)_FXY(XZ’yl)-l_FXY(xl’yl);

06:30

6.If X and Y are independent, then

F,, (x, y)=FX (x) F, (y)




00:12
Topic No. 84

Marginal
Probability Mass Functions
(explained through an example)

00:20

¢ Consider a discrete random vector, that is, a vector
whose entries are discrete random variables.

* When one of these entries is taken in isolation, its
distribution can be characterized in terms of its
probability mass function.

01:02

* This is called marginal probability mass function, in
order to distinguish it from the joint probability mass
function,

* which is instead used to characterize the joint distribution
of all the entries of the random vector considered together.

01:52

Why the word ‘marginal’?

02:04

* In terms of a tabled joint pmf with rows comprised of
X, support values and columns comprised of X, support
values, this says that the distribution of X, can be
obtained by marginal sums of the rows.

|, Marginal of

X

> Marginal of X

02:20
Support of X,
0 1 2
Support| 0 Probabilities Total
of X;| 1
2
04:20
Support of Y
0 1 2
Support| 0 Probabilities Total _|
of X| 1
2
Trtal
i
Marginal of Y
05:20

* To find the probability that X, is equal to x;, keep x,
fixed , in continuous case, instead of summing we are
intergrating one variable over the other.
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Marginal

Probability Mass Functions

(explained through an example)



00:34 Example:

* Let us attempt to understand this with the help of the
following example.

00:36

A coin is tossed three times and our interest is in the ordered
number pair (number of heads on first two tosses, number of
heads on all three tosses),

00:55

Let H and T represent respectively, heads and tails. Then
the sample space C is given by

C={TTT,TTH,THTHTT,THH, HTH.HHT,HHH}.

Let
X, denote the number of H’s on the first two tosses
and

X, denotes the number of H’s on all three flips.

01:58

Then the space of the discrete random vector (X;,X,) is given
by

D= {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3) }.

with probabilities

PI(X,.X,)=(0,0)]= 1/8

P(X;.X,)=(0.1)]= 1/8

PI(X,,X,)=(1,1)]=2/8

PL(X,.X,)=(1.2)]= 2/8

P[(X;.X,)=(2.2)]= 1/8

PI(X,.Xp)=(2.3)]= 1/8

04:10 We can conveniently table the pmf

of the random vector (X, X,) as:

Support of X,

0 1 2 3

0 118 1/8 0 0
Support of X;| 1 0 28 218 0
2 0 0 /8  1/8

08:20
Now, to find the marginal probabilities,
we have:
08:24
Support of X,
0o 1 2 3 )
0 1”8 118 0 0 218
Support of X 1 0 28 28 0 4/8
! 2 0 0 18 18 2/8
Py, (%) s 38 38 18 8/8=1
10:45

Note that it is not necessary to have a formula for p(x,,x,) in order
to obtain the marginal PMFs

But

If we can develop a formula, all the better !

00:12
Topic No. 86
Marginal Probability Density Functions
(explained through and example)
00:27

* In case of two continuous random variables X, and X,,
the joint probability density function is given by

fxl,x2 (‘xl’ X )
Obviously,

T folng (xl,x2)dx1dx2 =1

—00 —00



01:23
* In the continuous case, the marginal pdf of X,

by integrating out x, ,i.e.,

Ix, (xl): _[ Ix, x, (xl’xz)dxz

* Similarly, the marginal pdf of X, is found by integrating

out x;.

fxz (xz) = I fxl,x2 (xl’xz)dxl

03:21
Example:

Let X, and X, have the joint pdf

X +X2

Fan)=)

elsewhere

04:00

It is easy to verify that

11

jj(xl +x, )dxldx2 =1
00

i.e.

T ]3 le-X2 (xl’xz )dxldx2 =1

04:39
The marginal pdf of X is

1 1 1
/i (xl)=j(xl +x, )dx2=xljldx2 +J')c2dx2 =x, (x2|i) +(x_2
0 0 0

2

=x1(l—0)+(15—0J=x1(1)+%

O<x <1

1
-fl(xl):xl_'_z’

zero elsewhere,

06:29 .
and the marginal pdf of X, is

1 2
(%, +x, )dx, = le dx, +x2jldxl _(%‘

fl(x)=]

0
I’ 1
= 5—0 +x2(1—0)=5+x2(1)
1
§+x2’ O0<x,<1,

fr(x)=

and zero elsewhere.

O<x <L 0<x,<1

00:16
is found

Topic No. 87
(1)
Another example of
Computation of probabilities
that can not be found

( 2) through Marginal PDFs
00:34 Let f ) =4xx,,0<x <1,0<x, <1,
X, X

Example: 727 zero elsewhere,
be the joint pdf of X, and X,.
Find
i) P(O< X <l l<X <1)
1 274 2 >
i) P(X, =X,),
iil) P(X, < X,)
and
iv) P(X, < X,).
01:20
. The probability density function is given b
Solution: P Y Y £ Y
=4xx,,0<x <1,0<x, <1,
f(x.x,)
“7 | zero elsewhere,
As such:
1
13
i) P(0 < X, <— <X <1)=”f X, %, ) dx,dx,
1
X(J
1 1
12 2
= [ [4xx,dxdx, 4 Jxlxzdx] dx,
1
XO N
02:47 or
1 1 1 x2 172
- P(0<Xl<—,—<X7<l)=—4Jx7 T
2 4 - i 21, -
2 4
0 L (@172 o ‘ 1
:4J-x7 - dx7=4_|.x7( dez
1 272 17 lax2
N N
1 2! 2 2
> 1 1/4
R PR -1 Y [ L)
24 2| 2,) 2\ 2 2
4
(i)
2 2 16x%x2 64
03:03

1 ii) Now to find P(X,=X,):

1
+X, (x1 |0 P(X,=X,) can be re-written as P(X; - X,=0)

0
As the random variables, X, and X, are continuous random
variables, the difference of these random variables is also a
continuous random variable.



04:05

Now, zero is a constant
and

we know that the probability that a continuous random
variable assumes a constant value is zero.

Therefore, P(X, - X,=0)

05:42  iii) Find P(X, < X,).

According to the definition,

1 x

P(X, < X)) = [ [ £ (% )dxdx, =j

1 2 |2 1 2
= 4_[ X, S/l dx, = 4I X, Kx—z —QJ
0 2 0 0 2 2

Topic No. 88

Yet another example of
Computation of probabilities that can
not be found through Marginal PDFs

Example:

Let A, = {(x,y): x<2,y<4},
Ay={(x,y):x<2y<1},
Ay={(xy):x=<0,y<4},

and
A,={(x,y)x<0,y<1}

be subsets of the space A of two random variables X and Y which
is the entire two-dimensional plane.

If P(A))=7/8, P(A,)=4/8, P(A;)=3/8, and P(A,)=2/8, find P(A,),
where As={(x,y): 0 <x<2, I<y<4}.

HINT:

The required probability will be
obtained by splitting the integrals
representing the various probabilities.

A1)=J2‘jif x y dydx—%—j.j.f x y dydx+jjf X,y dydx
P(Az)zj-j‘f(x,y)dydng
So,
%=P(Al)=§=P Az)+ijf(x,y)dydx
%=%+j;;|£f x,y)dydx
P(A3)= ij(x,y)dydx
So,
P(A)=P(A )+Hf(x y)dydx
7 3 2 4
P(A4)= '[If(x,y)dydx
So,
P(A3)=P(A4)+ij(x,y)dydx
%+_L!f(x,y)dydx
So,
t 7 4 3
:[O_!.f(x,y)dde—g—g—g—P(Aﬁ)
T 7 3 4
_([J;f(x y)dydx—g—g—g—P(Aﬂ
and
tr 3 2 1
:[o!f(x,y)dydx—g g—g—P(Ag)
Hence,
P(A)[[ £ (x.v)dvax
So,
J.J.f(x,y)dydx— I If(x,y)dydx

3 1 2

1
8 8 8 4
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Topic No. 89

Expected Value
of a Real-Valued Function
of a Random Vector

00:38

It is a straightforward extension of the concept of the
expected value of a function of a random variable.

01:01

Let (X, X,) be a random vector and let Y = g(X,, X,) where
g : R R is some real-valued function of X, and X,;.

For example:

© Y=X+X,
c Y=X'-e"
02:03

* Then Y is a random variable and we can determine its
expectation by obtaining the distribution of Y.

02:35

First and foremost, let us determine the conditions under
which the expectation (or expected value) of ¥ will exist.

Let us commence this discussion with the conditions that
are required in the case of a single random variable.

03:14

A random variable X will be said to have a finite or infinite
expectation (or expected value) according as E(X) is a
finite number or not.

If it is finite, then the expectation exists

and if it is infinite (i.e. if it is not finite), we shall say that
the expectation of X does not exist.

04:%%), naturally, we would like to determine the conditions
under which E(X) will be finite.

By definition, In the discrete case

04:41

E(X) will be finite if our summation or integral converges
absolutely.

Hence, naturally, the next question is: What is meant by
absolute convergence?

05;
‘H‘ne Concept of Absolute Convergence:

The term ‘Absolutely Convergent’ describes
a series that converges when all terms are replaced
by their absolute values.

Stated a little differently,

The term ‘Absolutely Convergent’ describes a series for
which the sum of all its terms remains finite when
all terms are replaced by their absolute values.

06:32

Let X be a random variable of the discrete type with
probability mass function p(x, )= P{X=x,}, k=1,2,....

If

Z|xk P (%) < o,
k=1

then, we say that the expected value of X exists and we

write ©
,u=E(X)=Zxkp(xk).
k=1



08:07

Similarly, if X is a random variable of the continuous type
with probability density function f(x)

Then, if ©
I|x|f (x)dx < oo,

then, we say that the expected value of X exists and we
write <

u=E(X)= Ixf(x)a’x.

—00

09:09
A similar definition is available for a function g(X) of X.

Thus, if X is of continuous type and has probability density
function f(x), we will say that E[g(X)] exists and equals

_[cg(X)f(X)dx

provided that  «
j |g(x)|f(x)a’x < o0,

—0

10:14
A similar definition is available for a function g(X,, X,) of
two random variables X; and X,.

If both X, and X, are of continuous type and have a joint
probability density function f{x,, x,), we will say that
Elg(x;, x,)] exists and equals

prOVided that :‘;Lg(xl’xz)fx,‘xz (xl’xz)dxldxz

_[ j|g(xl’x2)|fxl,xz (x,,x,) dx,dx, < 0.

—00 —00

11:26
Likewise, if the random vector (X, X,) is discrete and we let
Y = g(X;, X,), then E(Y) exists if

Z:Z:|g('X'-l")c-2)|pX],X2 (xlaxz) < 0,
XX
and is given by

E(Y):zzg(xl’xz)pxl,x2 (xpxz)-

X

00:42
Topic No. 90

Linear Combination of
Expected Values of Real-Valued
Functions of a Random Vector
(explained through an example)

01:00
Theorem:

Let (X;, X,) be a random vector, and,

let Y= g,(X;, X;) and Y,= g,(X,, X,) be random variables the
expectations of which exist.

Then, for all real numbers k, and k,,

E(kY, +k,Y,)=kE(Y,)+k,E(Y,) (D

02:30

Before we begin the proof, let us remind ourselves
what is meant by the existence of a function of
two random variables.

02:43
If Y=g(X,, X,) is a function of two random variables X, and
X, both of which are of the continuous type and have a
joint probability density function f(x;, x,), we will say that
E[g(x,, x,)] exists and equals

j I g(x,x, )fX].X2 (%, x,)dx,dx,
provided that ™™

e}

.[ .|.|g()cl’)62)|fx,,x2 (xl,xz)dxldxz < o0,

—00 —00

03:50
In other words, if Y = g(X;, X,) ,

then © @
E(Y): J. '[g(xl,xZ)thXz (xl,xz)dxld)c2

—0 —o0

provided that

0

J. J.|g('xl"xz)|fxl,x2 (xl’xz)dxldxz < o0,

—00 —00

03:46 Focusing on the theorem again:
Theorem: Let (X, X,) be a random vector,
andletY, =g (X,,X,)and ¥, = g,(X,X,) be

random variables the expectations of which exist.

Then, for all real numbers k,and k,,
E(kY, +kY,)=kE(Y,)+k,E(Y,) )]



04:40
Proof:
For the continuous case, the existence of the expected

value of kY +k,Y, follows directly from the triangle
inequality and linearity of integrals.

05:10
So, let us first see what is meant by the Triangle Inequality:

* For any triangle the sum of the length of any two sides
must be greater than or equal to the length of the third
side.

Z<X+Yy

05:33
So now according to Euclidian geometry:

» If x and y are two real numbers than the absolute value
(the modulus) of |x+y| is less than or equal to the
modulus of |x| and modulus of |y|

e+ vl <+ 5]

06:0]Reverting back to the Proof:

For the continuous case, the existence of the expected value of
kY +k,Y, follows directly from the triangle inequality and
linearity of integrals.

06:14 Now, according to the triangle inequality, for any two real numbers x and y,
[x+y] < [x]+]y].
This implies that
kg, (3) + g (5.3 )| <[k, (50| + kg (5. %,)
= ‘klg1 (xl,x2)+k2gl (xl,xz)‘ < ‘legl (xl,xz) +‘k2‘
= ‘klg1 (x,5,)+kyg, (/\q,xz)‘ Fox, (x.%,)
S(‘le& (xl’xl) +V‘2H82 ()‘1’)‘2))][>(,.;(z (xI’XZ)
or
gy (% 3) + kg (35 )] fi o, (35
S(‘legl (XI’XZ) +V‘2H82 ()‘1’)‘2))fx,.xz (XI’XZ)

gz(xwxz)‘

08:19
NOW|klg1(xl’x2)"|'kzgl(xl’xz)|fx,,x2 (x17x2)
S(|k1||g1(xl,x2)|+|k2||g2 (xpxz)Dfxl.x2 (xpxz)
can be re-written as
|k1g1(xl’xz)‘|'k2gl(}61’152)|fx1,x2 (xl’x2)

S|k1||gl (xl’x2)|fX],X2 (xl’x2)+|k2||g2 (xl’xz)|fx,,x2 (xl’x2)

08:35
Now, let us consider the concept of Linearity of Integration:

* In calculus, the integral of any linear combination of
functions equals the same linear combination of the integrals
of functions,; this property is known as linearity of
integration.

* Linearity of integration is related to the linearity of
summation, since integrals are thought of as infinite sums.

09:05
As such, applying integrals on both sides of inequality (1),
we have
I I |k131 (xl’x2)+k2gl ()617)Cz)|f)<])(2 (xlvxz)dxldxz
S|kl| j j |g1 (xl,x2 )lfx,‘xz (xl’XZ)dxldxz
+|k2| _[ _[ |g2 (xl’x2)|fX1,XZ (xl’xz)dxldxz
09:18

Now, according to the statement of the Theorem,
YV=¢/(X,X,)and ¥, =g,(X,,X,)
are random variables the expectations of which exist

ie.

E(Y)=E[8,(X,,X,)] exists = J' J-|gl()cl,)c2)|fxlx2 (x,.x, ) dx,dx, <o,

E(Y,)=E[g,(X,.X,)] exists = _[ J-|g2(x,,xz)b‘)(_xZ (x,.x, ) dx,dx, <o

—0 —%0

10:20 © @
Hence j J‘klgl(x],xz)-d-kzg](xl,xz)‘fxl.xz(xl,xz)dxldxz

—0 —0

g‘kl‘ J j ‘gl (XI’XZ)‘fX],Xz (xl’xz)dxldx2

—0 =0

+‘k2‘:’f _T‘gz(xwxz)

—0 —n

fox, (x,,x, ) dx,dx, < o0

)

Therefore j I[klg,(xl,xz)+k2gl(xl,x2 )} o x, (55 %, ) dxdx,

—0 —0

=E [klg] (5. %)+ kg, (%, x, )] exists.



11:33
By once again using linearity of the integral, we have

E(lel +k2Yz): _[ J. [klgl (xl,x2)+k2g1 (%%, )]fx,,x: (xl’xz)dxldxl

—0 =0

o o 0 ©

=k, j j & (xl’xz)f)q,xz (xwx”z)dxldxz +k, I I gz(x]’x”z)fxl‘xz (X]’xz)dxldxz

-0 —0 0

=kE(Y,)+kE(Y,),

i.e., the desired result.

Topic No. 91

Determination of the Expectation of the
Product of two discrete random variables
(explained through an example)

Example:
Let X,X, be two random variables with the joint pmf.
X +Xx
&+ x) , for x,= 1,2,x,=1,2,
p(x;,x,) 12
0 elsewhere
Compute
E(X,).E(X,) and
E(X,X,). Is E(X,X,)=E(X,)E(X,)?
Solution:
First we know that,
_ xl+x2=xl+1 x1+2=x1+1+x1+2=2xl+3 —12
p(x) le 2 12 12 12 2 T
In the same way,
x+x, 1+x, 2+x, 2x,+3
= = = ,x =12
plw)= 2 2= =T 2

x=12

Therefore, as X, and X, are symmetric, they have the
same pmfs and

Hence, their mathematical expectations will be equal.

Now computing

2xl+3:(1)2(1)+3+(2)2(2)+3 5 14 19

E(X))=> x 5 =

=t —=
12 12 12 12

2x,+3 \2(1)+3 2(2)+3 5 14 19
E(X,)=E(X,)= 270 2 2 n b
(X.)=E(X)) ,q:l,zxz 12 M 12 +2) 2 12121

X +)C2

E(X,X,)=) x.x, B

Now

1+1 1+2 2+1 2+2
=(1x1)—+(Ix2)——+(2x1)—+(2x2)——
(D) +(1x2) ==+ (2x1) = =+ (2x2) =

2,8,8,16 30,5

R 1
On the other hand,

19 19
E(X)E(X,)=—x— =25069
(X,)E(X,) T

Hence
E(X,X,)#E(X,)E(X,)

00:09
Topic No. 92

Determination of the Expectation of the
Product of two continuous random variables

(explained through an example)

00:25 Fxample:

Let X,.X, be two random variables with the joint pdf
Six.xy) = 4xx, , 0< x,< 1, 0< x, <1, zero elsewhere.
Compute E(X,), E(X,)

E(X,).E(X}).E(X,).E(X}).and E(X,X,).
Is E(X,X,)=E(X,)E(X,)?
Find E(3X, -2X] +6X,X, ).

01:30
Firstly, E(X,)

As a rule:

E(X,)= ]ExlfxI (x)dx, = Txlfxl (x,)dx, = ]Exl[T f(x,,xz)d)@del

= T(T xlf(xl,xz)dxzjdxl = T Txlf(xl’xz)dxzdxl

—% —0



05:00
Similarly, E(X,)

As arule:

E(Xz) = J xzfx2 (x,)dx, = J xzfx (x,)dx, = sz [j J (X, x,)dx, dx,

—0

= T(T X, f (%, x,)dx, dx, = I szf(xl»xz)dxde,

—o0 \ =0 —00 —0

05:55
Flrstly, E(X l)
1
E(X I J X, f (x),x,)dx,dx, = J. J.xl 4x,x,dx,dx, = jj4xfx2dxzdxl
—0 —0 00
L1 1 2|! 1
=] [4x?x,d =[|4x2| 2= =42.1—9j
_([(‘([ Xy XpdXy del ‘([{ X (2 0})61 '([( X (2 > 1
_1 ) _ x (1 0
_l(le M =2 2 =2(5-3
2
E(Xl)_g
06:27
Then E(X,)

I I X, 4xx,dx,dx,= j
0

!
poel(es S

E(X,)= j szf(xl,xz)dxldxz

—00 —o0

=j.(j‘4x§xldxl dez = j-[4x§[x7]
[(ANY 0

j 2x2 )a'x2 —2(
0

.‘.E(Xz):g

1

0

06:51
Similarly E(X,X,)

As a rule:

E(X X, ) Ij.x,xzfx x, (o, X)) dxydx, = jx,xz[J-f(xl xz)al)CQdel

—o0 —0

= T [T X%, f (X, x,)dx, ]A’x, J j X%, f (X, X,)dx,dx,

—0 —0

07:11
Now E(X,X,)

© 11 11
E(X,X,)= j I xx,f (x,x,)dxdx, = “.xlxz.4xlx2dxldx2= jj4xfx§dxldx2
00 00

—o0 —0

1 1 3
='([[?|;4x1 xzdxl jd X, =£{4x§.(%ﬁ
1

1

{33

0

00:12

Topic No. 93

Determination of the Expectation of the
Ratio of two continuous random variables

(explained through an example)

00:22 Example:

Let X, and X, have the pdf

8xx, O<x<ux,<1

f(xl,x2)={0

elsewhere

Suppose the random variable Y is defined by Y=X,/X,
and we are interested to determine the E(Y).

00:22
Solution:

We can determining E(Y) in two ways.

The first way is by definition, i.e., find the distribution of
Y and then determine its expectation.

02:24 The cdf of Y, for 0 < y < 1, is derived as follows:
L yxy

Fy(y)= P(YS y)=P(Xl < yX2)=j j 8x,x,dx,dx,
0 0

1( ¥y 1 xz yx 1 2x2 0
=I J-8x1x2dxl dx, =||8x,| = dx, =J 8x, yXx v dx,
o\ 0 0 2 N 2 2

4

vy xidx, =4y’ {j

08:29
Hence
2 0<y<l
F(y):{y y

! 0 elsewhere

And hence, the pdf of Y is
2y O<y<l1

=R

elsewhere



09:14

which leads to

00:13
Topic No. 94
How to obtain product moments
and simple moments from the
MGTF of a random vector?
02:17

In a simplified notation

oM (0,0 oM (0,0
R
.\ 9°M (0,0 .\ 0°M (0,0
E(Xx?)= at(f ), E(y?)= at(j )
04:41
and
2
E(XY)= 9°M (0,0)

06:17 Therefore
oM (0,0)
=E(X)=——m—+=
# (X) o,
oM (0,0)
—E(y)=""2>""/
My ( ) or,
and

ot} ot,

o =E(x*)-[E(x)T {azM(O’O)J_(‘W(O,O)

o} =E(Y2)_[E(Y):|2 ={32M(0,0)J_(8M (0,0)

or: ot,

07:20 And, as far as the Co variance is concerned

we have

E[(X = )(Y = 42)] = E(X¥)~E(X) E(Y)

~0°’M (0,0) _(GM (0,0)J(GM (0,0))

- onor, or, or,

And from the above we can compute

the correlation coefficient p.

09:10

i

;

* Thus the correlation coefficient may be computed by
using the mgf of the joint distribution if that function is

readily available.

00:13
Topic No. 95
Expected Value of a Random
Vector (defined in terms of
Component wise expectation)
00:20

Definition
(Expected Value of a Random Vector)

LetX =(X,.X, )' be a random vector.

Then the expected value of X exists if the expectations of

X, and X, exist.



01:29

If E(X)) and E(X,) exist, then the expected value of X is given by

02:03

Similarly, if we toss two fair coins together, then
expected value of X, = 1

AND

if we toss a fair die, then expected value of X,= 3.5

06:48

If E(X,) and E(X,) exist, then the expected value of X is
given by

E(X
goo | EXD)

E(X,)| [35

07:38
If we consider the two experiments together, then the expected value
of X is given by
E(X 1
E[X]= (X))
E ( X, ) 35
00:19

Topic No. 96

Transformation in the case
of a Bivariate Probability Mass Function
(explained through an example)

00:35
* Let (X,,X,) be a random vector.

* Suppose we know the joint distribution of (X;,X,) and we seek the
distribution of a transformation of (X,X,), say, Y=g (X;,X,) or
Yi=g; (X1,X3), Y =8,(X1,X3)

* We may be able to obtain the cdf of Y. Another way is to use a
transformation.

02:08

It is best to discuss the discrete and continuous cases
separately.

02:17

DISCRETE CASE:

* Let py po(x;.xy) be the joint pmf of two discrete-type random
variables X, and X, with S the (two-dimensional) set of points at
which py; y,(x;,x,) > 0;i.e., S is the support of (X},X,).

e Let y;=u;(x;,x,) and y, = u,(x;,x,) define a one-to-one
transformation that maps S onto T

04:22 The joint pmf of the two new random variables
Y, =u (X, X,) and ¥, =1, (X,,X,)
is given by

| Pxx, [Wl(%syz)swz(%s%)} (Y1’Y2)ET
py,,y, (yl’ yz) -
0 elsewhere,

where x, = w, (3, ,), %, =w, (¥, ,)
is the single-valued inverse of
M =u1(X1,X2) and y, =u2(X1,X2).

05:40

In using this change of variable technique, it should be
emphasized that we need two “new” variables to replace the
two “old” variables.



06:27

After we have found the joint pmf Py, (Vi>Y2)> we may obtain
the marginal pmf of ¥; by summing on y, or the marginal pmf
Y, by summing on y,.

00:10
Topic No. 97
Transformation in the case
of a Bivariate Probability Mass Function
(explained through an example)
00:22 Example:

Let X, and X, have the joint pmf

—H

W0y e
pxl,xz(xl’xz) = X 1x, !

zero elsewhere

% =0,1,2,3,... x, =0,1,2,3,...

where p; and p, are fixed positive real numbers.

Note: The space S is the set of points (x;,x,), where each of x;
and x, is a non-negative integer.

02:32

* Suppose that we wish to find the pmf of ¥;=X,+X,.

» If we use the change of variable technique, we need to
define a second random variable Y,.

03:43

Because Y, is of no interest to us, let us choose it in such a way
that we have a simple one-to-one transformation.

For example, take Y, = X,.

Then y,=x,+x, and y,=x, represent a one-to-one transformation
that maps S onto

T={(y.y,):y,=0.1...y,and y, =0,1.2,..}

Note that if (y,,y,) € T, then 0 <y, <y,.

06:16
The inverse functions are given by
X, =y-y, and x,=Y,.
Thus the joint pmf of ¥, and ¥, is

~t=h

ﬂl)'l_}'z qu‘z e
Py, (ro32)=1 (i=2)ty,!

zero elsewhere

. (y.y,)eT,

00:54
Topic No. 98

Transformation in the case
of a Bivariate Probability Density Function
using the Jacobian of Transformation
(explained through an example)

01:12
Example:

Suppose (X,.X,) have the joint pdf
I O<x <L0O<x,<l1

fxl,x2 (xnxz):{o

The support of (X,,X,) is then the set

elsewhere.

S={(x;,x,): 0<x,<1,0<x, <1}

03:00
Suppose Y= X+X, and YV,= X - X, .

where,
Y :ul(xl’xz) =X TX

Y, = U, (xl,x2)=x1—x2.

04:16

¢ This transformation is one-to-one.

* We first determine the set T in the y,y,-plane that is the
mapping of S under this this transformation.



04:30
¢ Inverse function

Nowy =x+x,,y,=x —x,

implies that

+
yl+y2:2x13Xl=Wl(y1,y2):%
&
yl—yz:2x2:>x2:w2(yl,y2):%.
06:37
Next, the Jacobian is given by
T N
J_a)ﬁ 0y, _ E E__l_l__z__l
O O (L L4442
oy, oy, 2 2
1
=|J|==.
2
10:47

Now, using the inequalities 0<x, < 1 and 0 <x,<1

we can write

0<%<1 and 0<y1%y2<1

and it is easy to see that these are equivalent to

=V <Y yz<2_y1’ Yo <Y yl_2<y2

and these define the set T.

14:35
Hence, the joint pdf of (Y},Y,) is given by

nty, n-y
f ( 1 Z’QJ.J’ i,y ET
fyl,yz(yl’yz): XiXe 2 2 | | ( 1 z)

0 elsewhere
or

1.1, (y.y,)eT
fron (9032)=1 2 v

0 elsewhere

17:25

In other words, the joint pdf of (1,,Y,) is given by

(ypyz)ET

1
le‘Yz(yl,y2)= 2’
0 elsewhere

00:12
Topic No. 99
Transformation in the case of
a Bivariate Probability Mass Function
using the MGF technique
(explained through an example)
00:27
Example:

Here X, and X, have the joint pmf
lulv"l lu;z e—M e—!l2
px,,xz(xl’x2)= x !x, !

0 elsewhere,

x =0,1,2,3,...x,=0,1,2,3,...,

where u,and p, are fixed positive real numbers.

04:38
MGFof X, and X,
> (etxl ): [em(m)}
E (etX2 ) _ |:e#2(et_1) :|
05:34

Let Y = X,+X, and consider

08:49 o] B (et,l'll)Xl e (e’,uz)xz
(e )_ X.z=0 X! ‘ XZZ=0 X!

_ e(,ul +;lz)(8r—1)'

Note that the factors in the brackets in the next-to-least equality are
mgfs of X, and X,, respectively.

Hence, the mgf of Y is the same as that of X; except u, has been
replaced by u,+u,.



12:03
Therefore,

By the uniqueness of mgfs, the pmf of ¥ must be

(o) (11 11)”

Y =0,1,2,...,
y!

py(y)=e

00:15
Topic No. 100
Concept of Conditional distribution
with the help of an example
00:21

Introduction

The conditional probability of even A, given event B, as
P(ANB)

P(B)

P(A|B)=

provided P(B)# 0.

01:16

Suppose now that A and B are the events X=x and Y=y so
that we can write

P(X =x,Y=y):f(x,y)
P(Y =y) h(y)

P(X=x|Y=y)=

provided P(Y=y) = h(y) # 0, where f(x, y) is the value of
the joint probability distribution of X and Y at (x, y).

03:45 Definition

If fix, y) is the value of the joint probability distribution of the

discrete random variables X and Y at (x, y), and k(y) is the value

of the marginal distribution of Y of y, the function given by

P = h) 20

for each x within the range of X, is called the conditional
distribution of X given Y=y.

04:55

Example:

Let fi,(x|x)=2x/x,0<x <x,0<x,<1 zero elsewhere, and

fo(x,)=5x;,0<x,<1, zero elsewhere, denote, respectively, the
conditional pdf of X, given X, = x,, and the marginal pdf of X,.

Determine:

(d) P[i<X, <%)

08:24

Solution:
First we will find the marginal of x;,
1

1
Ix, (x)= J‘IO)clxzza’x2 = IOJCIJJCZZdX2

R R

3! 3 4
=10x,| 22| =10y, I x|_10x 10y zgxl(l—xf)
3. 3 3) 3 3 3

11:21
Now,
12 5|12 s |12
P(1<X1<l)=&_|'(xl—xl4)dx1:9 R
4 2 31/4 3 21/4 51/4
“Sl7z e ms)
3(\4x2 16%x2 32x5 1024x5
12:30

4 2) 38 32) (160 5120
_10 (4—1)_(32—1) _lof 3 31
3\ 32 5120 3132 5120

_Q[480—31j 4490 449

3\ 5120 ) 3x5120 1536

00:45
Topic No. 101
The Concept of Conditional Expectation,

Conditional Mean and Conditional Variance
(explained through an example)



00:49

If u(X,) is a function of X,, the conditional expectation of u(X,),
given that X,=x, if it exists, is given by

E[u(X2)|x1] = I:”(xz)fzu (x, | x,)dx,.

Note that E[u(X,) | x,] is a function of x,.

02:48

If they do it exists, then E(X,| x,) is the mean

and

04:49

E{[X2 ~E(X,]x)] | xl},

is the variance of the conditional distribution of X, given
X,=x,, which can be written more simply as Var(X, | x,).

05:37

It is convenient to refer to these as the “conditional mean”
and the “ conditional variance” of X,, given X,= x;.

Also, we have

Var(X2|X,):E(X22 |%>‘[E(X2|x1)]2

from an earlier result.

06:44

The conditional expectation of u(X,), given X,= x,, if it
exists, is given by

E[u(X1)|x2:| =J:u(x1 Mo (x| x, ) dx,.

In the case of when random variables of the discrete type,
these conditional probabilities and conditional
expectations are computed by using summation instead
of integration

07:27
Example:

Let X, and X, have the joint pdf

2 O<x<x,<1

f(xpxz):

0 elsewhere.

07:58 Then the marginal probability density functions are,

respectively,
1
2dx, =2(1—-x O<x <1
‘fl (Xl) _ ;!: 2 ( 1) 1
0 elsewhere.
and

22dx:2x O<x, <1
fz(xz): _([ 1 2 2

0 elsewhere.
10:52

The conditional pdf of X, given X, = x,, 0 < x,<1, is

2 1 O<x <x, <1

fuz ('xl | xz) =12x, X,
0 elsewhere.

11:15

Here the conditional mean and the conditional variance
of X, ,given X, = x,, are respectively,

E[Xl |x2]:j:x1ﬁ|2 (x1|x2)dx1
X 1
= o xl(x—z}xl =%, 0<.x2 <1,

14:28
and

2
X2 1
var(1)= [ (-3 (:J""l
2

2
=x—2, 0<x, <.
12



00:15

Topic No. 102

Rigorous proof of the theorem
containing the results
E[E(X,|X)DI=E(X,)

01:07
Theorem:

Let (X;, X,) be a random vector such that E(X,)is finite.

Then,
E[E(X,|X))]= E(X)).
01:54
Proof:
E(X,)= [ h(x)ds,
But -
h(x,) = Tf(xl,xz)dx1
03:29

Therefore, E(X,)can be written as

E(X,)- jx(j f(xl,xz)dxljdxz

—00 —00

:j:j:x2f(x1’x2)dx1dx2 :Iij:xzf(xl,xz)dxzdxl

05:03 o o .
Multiplying and dividing by f,(x,), E (X ) ) can be written as

E(XJ:IZD% Md)@}/l(xl)dxl

o fl(xl)
» f('xl’XZ)
B — =2dx,=E(X
ut | x ) x, =E(X,|x)
Therefore

E(x2)=j_”;E(x2 |1%,) £, (x,)dx, = E[E(X, | x,)].

08:02

Hence, we can write
E(X,)=E[E(X,|X,)]

This is sometimes called the law of total expectation
and sometimes it is called the law of iterated expectations.

00:20
Topic No. 103
The Correlation Coefficient
(explained through an example)
00:43

* Let X and Y have the joint pdf f{x ,y).

* If u(x ,y) is a function of x and y, then E [u(X,Y)] can be
determined, if it exists.

* Here, let us assume that all mathematical expectations
exist.

01:40
The means of X and Y, say u; and u,, are obtained by taking
u(x ,y) to be x and y, respectively;

ie.

w1 =E[uX,Y)]= E [X]
&

H=EuX,Y)]= E[Y]
and

the variances of X and Y, say o, and 62,, are obtained by setting the
function u(X,Y) equal to (x - u,)? and (x - u,)?, respectively.

03:59 .
Covariance

* Consider the mathematical expectation
E[(X=m)(Y-m)]=E(XY =X - ¥ + )
=E(XY)-iE(X)-mE(Y)+
= E(XY)—yI/J2

* This number is called the covariance of X and Y and is often
denoted by cov(X.,Y).



03:03 Correlation

If each of o, and o, is positive, the number

CE[(X - p)(X —m)] _cov(X.Y)

is called the correlation coefficient of X and Y.

10:23
Example:

Let the random variables X and Y have the joint pdf

x+y O<x<l0<y<l

CORN

elsewhere.

We next compute the correlation coefficient p of X and Y.

12:14
Now
11 7
yI:E(X):_([!x(x+y)dxdy=ﬁ
&
(X7)—uz o2 7V 11
o =E(X )—u =||x(x+y dxdy—(—] =—.
: : M (x+7) 12) 144
13:54
Similarly,
B 1 ) 2 , 11
uz_E(Y)_E and o; =E(Y )—uz_m.
14:19

Therefore, the covariance of X and Y is

i 7Y 11
E(XY)- = I R R L
(00) =t = [ Lo eyt | ==

15:33
Accordingly, the correlation coefficient of X and Y is

_ b
144 _ 1

)

144 )\ 144
Implying that their exists a very weak negative linear
correlation between X and Y.

00:12
Topic No. 104
Properties of the
Correlation Coefficient
00:25

1. Coefficient of Correlation lies between -1 and +1:

The coefficient of correlation cannot take value less than -1
or more than one +1. Symbolically,

-1<p<+lor|p|<L

01:22 ‘Upward-going’ scatter-diagram: 0 < p <1

02:44
Neither upward nor downward scatter-diagram: p =0

Dependent Variable

Independent Variable




03:18 Downward-going” scatter-diagram: -1 <p <0

00:12
Topic No. 105
Properties of the
Correlation Coefficient
00:18

1. Coefficients of Correlation are independent of Change of
Origin

2. Coefficient of Correlationis independent of Change of
Scale

00:45
2. Coefficients of Correlation are independent of Change of
Origin:
This property reveals that

if we subtract any constant from all the values of X (or add any
constant to all the values of X)

and

subtract any constant from all the values of Y (or add any
constant to all the values of X),

it will not affect the coefficient of correlation.

01:49

In other words,

Pp,p, = Pxy
where
D,=X-A & D,=Y-B

03:37
2. Coefficient of Correlation is independent of Change
of Scale:
This property reveals that if we divide or multiply all the
values of X by any constant and divide or multiply all the
values of Y by any constant, it will not affect the coefficient
of correlation. —

Puv = Pxy

where

v-X ev-L
A B

00:25
Topic No. 106
Properties of the
Correlation Coefficient
00:35

4. Coefficient of Correlation possess the property of
symmetry

Pxy = Pyx

03:50

5. Co-efficient of correlation measures only linear
correlation between X and Y.

04:25 ‘Upward-going’ scatter-diagram: 0 < p <1




06:48

6. If two variables X and Y are independent, coefficient of
correlation between them will be zero.

Topic No. 107
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Another example of
Computation of Correlation Coefficlent
in the case of
joint PDF of two random varlables

Example:
A oexepopen,

JED) = 1

be the joint pdf of Xand 1.

Show that the cormiation coefTicient of Yand Yinp =112,

Computation of Correlation Coefficient

1. “Complicated” domain:

In this regard, the first thing to noteis that 0<x< y, 0 <y< 1

can be re-written as
O<x<y<1

andthat0<x < y< Ican be re-written as0<x <1, x<y<I1

Computation of Correlation Coefficient

Computation of Correlation Coefficient

First and foremost, we need to find each of the two
marginal distributions:

Computation of Correlation Coefficient

Because of the nature of the support of the bivariate density function,
when finding marginal distributions:

the limits of the integral with respect to X aretobe 0 to y
(and this will give us the marginal distribution of y .. fy(y))
and

the limits of the integral with respectto y areto bexto 1,
(and this will give us the marginal distribution of x ie. fix))

Computation of Correlation Coefficient

As such:
Marginal distribution of X

fx(")=j‘2d}’=2-[Y]i =2(1-x), 0<x<1

x

and
Marginal distribution of Y:

50)= 2 =2[3] =2(y-0)=25, 0<p<1

Computation of Correlation Coefficient

Next

E(X)=lx.fx(x)dt:ix.Z(l—x)dx:Z:[(x—x’)ix

A

Computation of Correlation Coefficient

and

()= [y {aYe= [ 200-shr=af -2

S ERIR RO




Computation of Correlation Coefficient

Therefore,

Computation of Correlation Coefficient

Now, the product moment E(XY):

1 L4
0

E(xY )=I[IJW (o y)e =ﬂxy(2)dm):=2ijmy

0
1 Y L2 1 4
2 =zjy[y__o},,= Iysd,f:L{ Y
0 0 0 2 0 4 ] 4 4

2
N2

Computation of Correlation Coefficient

Hence

Computation of Correlation Coefficient

Therefore,
p, the correlation coefficient of X and Y,
is given by
1 1 1
Cov(X,Y) 6 _ 36 36 121

Virtual University of Pakistan
Probability Distributions

by

Dr. Saleha Naghmi Habibullah

Edited by
Mahar Afaq Safdar Muhammadi
MSc Math, Whatsapp 03494873115




