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Topic No. 1 

 

 Random 
Experiment,  

Outcomes, Sample Space  

& Events 
 

    Random Experiment 

      Any experiment or process in 
which the outcome is 
unpredictable that is eligible to 
be called a random 

experiment.  

 

00:49

 Example 1: 

  Tossing of a Coin => a Head or 

a Tail. 

   However, until it lands on the 

floor, we do not know which of 

these two will turn up.  

 

01:08

 Example 2: 

    Survey of the Employees of an 
Organization: 

 

    Question on Marital Status: 

 

    Possible outcomes: 

    single, married, separated, divorced, 
widowed 

 

    However, until we obtain a reply from 
the respondent, we do not know what is 
his/her marital status. 

01:45

 Random Experiment 

  Any experiment or process in 

which the outcome is 

unpredictable that is eligible to 

be called a random experiment.  

 

02:32

 Outcomes 
   The various possible results of a 

random experiment. 

    

   Example 1: Head, Tail 

   Example 2: Single, Married, 
Separated, Divorced, 
Widowed 

 

03:04

   Sample Space 
 

    It is the set of all possible outcomes of a 

random experiment. 

 

      

03:34

     Example 1: Head , Tail 

     Example 2: Toss a single die 

1,2,3,4,5,6} 

     Sample space will be the set of all of 

these taken together written as 

                     S= {1,2,3,4,5,6} 

     

04:01

 

    

    In case of two fair dice, the sample 

space consists of the 36 ordered 

pairs: 

 

     

(6,6)}. 

04:42



Event 
   Any subset of a sample space 

is called an Event. 

05:55

Example 1 
 

    The set of ordered pairs which 
yield a sum which is an even 
number 

    

    denoted as A= {(1,1), (1,3), 
(1,5), (2,2), (2,4), (2,6), ,(6,6)}. 

 

    

06:20

Example 2 

   The set of ordered pairs in which 

both the numbers are same 

 

    denoted as B= {(1,1), (2,2), (3,3), 

(4,4), (5,5), (6,6)} 

07:24

     A= {(1,1), (1,3), (1,5), (2,2),   

             

 

     B= {(1,1), (2,2), (3,3), (4,4),  

           (5,5), (6,6)} 

      

     Event B is a subset of event A.  

 

 

07:44

Topic No. 02 

 

 Definition of  

Random Variable 

00:09

. 

Concept of a Random 
Variable 

It is that variable which is associated with 
a random experiment. 

 

Example: 

Let the random experiment be the toss of 
a fair coin and the possible outcomes are 
Head and Tail.  And the sample space 
associated with the experiment denoted 
by C be C = {H,T}, where H and T 
represent heads and tails, respectively. 

00:18

Let X be a function such that X(T) 

= 0 and X(H)=1. Thus X is a real-

valued function defined on 

sample space C.  

 

That X is a function defined on 

the sample space C, X(T) = 0 and 

X(H)=1 which takes us from the 

sample space C to a space of real 

numbers D= {0,1}.  

01:13

C is H and T and applying the 

function the image we obtain i.e 

the domain and range concept, 

So, if the domain here is H and T 

then the range will be 0 and 1. 

02:58

Definition 
Consider a random experiment with 
a sample space C. A function X, 
which assigns to each element c  C 
one and only one number X(c) = x, is 
called a random variable. 

 

The space or range of X is the set of 
real numbers  

D = { x : x = X(c), c  C}. 
 

 

03:37

Given a random variable X, its range 

D becomes the space of interest. 

Besides inducing the space D, X also 

induces a probability which we call 

the distribution of X.  

We are interested in knowing  the 

probability of getting a 0 and 1, and 

as we already know that if  a fair 

coin then the probability of getting a 

0 is half and also for the probability 

of getting a 1 is half as well. 

04:53



But, generally in this case, we can 
say that the set D is a finite or 
countable set or an interval of real 
numbers.  

 

When a set is finite then, we are 
referring to discrete random 
variables. We call random variables 
of the first type discrete random 
variables, while those of the second 
type continuous  random variables. 

 

05:37

Discrete random variable has two 
situation, one is exactly the same 
I mentioned earlier where a set D 
is a finite set that has the 
elements {0, 1} or the other, if 
we toss a fair die we have the 
elements{1,2,3,4,5,6}. 

  

The second situation ,which also 
gives you a discrete random 
variable that is when it is the 
Countably infinite set. 

06:18

Example:  
D is the set consisting of the 
numbers 1,2,3, and so on,  which 
mean that they are countable but  
not finite. So, in this situation, we 
say that this is a Discrete random 
variable or if they are finite the 
elements may be called 
d1,d2 m then also it is a 
discrete random variable. 

 

07:00

 

Topic No. 3 

 
Example of  

Random Variable 

00:00

 Example: 
 

Let a card be selected from an 

ordinary deck of playing cards. The 

outcome is one of these 52 cards. 

Suppose that P assigns a probability 

of 1/52 to each outcome c. 

 

Let X(c)=4 if c is an ace, let X(c)=3 if 

c is a king, let X(c)=2 if c is a queen, 

let X(c)=1 if c is a jack and let X(c)=0 

otherwise. 

00:12

 

Now,  we can develop a table with 

two columns.  

 

The first column consisting of the 

values of  the random variable X 

i.e. 0,1,2 , 3,4 and the second are 

the probabilities. 

 

The classical definition of 

probability i.e. favorable over  the 

total.  

The sum of probability should be 

equal to 1. 

02:25
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Topic No. 04 

 

Discrete  Random 

Variable 

00:09

Definition  

(Discrete Random Variable) 

We say a random variable is a 

discrete random variable if its 

space is either finite or 

countable. 

00:12

Example:  
Consider a sequence of independent flips of a 

coin, each resulting in a head (H) or a tail (T). 

Moreover, on each flip, we assume that H and 

T are equally likely; that is, P(H)=P(T)=1/2.  

 

 

 

 

 

 

 

This is that case, when the space is Finite. 

x p(x) 

0 1/2 

1 1/2 

sum 1 

00:24



Example of a Countably 

infinite set: 
Let the random variable X equal the 

number of tosses needed to obtain the 

first head. The space of X is                 

 

 

Consider that X=1 when the sequence 

begins with a H. 

01:43

Likewise, X=2 when the sequence 

begins with TH.  

In the same way when X=3 the 

sequence is TTH. See we are getting a 

head in the third toss. 

 
  

02:58

Suppose that we are interested in 

finding the probabilities of the 

various possible values of X.  

 

As shown in the table: 

 

Although it is an infinite sequence of 

probabilities the sum has to be 1. 

 

04:54

1
1 1 1

, 1, 2,3,...
2 2 2

x x

P X x x

Here,  X is the total no. of tosses 

that was required in order to get 

the first Head.  

05:51

1

1 1 1

2 1 2

3 1 3

1 1 1
, 1,2,3,...

2 2 2

1 2 3 ...

1 1 1
1

2 2 2

1 1 1
2

2 2 2

1 1 1
3

2 2 2

,

x x

P X x x

x or or or

P X

P X

P X

Hence the sequence of the probability will be

Now, let X=1 we see, 

07:01

1 2 3

2

1 1 1
...

2 2 2

, infinite  

1

1 12
,

12 2

2

1

1/ 2
1, 2,3,... 1

1 1/ 2

Obviously that is an geometric series

a r

as we knowthat

a
Geometric series

r

P X

08:54

 

Topic No. 5 

 
Concept of  

Probability Mass 

Function 

00:09

What is Probability Mass 
Function? 

Consider a random experiment with a 
sample space, finite or countably 

infinite. A function X, which assigns to 
each element c  C one and only one 
number X(c) = x , is called a random 

variable. If we express the probabilities 
against each random values of X 

algebraically, then, we  can say that this 
is the probability mass function of X. 

 

00:19

Example:  

Toss a fair die, the possible 

values are 1,2,3,4,5,6. 
 

Algebraically: 

 
1

, 1,2,3, 4,5,6.
6

P X x x

01:00

Definition 
 

The probability mass 

function (pmf) of X is given 

by 

, . 1
X

p x P X x for x D

01:41



The PMFs satisfy two 

properties: 

 

1) 

 

 

2)  

0 1,

1 2

X

Xx D

p x x D

p x

02:01

CDF of a  

Discrete Random 

Variable 

03:20

Example: 
 

Suppose we roll a fair die 

with the numbers 1 through 6 

on it. Let X be the upface of 

the roll. Then the space of X 

 

 1 , 1,2,..., 6.
6X

p i for i

03:28

6 6 1/ 6

1 1 1 1 4
4 4

6 6 6 6 6

F P X

or

F P X

04:43

x p(x) F(x) 

1 1/6 1/6 

2 1/6 =1/6+1/6=2/6 

3 1/6 =2/6+1/6=3/6 

4 1/6 =3/6+1/6=4/6 

5 1/6 =4/6+1/6=5/6 

6 1/6 5/6+1/6=6/6=1 

06:30

the probability of that particular 

value of X. 

07:08

 

Topic No. 6 

 
 Example of  

Probability Mass 
Function 

00:09

Example: 
Consider and urn which contains slips of paper 

suppose these are i slips with the number i on it 
for i 
slips of paper with the number 25. assume that 
the slips are identical except for the numbers. 
Suppose one slip is drawn at random. Let X be 
the number of slip. 

 
 a) Suppose that X has the pmf  p(x) = x/5050, x     

      

     elsewhere  
 

b) Compute P(X< 50). 

00:15

Solution: 

a) Suppose that X has the pmf p(x) = 
x/5050, x 
elsewhere. 

 

 

 

 

 

 

 

 

 

01:32

  = m/n  

 

The sum of the first n natural 
numbers 

 

Here, total no. of slips 

 

As the slips are identical i.e. 
equally likely to be drawn 

Therefore, the probability   

1

2

n n

100 101
5050

2

5050

m

02:22



Now, to express mathematically,  

, 1,2,3, ...,100
5050

x
P X x x

04:30

1 2 3 ... 50
50

5050

1 50 51

512 250
5050 5050 202

50 0.2525

P X

or

n n

P X

P X

b) Compute P(X< 50). 

Solution: 

05:26

 

Topic No. 7 

 

Continuous 

Random Variable 

00:09

Concept of a Continuous 

Random Variable 

In the continuous case, we 

cannot define probability on 

one particular point, instead, it 

is the probability defined on 

an interval. 
 

00:53

Example: 
If we are measuring a height of a 
student. It depends on the 
refinement of that measuring 
instrument. 

Suppose if we say that this 
person is 5 feet 4 inches tall, or 
in other words we are saying he 
is 64 inches tall. This is the 
measurement at a crude level. 

 

01:20

In reality it is a some value between 63.5 

and 64.5, if we use a more refined 

instrument and after measuring we say that 

it is actually 64.2 inches. Even this is not 

the actual truth, it is the height somewhere 

between  64.15 and 64.25 inches. 

It all depend on the measuring instrument 

that how much precision can that 

instrument measures. 

Theoretically there can be an infinite 

number of decimal places after the 

decimals.  This is the basic concept that 

variable can assume any value.   

01:57

Cumulative Distribution 

Function F(x) 

 x

X XF x f t dt

03:39

    The function fX(t) is called a 

probability density function 

(pdf) of X. If fX(x) is also 

continuous, then the 

Fundamental Theorem of 

Calculus implies that 

 

X X

d
F x f x

dx

04:40

The PDFs satisfy the two 

properties: 

 

1) 

 

 

 

2)  

1

0

X

X

f x dt and

f x

05:00

In the Continuous case, the area 

under the curve of that function 

gives you the probability. 

  

If you are interested in 

computing the probabilities, 

then, they can be obtained by 

integration, i.e.,  
b

X X X

a

P a X b f t dt F b F a

06:09



Example: 
Suppose that, we randomly select 

a number between 0 and 1. Recall 

that the cdf of X is FX (x) = x, for   

0 < x < 1. Hence the pdf of X is 

given by 

 

 

 

1 0 1

0 .
X

x
f x

elsewhere

07:18

 

   This is called a Uniform or  

    rectangular distribution   

    where, 0<x<1. 

 

08:14
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 Example of  

Probability 
Density Function 

00:09

Example: 
In continuous case, consider the 

following simple experiment: 

choose a real number at random 

from the interval (0,1). 

 

Let X be the number chosen. In 

this case the space of X is 

D=(0,1).  

00:15

The number is chosen at random 

it is reasonable to assign 

, ,

0 1.

XP a b b a

for a b

00:42

1

18

70

8

1

8 7
0

It follows that the pdf of X is

1 0 1
 

0 .

For example, the probability that X is 

less than an eighth or greater 

than seven by eighths is

1 7

8 8

X

x
f x

elsewhere

P X X dx dx

x x
1

8

0:56

1 7
0 1

8 8

1 1

8 8

2

8

1 7 1

8 8 4
P X X

03:00

Topic No. 9 

 

Probability Generating Function  
 

00:15

Probability Generating Function  

In probability theory, the probability generating 

function of a discrete random variable is a power 

series representation (the generating function) of 

the probability mass function of the random 

variable.  

00:37

Definition  

Univariate case 

If X is a discrete random variable taking values in         

the non negative integers {0,1, ...}, then the probability 

generating function of X is defined as 

 

 

where p is the probability mass function of X.   
 

01:12

0

,
X x

x

G z E z p x z



    Example: 
 

     The probability generating function of a Bernoulli 
random variable with parameter p. So the probability 
generating function of X, where X represents the number 
of heads that we obtain when tossing a fair coin once is 
given by 

 
 

 

02:38

1

2 2

z
G z

04:16

Example:  

For Poisson Distribution =  
1z

G z e

06:27

1 2

...
1! 2!

x
e z e z

p x z e

2 3

1
1 ...

2! 3!

x
z z

p x z e z

( 1)

z

z z

G z e e

e e

2 3

1 ...
2! 3!

e

09:53

 

Topic No. 10 
 

 

 How to utilize Probability 
Generating Function 

and  

Mean and Variance through 
PGF  

00:10 

    The probability mass function of X is recovered by 

taking derivatives of G, 

 

 

 

 
(1) 

0

!

k
G

p k P X k
k

00:43 

  Example: 
 

   The probability generating function of a Bernoulli 
random variable with parameter p. So the probability 
generating function of X, where X represents the 
number of heads that we obtain when tossing a fair 
coin once is given by 

 
 

 
1/ 2 / 2G z z

01:15 

   With the help of eq. (1), we take the 

derivative 
1

lim
2 2x

z
G z

(0)

0

1

0 12 2
0 P 0

0! 0! 2x

z

z

G
P X

(1)

0

1

0 12 2
1 P 1

1! 1! 2x

z

z

G
P X

01:42 

MEAN  

and VARIANCE  

through the  

Probability generating 

function 

04:14 

   The expectation of X is given by 

 

 

 

 

   where,  

   (1 ) = lim 1 (z) from below. 
 

(1) 1E X G

04:30 



Example:  

Poisson Distribution (Mean) 

 

 
1

1

1

1 1 0 0

1 lim

1

z

z

z

G z e

G z e

G G z

e e e

G

05:30 

So the variance of X is given by 

 

 
 

(2) 

2

1 1 1

Var X

G G G

07:00 

1 12

1 1 02 2 2

22

.

1

1

z z
G z e e

G e e

G

V X

V X

 

Example:  

Poisson Distribution (Variance) 

From eq. (2) 

07:20 
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 Algebraic 
Expressions  

of Some Well-known 
PGFs 

00:15

For some of the more common 

distributions, the PGFs are as 

follows: 

Constant r.v. -

if   1, 0, ,c k

X c

X

i

p p k c then

G z E z z

00:50

1 0

 r.v. - if   

, 1 , 0, 0 1,
k

X

X

ii Bernoulli

p p p p q p k or

then

G z E z q pz

01:28

1

1

 r.v. - if   

, 1, 2,...; 1 ,

1

k

k

X

iii Grometric

p pq k q p then

pz
G z if z q

qz

02:12

. .

, ,

, ( 1 )
n

X

iv Binomial r v if

X Bin n p then

G z q pz q p

02:38

( 1)

0

. .

,

1

!

k k z

X

k

v Poisson r v if

X Poisson then

G z e z e
k

03:45

0

1

. .

NegBin , ,

1

1

1
1

n k n k

X

k

n

vi Negative binomial r v if

X n p then

k
G z p q z

n

pz
if z q and p q

qz

03:58



Discrete Uniform Distribution 

 Example:  

Random selection of one of 

the ten digits 0,1,2,...,9  

X p(x) p(x) 

0 1/10 1/10 

1 1/10 

2 1/10 

3 1/10 

. 

. 

. 

. 

. 

. 

. 

. 

. 

 

. 

. 

. 

9 1/10 

10/10=1 

x
z

0
z

1z z

x
z

2
z

3
z

9
z

9
/10z

3 /10z

2
/10z

/10z

04:41

2 3 9

10

10

Therefore,

1
1 ...

10

This is a finite geometric series in 

which the first term  is 1 and

the common ratio  and 10

,

1 1 1

1 1

1 1

10 1

n

G z z z z z

a

r z n

So

a r z
Sum

r z

z
G z

z

06:50
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A Linear Combination 

 of  

PDFs is a PDF 

00:09

   In mathematics , a linear combination is an 

expression constructed from a say of terms by 

multiplying each term by a constant and adding 

those results  

   (e.g. a linear combination of x and y would be any 

expression of the form ax+by, where a and b are 

constants). 

 

00:29

Let,  

1 2

1 1 2 2

1:  Consider k continuous-type distributions 

with the following characteristics:

pdf ,

mean , i=1,2,...k. 

If  c 0, 1, 2,..., ,

... 0

... 0

i

i

i

k

k k

f x

i k

and

c c c

w x c f x c f x c f x

01:25

Let,  

1 1 2 2

1 1 2 2

1 1 2 2

1

Pr oof :

. . ...

...

... (1)

k k

k k

k k

To prove

w x dx

L H S c f x c f x c f x dx

c f x dx c f x dx c f x dx

w x dx c f x dx c f x dx c f x dx

02:35

1 2

1 2

1 2

1

.(1)

. . 1 1 ... 1

...

... 1

. . 1 . .

i

i

k

k

k

But f x is a pdf

f x dx

eq re written

L H S c c c

c c c

But by our choice

c c c

L H S R H S

05:10

In other words, the mean of a linear 

combination of PDFs is that same Linear 

combination of the means of those PDFs   

1 1 2 2 1

1 1 2 2

1 1 2 2

1 1 2

Show that the mean of the distribution having  

pdf ... mean 

1

...

...

k

k k i ii

k k

k k

c f x c f x c f x are c

E newdensity w x dx

E X x c f x c f x c f x dx

c xf x c xf x c xf x dx

c xf x dx c xf2

1 1 2 2

1

...

...

,

k k

k k

k

i i

i

x dx c xf x dx

E X c c c

Hence we get

c

06:30
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Concept of  

Cumulative Distribution Function            
(discrete and continuous) 

00:08

Definition: (Cumulative Distribution Function) 
 

Let X be a random variable. Then its cumulative distribution 

function (cdf) is defined by FX(x), given in eq. (1) which you 

can see on the screen 

, : . (1)
X X

F x P x P c C X c x

00:26



    As above, we shorten                                                        

     

   

 

  Also,  

   FX(x) is often called simply the distribution function (df).  

: to .P c C X c x P X x

00:57

The graph for the discrete case it is like a staircase, which is also 

called a Step function. 

 

On the other hand, in the continuous case it is a continuous  

curve or a line. 

01:36

For example: 

Let pX(x) be the pmf of a random variable X. Find the 

cdf F(x) of X and sketch its graph with that of pX(x) if: 

a) pX(x) = 1/3, x = -1, 0, 1, zero elsewhere. 

01:58

Figure 1: Distribution Function 

-   

04:40

Example 2:  

Let X denotes a real number chosen at random between 0 and 2. 

we now obtain the cdf of X. First, if x < 0, then P(X  x) = 0.  

Next, x P(X x) =1. Finally, if 0 < x < 2 it follows from 

equation 2 that P(X x) = P(0 < X x)= x  0 = x. Hence the cdf 

of X is 
0 0

/ 2 0 2 (3)

1 2

, , 0 1. (2)

X

X

if x

F x x if x

if x

P a b b a for a b

09:06

Figure 2: Distribution Function  

3/4 

10:08
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Example of the CDF  

of a  

Discrete Random Variable 

00:08

Example: 

Consider an urn which contains slips of paper each with one of the 

i slips with the number 

i on it for i 

with the number 25. 

Assume that the slips are identical except for the numbers. Suppose 

one slip is drawn at random.  
 

Let X be the number on the slip 

00:26

 

Show that the cdf of X is F

where [x] is the greatest integer in x.  

 

Let X be the number on the slip 

00:26

(a) 

02:10 x p(x) 

1 1/5050 

2 2/5050 

3 3/5050 

- 

- 

- 

- 

- 

- 

100 100/5050 

Sum  5050/5050=1 



1

2 5050

1

10100

x x
F x

x x
F x

Therefore,  

04:23 Show that the cdf of X is         

F(x) = [x]([x]+1)/10100, for 1 

greatest integer in x.  

Topic No. 15 

 
Obtaining the  

PMF from the CDF 

00:07

For each of the following CDFs F(x), find the PDF of f(x): 

(a) 
 
 1

1
.

2

j
x

j
F x

00:36

 

Topic No. 16 

 
Example of the  

CDF of a         

Continuous Random Variable 
 

00:06

    For a continuous random variable X ,the CDF is as 

follows: 

F(x) = 0 for all x values which are less than zero 

F(x) = x for all those x values that lies between 0 and 1. 

F(x) = 1 for all those x values are greater than 1. 

00:25

    PDF of the Exponential Distribution  

    with mean=0.5, 1, 1.5 

 

                                                                orange 

                                                                purple 

                                                                skyblue 

 

 

0.51
, 0

0.5

x

f x e x

, 0
x

f x e x

1.51
, 0

1.5

x

f x e x

00:24

00:00

1 , 0x
F x e x

CDF of the Exponential Distribution  

0.51 , 0
x

F x e x

with mean=0.5, 1, 1.5 

1 , 0
x

F x e x

1.51 , 0
x

F x e x

00:00
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Concept of two  

Random Variables being Equal 

in Distribution 

00:08

Let us first consider that situation when two random 

variables X and Y are not equal in distribution 

 

X Y
F x F x

00:38



We say that X and Y are equal in distribution               if and only if  

 

                                    FX(x) = FY(x), for all x  R. 
 

Mathematically we express it as  

X DY

02:21

X DY

It is important to note while X and Y may be equal in distribution, they 

may be quite different.  

Example 
Recall that X denotes a real number chosen at random between 0 and 1. we 

now obtain the cdf of X. First, if x<0, the  x) = 0.                 

 Next, if x 1, then  x) = 1. Finally, 0<x<1, it follows from expression 

(5.3) that  x)= P(0  x)= x-0=x.  

 

Hence the cdf of X is 

0 0

0 1 5.6

1 1

X

if x

F x x if x

if x

04:07

For instance, in the above example define the random variable Y  

and transform it as  Y= 1-X.  

 

Then Y X.   

 

For example, let,  X= 0.2 then, Y= 1-0.2 = 0.8. 

 

So, when X is 0.2 then Y is 0.8 which is not the same. 

 

Therefore it is interesting to note that the space of Y is the interval 

(0,1), the same as X. 

04:50

F(0.8)=1 - P(X < 1- 0.8)=1- P(X<1-0.2)=1-0.2= 0.8 

 

F(0.6)=1 - P(X < 1- 0.6)=1- P(X<1-0.4)=1-0.4= 0.6 

06:28

But we know that for the Uniform distribution defined on 

(0,1),  P(X<0.2)=0.2  

 

 

 

 

 

 

 

Therefore,  P(X<1-y) = 1-y 

 

07:41

 

 

Further, the cdf of Y is 0 for y < 0; 1 for y y < 1, it 

is 

 

 

 

 

Hence, FY(y)=y, 0<y<1 which is of exactly the same form as the 

CDF of X.  

Therefore, it is clarified that two random variables may not be the 

same yet, sometimes they maybe equal in distribution.

08:11

1

1 1 1

1 1 .

Y
F y P Y y P X y

P X y P X y

y y

. ., D , .i e Y X but Y X
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First property 

 of Cumulative Distribution Function and its 

Proof 

00:31 

Theorem 1: 
 

Let X be a random variable with cumulative distribution function 

F(x).  

 

Then 

 

(a) For all a and b, if a < b, the F(a b) (F is nondecreasing). 

00:39 

01:40 

Proof: 

Part (a):  

 

Because of the fact that a < b, we can see that the interval being       

  

 

 

03:27 



03:51 

{X a}  

is a subset of  

 {X b}  

Theorem: 
 

If C1 and C2 are events such that C1  C2 , then , P(C1 C2).  

So, applying this theorem we say that since the interval         

X a is contained in the interval X b, therefore the 

probability of  X a  is less than or equal to the probability      

X b., i.e. F(a b).  

05:00 
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Second property  
of Cumulative Distribution Function  

and its Proof 

00:05

Theorem 1:  

 

Let X be a random variable with cumulative 

distribution function F(x).  

 

Then, 

        

(b) lim 
x  - , F(x) = 0 (the lower limit of F is 0). 

00:16

 
We know that 

                                          F(x) = P(X < x) 

so obviously 

 

F(- P(X < - ) 

 

which is an impossible event. 

 

Therefore,                             F(- )= 0 

00:54

Mathematically,  

 

                                lim 
x - F(x) = 0. 

01:57

00:05
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Third property  
of Cumulative Distribution Function and its 

Proof 

Theorem 1:  

 

Let X be a random variable with cumulative distribution 

function F(x).  

 

Then,        

 

(c) lim 
x  , F(x) = 1 (the upper limit of F is 1). 

00:16

Proof: 
 

We know that  

                         F(x) = P(X < x) 

so obviously 

 

               F P(X < sure event. 

 

Therefore,        F  

                          

                       lim 
x

F(x) = 1. 

00:40

02:04

Graphically,  the F(x) of 

any random variable  will 

always starts from level 

zero and rise upto level 1.  

 

Subsequent to that point 1 

it goes upto to infinity . 



00:08
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Fourth property  
of Cumulative Distribution Function and its 

Proof 

Theorem 1:  

 

Let X be a random variable with cumulative distribution 

function F(x).  

 

Then        

 

(d) lim 
x x0 , F(x) = F(x0) (F is right continuous). 

00:24

Explanation: 

In case of a discrete distribution, we take an example of a Discrete 

Uniform distribution. 

 

- Toss a fair die (1,2,3,4,5,6).  

-The probability of getting a 1 or 2 or 3 or 4 or 5 or 6 are equally  

  likely to occur. 

   

 

01:08

x P(x) F(x) 

1 1/6 1/6 

2 1/6 1/6+1/6=2/6 

3 1/6 2/6+1/6=3/6 

4 1/6 3/6+1/6=4/6 

5 1/6 4/6+1/6=5/6 

6 1/6 5/6+1/6=1 

02:52

Consider a CDF that is continuous 

everywhere other than at the point x0 

 

(ref.  that have a few points of 

discontinuity) 

 

As x tends to x0 from the R.H.S, the 

ordinate F(x) tends to the ordinate 

F(x0). 

06:24

0       1      2      3       4      5     6        

1 
 

5/6 
 

4/6 
 

3/6 
 

2/6 
 

1/6 

To be displayed on the screen. 

01
lim ,

n nnn

F x P C F x

    Part (d):  

    Let {xn} be any sequence of real numbers such that        
xn 0 . Let Cn xn}. Then the sequence of sets {Cn} 
is decreasing and                                            

 

   Hence, by Theorem 3.6,   

 

 

 

   which is the desired result. 

 

01 nn
C X x

00:00

00:20 
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Evaluating  

Probabilities using CDF 

Theorem 1:  
 

Let X be a random variable with the CDF F
x
.  

 

Then,  

for a < b,  

                         P[a < X < b]= F
x
 (b) - F

x
 (a). 

00:20 

Proof:  
 

Since the interval 

{- X < b} = {- < a} U   

                         {a< X < b}. 

 

Since these two interval are 

mutually exclusive (not 

overlapping).  

  

01:00 

So, therefore,  
 

we can apply the addition theorem of probability and 

can say that the probability of the union is equal to the 

sum of the probabilities. 

 

  

01:49 

P{- X < b} = P{- < a} + P{a< X < b}. 

 

or  P{a< X < b}= P{- X < b} - P{- < a}  



Example: 

Now, find P(1< X < 2), =2 
 

Then required probability 
 

=F(2)-F(1)=1-1- e-1+ e-1/2 

= e-1/2-e-1 -(1/e) 

=(1/1.64872)-(1/2.71828) 

=0.6065-0.3679 =0.2386 

=23.86% 

03:35 

00:35
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Derivative  

Of  the CDF is the PDF 

(1)
X X

d
F x f x

dx

01:00

1 0 ( 1) , 0
x x x

X

d d
F x e e e x

dx dx

01:44

Example:  
 

Consider the CDF of the exponential distribution with       

mean = 1  
 

i.e. F(x)=1 - e-x 

 

Then, the PDF is given by 

2: Another Example 

  

If FX(x) = x/2,      0 < x < 2 
 

 

Then pdf is 

 

 

 

 

i.e. Uniform distribution. 

04:26

1 1
( ) , 0 2

2 2 2
X

d d x d
F x x x

dx dx dx

00:08
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In the continuous case,  

probability does not Exist  

at any particular point 

00:33

00:59

01:45

02:55



WHY do we say that probability does not exist at any 

particular point ? 

i.e. 

P(X = x0 ) = 0 
 

We say this because it is not possible to have a measurement 

exactly equal to X0 whatever we are saying is an approximation to 

the truth. 

 

 

03:28

What is P(X=1/2)? 
 

Solution:  
 

It is a straightforward integration to see that the probability is 0: 
 

In fact, in general, if X is continuous, the probability that X takes on 

any specific value x is 0.  

That is, when X is continuous , P(X = x) = 0 for all x in the support. 

 

 

 

1/2 1/2
2 3

1/21/2

1 1
3 0

8 8

x

x

x dx x

06:00

 

An implication of the fact that P(X=x) = 0 for all x when X is 

continuous is that you can be careless about the endpoints of 

intervals when finding probabilities of continuous random 

variables.  

 

That is: 

P(a < X < b)= P(a < X < b)= P(a < X < b)= P(a < X < b)   

    

for any constant a and b.  

07:46
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The concept of  

Monotonicity 

Monotonically Increasing Function  

In calculus, a function defined on a subset 

of the real numbers with real values is 

called monotonic if and only if it is either 

entirely non-increasing, or entirely non-

decreasing. 
 

That is, as per Fig., a function that 

increases  monotonically does not 

exclusively  have to increase , it simply 

must not decrease. 

Monotonically Decreasing Function  

Strictly Increasing  

Function 
 

A function f(x) is said to be strictly 

increasing on an interval I if     

f(b) > f(a) for all b>a, where a,b  I.  

 

On the other hand, if  f(b) > f(a) for 

all b > a, the function is said to be 

(nonstrictly) increasing.  

Strictly decreasing Function  

Focus on the word  

-  

   The concept of the CDF, will always be monotonically 

increasing function. 
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Total probability is 1 

 

Total probability is 1  

The total probability associated with a random variable X of the 

discrete type with pmf pX(x)  

                                   x D pX(x)=1 
or  

 

the continuous type with pdf fX (x) is 1, i.e. 

 

    D fX(x)dx=1,   
where D is the space of X. 

The definition for the pdf of a continuous random 

variable differs from the definition for the pmf of a 

discrete random variable by simply changing the 

summations that appeared in the discrete case to 

integrals in the continuous case. 

 It is very well-known that pmfs satisfy the two properties  

 

(i) pX (x) > 0   and    (ii) x D pX(x)=1 
 

 

Therefore, the minimum possible value of any probability 

is 0 and the maximum possible value of any probability is 

equal to 1.  
 

 

   It is very well-known that pdfs satisfy the two properties  

 

  (i) fX (x) > -  fX (t) dt=1 

 
 

 

(ii) The second property, of course, follows from FX ( 1 

 

In the continuous case the f(x) represents the ordinate 

against the value x, and the ordinate can be greater than 

1 (although area under the curve can never be greater 

than 1). 

Example:  
 

Let X be a continuous random variable whose probability 

density function is: 

f(x) = 3x2 

 

for 0<x<1. First, note that f  P(X=x).  

 

For example, f(0.9)=3(0.9)2=2.43, which is clearly not a 

probability!  

In the continuous case, f(x) is instead the height of the 

curve at X=x, so that the total area under the curve is 1.  

 

In the continuous case, it is areas under the curve that 

define the probabilities. 

 

Now,  first start by verifying that f(x) is a valid 

probability density function. 

The function f(x) = 3x2 is not a Probability density 

function that is why we are getting f(x) greater than 1. 

So, let me show you that it is a PDF. 

11 3
1

2 3 3 3

0
0 0

3 3 1 0 1
3

x
x dx x
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Example  

showing the determination of an unknown 

constant c  

Such that f(x) or p(x) is a the PMF 



2
, 1, 2,3,...

3

0

x

c x
p x

elsewhere

Example:  
 

Find  the constant c do that p(x) satisfies the condition of 

being a pmf of one random variable X.  

If  p(x) to be a probability mass function, then:  

1 2 3

1 1

1 2 3

2 2 2 2
1 ...

3 3 3 3

2 2 2
...

3 3 3

x

x x

p x c c c c

c

What we have inside the bracket is an Infinite Geometric series, 

  

Therefore, applying the formula                     ,we obtain 

 

2 2

13 3
1 2 .

12 2
1

33

c c c and hence c

1

a
S

r

As an illustration, suppose we want to find a probability of 

x=4.  

Then 

4

1 1 2
putting = , we have .

2 2 3

now putting x=4, 

we obtain,

1 2 1 16 8
4 0.099

2 3 2 81 81

x

c p x

p
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Example  
showing the determination of an unknown constant c  

Such that f(x) is a the PDF 

Example 

  
Suppose X has the pdf  

 

 

 

 

for a constant c 

3 0 2

0
X

cx x
f x

elsewhere

Solution: 
 

If f(x) is to be a pdf, then, 

 

 

 

 

and hence, c=1/4.  

22 4 4
3

0 0

2 0 16
1 4 4 ,

4 4 4 4

x
cx dx c c c c c

 
So, now the  pdf  will be as follows 

 

 

 

3

0 2
4

0

X

x
x

f x

elsewhere

For illustration of the computation of a probability involving 

X, we have  

1 3

1/4

1 255
1 0.0623.

4 4 4096

x
P X dx
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Concept of  Transformation  
of a Discrete variable  

(when the transformation is one-to-one) 



We have a discrete random variable X and we know its 
distribution. 

We are interested, though, in a random variable Y which is 
some transformation of X, say, Y = g(X).  
 
In particular, we want to determine the distribution of Y. 

 Assume X is discrete with space Dx. We consider two cases. 

 

Then the space of Y is  

 

                                    Dy={g(x):x  Dx}. 

     

 

Let us assume that g is one-to-one.  

 

Then, clearly, the pmf of Y is obtained as 

 

P[Y = y] =P[g(X) = y] = P[X = i-1(y)]. 

 

Example 
 

 

Let X have the pmf 
 

P(x) - (1/2)|x|,       x = -1,-2,-  
 
Find the pmf of Y = X 4 

 

 

Solution: 
 

The transformation, 

4

: 1, 2, 3,...

: 1, 16, 81,...

x

y

y g x x

maps D x x onto

D y y

 

We have 

 

 

So, utilizing the equation 

 

 

 
 

4 1 4y g x x x g y y

P[Y = y] =P[g(X) =y] = P[X = g-1(y)]. 

 

we get the single-valued inverse function as follows: 

 

 
 

4

4
1

, 1, 16, 81, ...
2

y

P Y y P X y y

             So, this is the PMF of Y=X4. 
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Concept of  Transformation of a  

Discrete Variable                      

 (when the transformation is not one-to-one) 

Consider a sequence of independent flips of a fair coin, 
each resulting in a head H or a tail T.  

 

Let the random variable X denote the no. of flips needed 
to obtain the first Head.  

 

Then, X is a geometric random variable. 
 

 

 

If X=x, where x=1,2,3,4, , there must be a string of x-1 tails 

followed by a head:  

 

that is, TT TH, where there are x-1 tails in TT T.  

 

Thus, from independence, we have a geometric sequence of 

probabilities, namely, 

P(X=x)=(1/2)x-1(1/2) = (1/2)x    , x  

 



 

Suppose we are playing a game in which if the first head 

appears on an odd number of flips, we lose one dollar 

whereas, if the first head appears on an even number of flips, 

we win one dollar. 

 

Let Y denote our net gain.  

 

Then the space of Y is {-1,1}. 

An interesting event is that the first head appears on an odd 

number of flips;  

 

i.e., X  {1,3,5, }.  
 

 

The probability of this event is  
 2 1

1

51 3

2

2 1

1

1
1 or 3or 5 or

2

,

1/ 2 1/ 2 1/ 2

And infinite geometric series,  = 1/ 2 , 1/ 2 1/ 4
1

1 1
1 22 2Require

[ ]

( )

d probability = .
1 32 3

1
4 4

( )

x

x

x

x

P X

Next

a
a r

r

We have already determined that the probability that X is odd 
is 2/3.  
 

Hence, the distribution of Y is given  by 
 

                        pY(-1)=2/3 and pY(1)=1/3. 

 

So, the probability that player A will win 1$ is 1/3 and the 
probability that he will lose 1 $ is 2/3.  
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Concept of  Transformation of a Continuous 

Variable  

using the CDF technique) 

Example:  

 
Let   fX(x)=1/2, -1 < x < 1,  

 

zero elsewhere,  

 

be the pdf of a random 

variable X. 

From the graph it is obvious that we are dealing with 

continuous uniform distribution defined on the interval      

(-1,1). 

 

Now, let us suppose that we are interested in determining 

the PDF of X2. 

The point to be understood is that, if 

y >0, then  

X2<y => - < X <  

e.g. 0 < X2 < 0.5 => -0.25 < X < 0.25  

(because square can never be 

negative) 
 

From the table it is obvious that the 

range of the variable Y is from 0 to 1.  

X2=Y X 

0 0 

0.04 +0.2 

0.25 +0.5 

0.49 +0.7 

1.00 +1.0 

Let the random variable Y be Y=X2.Now to find the pdf of Y. 

Now finding the pdf of Y. 
 

The cdf of Y, FY(y)= P(Y < y) , is given by the cdf of Y,  

FY(y)= P(Y < y) , is given by 

 
2   

       

( ) ( )

1

2

y y

y y

f

P X y P y X y

x dx dx

0 0

1
0 1

2

1 1

y

Y

y

y

F y dx y y

y

For the range 0 y 1, we have

21 1 1

2 2 2 2

y y

yy

y
F y dx x y y y



1
0 1

2

0 .

Y

y
yf y

elsewhere

Hence, the pdf of Y is given by 

1 1
1

2 2

0 0, 0

1 1 1
, 0 1

2 2 2

1 0, 1

1
, 0 1

2

0 .

d
y

dy

d d d
f y F y y y y y y

dy dy dy y

d
y

dy

y
yor f y

elsewhere

Hence we can see that the shape of the PDF of the  transformed 

variable is very different from the shape of the PDF of the original 

variable. 
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Transformation of  

a Continuous Variable  

using the Jacobian of 

transformation 

Theorem 1: 

 

Let X be a continuous random variable with pdf fX(x) and 
support SX.  

 

Let Y=g(X), where g(x) is one-to-one differentiable 

function, on the support of X, SX. 

 

 

 

Denote the inverse of g by x=g-1(y) and  

let dx/dy=d[g-1(y)]/dy.  
 

Then the PDF of Y is given by 
 

fY(y) = fX(g-1(y)) |dx / dy|,  for y  SY,                       (1) 
 

where the support of Y is the set SY = {y=g(x):x  SX}. 

 

Proof:  
 
If g(x) is one-to-one and continuous, it is either strictly 

increasing or strictly decreasing. 

This can be regarded as a 

case of Direct relationship 

between X and g(x). 

This can be regarded 

as a case of Inverse 

relationship between 

X and g(x). 

Case 1:  

 

Let us assume that it is strictly increasing,.  

 

Then the CDF of Y is given by 

 

1 1

 

.     ( ( )) (  2)

Y

X

F y P Y y P g x y

P X g y F g y

Hence, the pdf of Y is 

 

 

 

where dx/dy is the derivative of the function x = g-1(y).  
 

In this case, because g is increasing, dx/dy > 0.  

Hence, we can write dx/dy =|dx/dy|.   

1 1( ( )) ( ( ( ))) ( ( ))    .      3Y Y X X

d d dx
f y F y F g y f g y

dy dy dy



Case 2:  

Suppose g(x) is strictly decreasing.  

Then  

 

 

becomes FY(y) = 1- FX(g-1(y)).  
 

Hence, the pdf of Y is 

 

1 1 .        2Y XF y P Y y P g x y P X g y F g y

1 1 0 .Y X X

dx dx
f y f g y f g y

dy dy

 

But since g is decreasing, dx/dy < 0 and,  

 

hence, -dx/dy = |dx/dy|.  

 

 Thus eq. 1 is true in both cases. 

 

Henceforth, we refer to dx/dy=(d/dy)g-1(y) as Jacobian 
(denoted by J) of the transformation.  

 

In most mathematical areas, J = dx/dy is referred to as 
the Jacobian of the inverse transformation x = g-1(y). 
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Example  
of  Transformation of  

a Continuous Variable  

(using the Jacobian of transformation) 

Example : Let X have the pdf 

 

 

 

 

Consider the random variable Y= -2logX.  
 

The support sets of X and Y 

respectively.                          

1       0    1 
     

0       

x
f x

elsewhere

The transformation y = g(x) = -2log x is one-to-one  

between these sets.  

 

The inverse of the transformation is x = g-1(y) = e-y/2   

 

The Jacobian of the Transformation is 

 

 

 

 

Accordingly, the pdf of Y= -2 log X is 

 

 

 

 

This is the Exponential Distribution with Mean = 2  

2
2

1

2

y
yde

J e
dy

2 2 2
1 1

1. 0
2 2

0

y y y

Y

Y

f e J e e y
f y

elsewhere
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Another example  

of  Transformation of a Continuous variable  

(using the Jacobian of transformation) 

  

 

   Example: 
    Let X have the uniform pdf  

 

 

 

    Find  the pdf of Y = tanX.  

2 2

1
( )

X
f x for x



  

 

    
Let y=tanx    
 
When,    x   /2, y= -    

 
y = tanx => x = tan-1y => dx/dy =1/(1+y2) 
 
|J| = |dx/dy| = |1/(1+y2)| = 1/(1+y2) 
 
 
 

Accordingly, the pdf of  Y=tanX is 

 
1

2

1
tan

1

0

X

Y

f y J y
yf y

elsewhere

This is the pdf of a Cauchy distribution which is one of the 
well-known distributions. 
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Mode  
of Discrete Random Variable 

 

Definition 
 

A mode of the distribution of a random variable X is a value 

of x that maximizes the pdf or pmf.  

 

If there is only one such x, it is called the mode of the 

distribution.  
 

 

 

Find the mode of the following distribution. 
 

a) p(x) = (1/2)x  

 

 

 

 

 

 

 

 

     

X  P(x) 
1 (1/2)1 
2 (1/2)2 
3 (1/2)3 
4 (1/2)4 
- 

- 
- 
- 

Therefore, simply by inspection we say that the mode = 1. 
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Mode  
of a  

Continuous Random Variable  

Definition 
 
A mode of the distribution of a random variable X is a 

value of x that maximizes the pdf.  

 

If there is only one such x, it is called the mode of the 

distribution. 

Procedure: 
We will be following the procedure that is adopted when determining the 

maxima and minima of a function. 

 

1. First derivative to be equated to zero and the equation thus   

      obtained to be solved for x. 

2.   The value of the second derivative to be evaluated at that value of   

      x which was obtained in step 1. 

3. In case the second derivative turns out to be less than zero, that  

      particular value of   will be regarded as the mode of the 

distribution. 
 



  Find the mode of the following distribution. 

 

 

Solution: 

Taking the first derivative w.r.t x   

2

2

1
'

2

1

2

x

x

d
f x x e

dx

d
x e

dx

21
,    0 , 

 2

 .

)

x
x e x

c f x

zero elsewhere

2

2

2

1
' 1 2

2

1 1
2

2 2

1
'

2

, ,

x x

x x

x x

f x x e e x

x e xe

f x xe x e

Now equating it to zero we get

2

2 2

1
0

2

1 1
2

2

2

x x

x x x

x

xe x e

xe x e x e
xe

x

2

2 2

2

22 2 2 2 2 2 2

1

2

1 1
. 1 1 1 2

2 2

1
2

2

putting the value of x in thesecond derivative, we get

1
2 2 2 2 4 2 0.135 which is le

2

x x

x x x x x x x x

x x x

f x xe x e

f x x e e x e e x xe e x e xe

f x e xe x e

f e e e e e e e ss than zero

Now, taking the second derivative 

Therefore, the MODE of the distribution is equal to 2. 
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Median  
Of a  

Discrete Random Variable 

 

Definition 
 

The median of a distribution of a random variable X of the discrete 

or continuous type is a value of x such that  

                                                 

 

 

If there is only one such x, it is called the median of the 

distribution. 
 

1 1

2 2
P X x and P X x

Example: Find the median of the following distribution: 
4

4! 1 3
) , 0,1, 2,3, 4

! 4 ! 4 4

x x

a p x x zero elsewhere
x x

1 1

2 2
P X x and P X x

The median of a distribution of a random variable X of the 

discrete or continuous type is a value of x such that  

81 108 189
2 0.74 0.5

256 256 256

2

81
1 0.32 0.5

256

,

81 108 189
1 0.74 0.5

256 256 256

1

Trial and Error

P X

cannot bethemedian

Try

P X

So

P X

Both requirements fulfilled x
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Median of a  

Continuous Random Variable  

 



Definition 
 
The median of a distribution of a random variable X of the 

discrete or continuous type is a value of x such that P(X<x) < ½ 

and P(X<x) > ½ .  

 

If there is only one such x, it is called the median of the 

distribution. 

 
 

 

Procedure: 

 
In the continuous case, the median is obtained by integrating the 

pdf  from inf  to M and equating it to 1/2; 

 

 by solving this equation for M, we obtain the median. 
 

Find the median of the following distribution: 

c) f(x)= 2/ (1+x2  

Solution: 

1

2 2 0
0 0

1 1

0

2 1 2 1 1 2 1
tan

2 2 21 1

2 1
tan tan 0

2

M M
M

M

f x dx dx x
x x

M

1 1tan 0 tan
4 4

tan 1
4

M M

M Median
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Concept of  

(100p)th percentile  

(quantile of order p)  
of a Continuous Random Variable 

Definition 
 

Let 0 < p <1. A quantile of order p of the distribution of a 

random variable X is a value ZAAI p p such that         

P(X< p)< p and P(X< p)> p .  

  

Note:  

    A quantile of order p can also be regarded as the              
(100 ><  p)th percentile.  

 

Explanation: 
    By a quantile of order p, we mean that point on the x-axis to 

the left of which the area under the curve of the probability 
density function is equal to p or in other words is equal to 
100 >< p %. 

  

Now, we know that,  the point to the left of which the area is, 
say, 20% is known as the 20th percentile, the  point to the left 
of which the area is, say, 35% is known as the 35th percentile 
and so on.  

 

Therefore, that point to the left of which the area under the 
curve is equal to 100 >< p % will be known as the                    
(100 ><  p)th percentile. 

 

Explanation of the way in which these two equations are 

fulfilled in the case of a continuous variable. 

 

 

 

 

of both (1) and (2) are the same 

 

( ) 1

( ) 2

P X p

P X p

p

p

( ) ( )P X c P X c

 

 

 
Hence it is obviously that both (1) & (2) can hold 

simultaneously of and only of the two inequalities are 

replaced by the equal sign 

( ) ( )

p

P X p P X p

or f x d p

p

x



Find the 20th percentile of the distribution that has pdf f(x)=4x3, 0< x< 1, 

zero elsewhere. 

Hint: With a continuous-type random variable X, P(X< p) = P(X< p) 

and hence that common value must equal p. 

 
 

 
0.20

0.20

0.20 0.20

0.20

3

0

4 1
4 4 4

4
0.20

0

0.20

:

4 0.20

4 0.20 0 0.20 0.20 0.20
4

0.6687 0.67

x dx

x

0.20 

0.80 
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Real-Life Example  
of the computation of the (100p)th percentile  

(quantile of order p)  
of a Continuous Random Variable 

Let X be the number of gallons of ice cream that is requested at a 

certain store on a hot summer day.  

 

 

 

 

 

 

2
2

Assume that  follows the log-logistic distribution with =1and =2.

In other words, the pdf of  is given by

2
, 0

1

x
f x

X

x
x

X

How many gallons of ice cream should the store have             

on hand each of these days, so that the probability of 

exhausting its supply on a particular day is 0.10? 

 

X 

f(x) Solution: 

where X represents the number of gallons requested i.e., the 

demand   

 

The store will be exhausting its supply only if the demand 

exceeds the amount in hand. 
 

We want the probability of this circumstance to be only 

0.10. 
 

Hence, it is obvious that we are talking about 90th 

percentile of the distribution of the random variable X. 

 

0.900.90

0.90 0.90

0.90 0.90 0.90

0.90

2
2

2 22
00

2 2

2 2 2

2

The pdf of  is given b
2

, 0 ,
1

2 1
0.90 0.90

11

1 1 1
0.90 1 0.90

1 1 0 1

1 1 1
1 0.90 1 1 9

1 0.10 0.1

y =1and =2

0

x
f x x

x

x
f x dx

xx

X when

0.90

2

0.90

9

3

X 

f(x) 

0.90 

0.10 
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Inve rs e  CD F   

or  

Q uantile  function 



 

 The quantile  function is also called the   inve rs e  

cumulative  distribution function . 

For a given probability distribution,  

the quantile  function specifies the quantile of order p for all 

values of p lying between 0 and 1. 

 

In other words, the quantile  function specifies the value  on 

the x-axis for which the probability of the random variable X 

being less than or equal to this value is p (for all values of p 

lying between 0 and 1). 

Example  

Suppose we have the Exponential distribution 

 

 

Expected value  or (mean) 1/   

 

        0 , 0( ) x
f x e x

   The cumulative  distribution function of  Exponential 

Distribution 

 

 

 

     

 
1     0

   
0              0

x
e x

F x
x

The quantile function for Exponential( ) is derived by finding 

the value of x for which  

 

 

                     

  

 

 1   1 

Taking log on both sides

ln   ln 1  = ln   ln 1

  ln 1 ln 1

ln 1
  

x x

x

p e e p

e p x e p

x p e

p
x

                     

 

 

The quartiles are therefore,  

first quartile  (p =  1 /4 ) =  ln (4/3)/ ,  

me dian (p= 2 /4 )= ln (2) /   

and th ird quartile  (p= 3 /4 )  = ln (4)/  

ln 1
  ;   ,  for ( 0  1.)

p
Q p p
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Example of a Random Variable  

being Stochastically Larger than another  

random variable 

Definition 
A random variable X is said to be stochastically larger than another random 

variable Y if 

 

 

for all real values of z, with strict inequality  holding for at least one z value.  

 

 

This requires that the CDFs enjoy the following property: 

 

 

for all real z, with strict inequality holding for at least one z value. 

 

,P X z P Y z

,
X Y

F z F z

This requires that the CDFs enjoy the following property: 

 

 

 

 

 

 

,

Now,

whereas,

1

eq. (1) can be re-write as

.  

Y X

X

Y

Y X

F z F z

F z P X z

F z P Y z P X z P X z

P X z P X z

P X z P X z

or

P Y z P X z

or F z F z



Example: 
Let     be a  continuous random variable with support (-

the random variable                                       Suppose that we want to 

show that Y is stochastically larger than X. 

 

Solution:  
First and foremost, let us re-state the above definition interchanging the 

roles of X and Y.  
 

,  where  > 0.Y X

X

This requires that the CDFs enjoy the following property: 

 

 

 

 

 

 

,

Now,

whereas,

1

eq. (1) can be re-write as

.  

Y X

X

Y

Y X

F z F z

F z P X z

F z P Y z P X z P X z

P X z P X z

P X z P X z

or

P Y z P X z

or F z F z

 

Therefore the random variable                                       

has showed that Y is stochastically larger than X. 

  

,  where  > 0.Y X
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Concept of Mathematical 

Expectation  
for Discrete and Continuous Random Variables 

Definition 8.1. (Expectation). Let X be a random variable. If 

X is a continuous random variable with pdf  f(x) and 

 
 

 

 

then the expectation of X is 

 

,x f x dx

.E X xf x dx

If X is a discrete random variable with pmf p(x) and 

 

 

 

Then the expectation of X is 

 
 

 

 

Sometimes the expectation E(X) is called the mathematical 

expectation  of X, the expected value of X, or the mean of X. When 

the mean designation is used, we often denote the E(X) by µ; i.e.,       

x

x p x dx

.
x

E X x p x

.E X

Example 
Suppose that we have a discrete random variable X given 

by -1, 0,  and 1. and the probabilities of P(-1) = ¼, P(0)= 

½, P(1) = ¼. 

So,  

1 1 1 1 2 1 4
1 0 1 + + 1.

4 2
(

4
)

4 4
P P P

Now, to find the Mean 

So,  

1 1
+ 0 + 0.

4 4
Mean

x p(x) xp(x) 

-1 1/4 -1/4 

0 1/2 0 

1 1/4 1/4 

Now to fullfil the condition to get a finite number 

So,  

1 1 2 1
+ 0 + 0.5.

4 4 4 2

x p(x) xp(x) |x| |x|p(x) 

-1 1/4 -1/4 1 1/4 

0 1/2 0 0 0 

1 1/4 1/4 1 1/4 

x

x p x dx
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Concept of  

Mathematical Expectation  
of a Function of a Random Variable X  

(for discrete and continuous random variables) 



Theorem :  
 

Let X be a random variable and let Y = g(x) for some function 

g. 

 

a) Suppose X is continuous with pdf             .  
 

 

If                                             then the expectation of Y  

 

exists and it is given by  

X
f x

g ,Xx f x dx

g . (1)XE Y x f x dx

 

 

b) Suppose X is discrete with pmf              . Suppose the support of 

 

 X is denoted by       . If                                        then the 

 

 expectation of Y exists and it is given by  

Xp x

X
S g ,

X
Xx S

x p x

g . 2
X

Xx S
E Y x p x
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Concept of Linear combination of the Expected 

Values of two  

 
(for discrete and continuous random variables) 

 

Theorem 1: Let g1(X) and g2(X) be functions of a random 

variable X. Suppose the expectations of g1(X) and g2(X) 

exists. Then for any constants k1 and k2, the expectation of k1 

g1(X)+ k2 g2(X) exists and it is given by 
 

  

1 1 2 2 1 1 2 2( ) ( ) ( ) ( )E k g X k g X k E g X k E g X

Suppose that we have a discrete random variable X that 

have the values -1, 0, 1 and the probabilities of three values 

are  P(-1) = 1/4 , P(0)= 1/2 and P(1)=1/4. 

  

Now let us consider two different functions of the r.v.  

Let g1(X) b given by X+2  and g2(X) be given by X+5 

 

And k1 =2 and k2 = 5, 

So, let us construct a table:  

x p(x) g1(X) 

=X+2 

 

k1g1(X) g2(X) 

=X+5 

k2g2(X) k1g1(X) 

+ k2g2(X) 

p(x)(k1g1

(X) 

+ 

k2g2(X)) 

-1 -¼ 1 2 4 20 22 -22/4 

0 ½ 2 4 5 25 29 29/2 

1 ¼  3 6 6 30 36 36/4 

72/4=18 

In the same way, you can find the R.H.S of the formula and 

will find 

 

 

 

That both sides are equal as it was required.  

1 1 2 2 1 1 2 2( ) ( ) ( ) ( )E k g X k g X k E g X k E g X
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Explanation of the fact that  

in general  

the expected value of a product is not equal to  

the product of the expected values  

00:49

Suppose that we have two random variables  and . 

Then, in general

.

Reason:

times is a non-linear function

and the expectation operator doesn't go inside non-linear functions,

it only goes insid

X Y

E XY E X E Y

X Y

e linear functions such as . X Y

01:09



Example: 

Let us divide, at random, a horizontal line 

segment of length 5 into two parts. 

If  is the length of the left-hand part, then 

5 -  will be the length of the right-hand part.

X

X

03:24

Since we are diving the line segment into two parts

at random, therefore it is reasonable to assume that 

the length  is uniformly d

1
, 0 5

5

istributed 

0 elsewhere

i.e. 

x

X

f x

04:35

5 5

0 0

55 2

0 0

Now, the expected length of the left-hand part is given by

1

5

25 0 25 5

5 10 10 10 10 2

E X xf x dx x dx

x x
dx

05:57

5 5

0 0

5 5

0 0

5
2

0

Similarly, the expected length of the right-hand part is given by

1
5 5 5

5

5
1

5 5

25 5 5
5 5

10 10 2 2

E X x f x dx x dx

x x
dx dx

x
x

07:40

5

2 2

0

5 5 52 2
2

0 0 0

5
2 3

0

On the other hand, the expected length of the product 

is calculated as follows:

5 5 5

1 5
5

5 5 5

25 125 375 25
0 0

2 15 2 15

E X X E X X x x f x dx

x x x
x x dx dx x dx

x x 0 125 25

30 30 6

09:52

5 5 25
Now, 5

2 2 4

whereas

25
5

6

so that 

5 5 .

Hence, it is easy to see that, in general, the expected value of a product 

is not equal to the product of the expected values.

E X E X

E X X

E X X E X E X

11:12

.

However, we have the following important result:

If  and  are independent random

n

 variables, 

the

X Y

E XY E X E Y

12:46
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Example of  

computing mathematical Expectation  

of a Function of a  

 

Example: Let the pmf p(x) be positive at x = -1, 0, 1 and 

zero elsewhere. 

 

a) If p(0) = 1/4 , find E(X2). 
x x2 

-1 1 

0 0 

1 1 

Solution: 

First we find the pmf for X2 .The random variable X2 takes  

on the values 0 and 1. 

Now, 

 

 

and 

 

2 1
0 0 ,

4
P X P X



2

2 2 2

1 1 1

1 1

1 0

3

4

It then follows that

3
E 0. 0 1. 1 .

4

P X P X P X

p p

p

X P X P X
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Another Example of  

computing mathematical Expectation  

of a Function of a  

X  

00:32 

   Example: Let the pmf p(x) be positive at x = -1, 0, 1 and 

zero elsewhere. 

 

b) If p(0) = 1/4 and if E(X) = 1/4, determine p(-1) and   

        p(1). 

 

 

00:42 

Solution:  
From 

 1 1 0 0 1 1

1
1 1 1 1 ,

4

and

1 0 1 1

E X p p p

p p

p p p

01:27 

we obtain the equations

1 1 1/ 4, 1

1 1 3 / 4 2

olving theequationssimultaneously yields

1
1 ,

4

1
and 1 .

2

p p

p p

S

p

p

03:39 

Therefore, the sum of the probabilities are 

1 1 1
1 0 1

4 4 2

1 1 2 4
1.

4 4

p p p

04:39 

 

 
Topic No. 49 

 

Yet another example of computing 

      Mathematical Expectation  

of a Function of a Continuous Random Variable X  

02:05

Example: 

0

Let X be a non-negative random variable 

of the continuous type with pdf  , 0. 

Show that

where  is the cdf of . 

1

f x x

F x

F x d

X

E X x

02:20

Solution: 

0 0

S

1 1

1

o

X

x

X

x

F x P X x P X x f y dy

F x dx f y dydx

03:56

Now, 

0 0

1 1

1

Note that in the above, we are integrating over the domain

0  and .

So 

X

x

X

x

F x P X x P X x f y dy

F x dx f y dydx

x x y

07:55



Now, integrating over the domain 0  and 

is the same as integrating over the domain 0  and 0 .

x x y

y x y

08:54

Explanation: 09:42

11:19

0 0

0 0 0 0

So, integrating over the domain 0  and 

is the same as integrating over the do

So 

main 0  and 0 .

1 X

x

y y

X X

x x y

y x y

F x dx f y dydx

f y dxdy f y dx dy

12:30

0

0 0

0 0 0

Therefo

Now, 

1. 0

1

r

.

e

 

y y
y

X X X X X

X X

f y dx f y dx f y x f y y yf y

F x dx yf y dy yf y dy E X

14:22
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      Proof of the fact  

that           

is greater than or  

equal to 

2E X

2

E X

00:09 

22E X E X

Theorem  
 

If the variance of the random variable X exists, then 

00:14 

2

22

22

2 22

22

Now

Var

2

2

2

X E X E X

E X XE X E X

E X E X E X E X

E X E X E X

E X E X

00:39 

Hence, it is established that 

 

 

But 

as the square of any quantity has to be nonnegative. 

Therefore, 

 

 

Hence proved.   

2

0X E X

2 22E X E X E X E X

2

0E X E X

03:40 

2 22 2
0E X E X E X E X
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Mean, Variance and 

Standard deviation  
of a Random Variable 

00:09



Mean 

First, let X be a random variable of the discrete 

type with pmf p(x).  

Then 

 

 

 

 

.
x

E X xp x

00:25

If the support of X  is {a1, a2, a3  

 

 

 

weighted 

of the values of  a1, a2, a3

each ai being p(ai). 

 

1 1 2 2 3 3
...E X a p a a p a a p a

01:01

This suggests that we call E(X) the arithmetic mean of the 

values of X, or, more simply, 
 

 the mean value of X (or the mean value of the distribution). 

02:50
1 2 3

1 2 3 31 2

1 2 3

, , ,...,

...

1 1 1 1

n

n n

n

Let a a a a

a a a a a aa a

n n n n n

a a a a
n n n n

Variance 
Let X be a discrete random variable with support             

{a1, a2, a3 }, and with pmf p(x), then 

 

 

 

 

2 2 2 2

1 1 2 2 ...
x

E X x p x a p a a p a

05:15

This sum of products may be interpreted as a weighted 

 of the squares of the deviations of the 

numbers a1, a2, a3,  from the mean value µ,  

 

where the  associated  with each (ai- µ)2 is 

p(ai).  

06:38

Standard deviation 

 
The positive square root of the variance is called 

Standard deviation. 

 

 

 

 

2
E X

07:16

Short-cut formula 
 

 

 

 

 

 

 

 

This frequently affords an easier way of computing the 

variance of X. 

22 2 2

2 2 2

2 2 2

2 2

2 ;

and since  is a linear operator,

2

2

,

E X E X X

E

E X E X

E X

E X

07:36
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The Concept of  

Degenerate 

Random Variable                                  
and one of its basic 

properties 

00:45

Definition 
 

   A degenerate distribution is a probability 

distribution with support only on a single point.  

 

      

00:51

Examples 
 

A coin both sides of which are showing a head 
 

A die all six sides of which are showing the      

  same number. 
 

This distribution satisfies the definition of 
even though it does not appear random in the everyday sense 
of the word; hence it is considered degenerate. 

02:57



Mean and Variance of  a Degenerate Random 

Variable  
 

If the space contains only one point k for which 

 

Then 
 

21, , and 0.p k k

0,p k

06:30

 Explanation:  
Let us consider another example, suppose that a teacher 
administers a test out of 10 in a class and k= 20.  

 

If every single student get 7 out of 10 then, the mean mark will 
be 7. 

 

In this case, the mean of the random variable X is also 
equal to k  and the variance of the random variable X is 
equal to zero. 

07:08
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Proof of the fact that the  

Mean of a symmetric 

distribution lies  

at the point of symmetry 

 

00:19

Example  

 
Let a random variable X of the continuous type have 

a pdf  f(x) whose graph is symmetric with respect to   

x = c.   

 

If the mean value of X exists, show that  

  

                                   E(X) = c. 
 

00:51

Hint: Show that E(X - c) equals zero  

 

by writing E(X - c) as the sum of two integrals: 

 

Where one from - to c and the other from c to  

 

In the first, let y = c - x; and, in the second, z = x - c.  

 

Finally, use the symmetry condition f(c - y) = f(c + y) in 

the first. 

01:58

Solution:  

Given that f(c-x) = f(c+x), we will show that           

E(X - c) = E(X) - c=0. 

 

 

 

.

c

c

E X c x c f x dx

x c f x dx x c f x dx

04:45

In the first integral, 

let y - -  

and x - y , x c y 0

and in the second integral, 

let z  

and x 0, x .

c x dy dx

x c dz dx

c z z

06:01

08:30

0

0

0 0

 We have

.

Applying the above transfornmations, we obtain

( )

c

c

E X c x c f x dx x c f x dx

E X c y f c y dy zf c z dz

yf c y dy zf c z dz

0 0

0

0 0

Now, let us focus on the first integral:

Since .  is symmetric about c, 

therefore 

using the concept of dummy variable.

Hence

0.

f

f c y f c y

yf c y dy yf c y dy

zf c z dz

E X c zf c z dz zf c z dz

10:20

13:16

Hence, we conclude that 

if the density function 

for a random variable  

is symmetric about , 

then .

X

c

E X c
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Proof of the fact that the  

Mean of a Standardized variable  

is zero and the variance is 1. 

00:14

Proof: 
 

Let the random variable X have mean µ and standard 

deviation , 

2

. Show that

0, 1.

h t h

X X
E E

01:23

Using the linear properties of expected value and the  

definition of µ = E[X], we calculate 

 

 

 

 

which verifies the first equation. 

 

1 1
0,

X
E E X E X

02:08

Using the linear properties of expected value again and the  

definition of 2= E[(X - µ)2], we calculate 

 

 

 

 

which verifies the second equation. 

 

2
22 2

2 2 2
1,

E XXX
E E

04:06

Note: 

2

0, 1

implies that 

Var 1.

X X
E E

X

05:46

Proof: 
22

22

2

Var , we have

Var

1 0 1 0 1.

Hence, the mean and standard deviation of a 

standardized variable are 0 and 1 respectively.

w E w E w

X X X
E E

06:05
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The Concept of  

Moments 
 

00:11

mth Moment about Arbitrary origin 

th

Consider the expression  

where .

 

 

depending on whether  is a continuous 

or a discrete random variable

and it is known as the m  moment 

abo

 is a positive integer

m

m m

m m

x

E X a

E X a x a f x dx

or

E X a x a p x

X

m

ut an Arbitrary origin.

00:34

Notation 
for mth Moment about  

Arbitrary origin: 

 

/
 

m

m E X a

02:44

mth Moment about the Mean 

th

In the expression  

if we put , we obtain

 

 

depending on whether  is a continuous 

or a discrete random variable

and it is known as the m  moment 

about the Mean.

m

m m

m m

x

E X a

a

E X x f x dx

or

E X x p x

X

03:40



Notation 
for mth Moment about  

The Mean: 

 

 
m

m
E X

04:59

Moments about the Mean are also 

known as Central Moments. 

05:23

mth Moment about the Origin 

th

In the expression  

if we put 0, we obtain

0  =

0  =

depending on whether  is a continuous 

or a discrete random variable

and it is known as the m  moment 

about the Or

m

m m m

m m m

x

E X a

a

E X E X x f x dx

or

E X E X x p x

X

igin.

05:33

Notation 
for mth Moment about  

The Origin: 

 
/

 
m

m
E X

07:35

A Special Case:  

th

/ 1

1

/ 1

1

st

In the m  moment about the Origin, if we put m 1, we obtain

implying that the 1  moment about the Origin is the Mean of the 

distribution.

x

E X E X xf x dx

or

E X E X xp x

08:14

Another Special Case:  

th

2 2

2

2 2

2

nd

In the m  moment about the Mean, if we put m 2, we obtain

 =

implying that the 2  moment about the mean is the Variance 

of the distribution.

x

E X x f x dx

or

E X x p x

09:14
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Moment Ratios depicting  

Skewness ( 1) and Kurtosis ( 2) 
 

00:14

Measures of Skewness 
2

3

3

3

3

3 3

Let be a random variable with mean and variance  

(i.e. standard deviation ) such that the third moment about 

i.e.  exists. 

The value of the ratio 

is often used as a meas

X

E X

E X

ure of skewness.

01:23

It is important to note that this measure of skewness is  

 

 negative for distributions that are skewed to the left,  

 zero for distributions that are not skewed (symmetric),  

and 

 Positive for distributions that are skewed to the right. 

02:35

2 2 2

3 3 3

2 3 3
3 2

2

1

2

3
1 3

2

The square of this ratio i.e.

is known as the 'first' moment-ratio and is denoted by  i.e.

03:11



Measure of Kurtosis 

 2

4

4

4 4

2 24 2
2

3

Let be a random variable with mean and variance  

(i.e. standard deviation ) such that the fourth moment about 

i.e.  exists. 

The value of the ratio 

is often used a

X

E X

E X

s a measure of kurtosis.

06:38

2

4
2 2

2

This ratio is known as the 'second' moment-ratio

and is denoted by  i.e.

08:10

It is important to note that the numerical value of this 

measure of kurtosis is  

 

  greater than 3 for distributions that are leptokurtic,  

 

  equal to 3 for distributions that are mesokurtic, and 

  

less than 3 for distributions that are platykurtic. 

08:30
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The Concept  

of  

Moment Generating 

Function 

00:33

   Definition: 
 

Let X be a random variable such that for some  h > 0, the expectation     

of etX exists for   

 

The moment generating function of X is defined to be the function       

     

 

We use the abbreviation mgf to denote the moment generating 

function of a random variable. 

 

tX
M t E e

.h t h

.h t h

00:51

Role of mgf 
 

In general, if m is a positive integer and if M(m)(t) means 

the mth derivative of M(t), we have, by repeated 

differentiation with respect to t,  

 

 

 

Since M(t) generates the values of E(Xm); m 

called the moment-generating function (mgf).  

0 .
m m

M E X

03:14

 

In the same way, if we take the second derivative of the 

first derivative, and putting t = 0, we will get the second 

moment about the origin.  

04:20

Example 
 

Consider the exponential distribution given by 

 

 

 

Find the mgf of X and use it to find the mean and variance of the 

exponential distribution. 

; , 0 , 0x
f x e x

05:20

Solution 
 

By definition, we have  

 

 

 

 

 

 

 

 

0

0 0

0

tX tx x

x t
x t

x t

M t E e e e dx

e
e dx

t

e
t
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0

Now, if , then - 0

and hence

0 1

for .

t t

M t e e
t

t t

t

07:38



Now 

 

 

 

 

 

 

 

 

 

 

 

1

1

2

2

2

0 1

for .

d
M t M t M t

dt

d d
t

dt t dt

t

t
t

t

09:30

 
Evaluating the derivative at t=0, we obtain 

 

 

 

 

 

 

 

 

1

2 2

1
0

0

which is the first moment about zero

i.e. ( )

i.e. the well-known mean of the distribution.

M

E X

10:17

Next 

 

 

 

 

 

 

 

 

 

 

 

2

2

2

3

3

3

2 0 1

2
2

for .

d d
M t M t M t

dt dt

d d
t

dt dtt

t

t
t

t

11:14

 

Evaluating the derivative at 

t=0, we obtain 

 

 

 

 

 

 

 

 

2

3 3 2

2

2 2 2
0 0

0

which is the second moment about zero

i.e. .

M M

E X

12:20

Using the short-cut formula for the 

variance, we obtain 

22

2

2

2 2 2

( )

2 1

2 1 1

which is well-known.

Var X E X E X

13:07
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Algebraic expressions  

of Some well-known MGFs 

00:23

Discrete Distributions 

01:15

Distribution Moment Generating Function 

(MGF) 

Bernoulli  P(X=1) = p 

Geometric  (1-p)k-1p 

Binomial  B(n, p) 

Poisson   

Negative binomial  NB(r, p) 

 

Uniform (discrete) U(a ,b) 

1
t

p pe

ln 1
1 1

t

t

pe
t p

p e

1te

e

1

1

r

r
t

p

pe
1

1 1

b tat

t

e e

b a e

1
n

t
p pe

01:20

Continuous Distributions 

06:56



Distribution Moment Generating Function 

(MGF) 

Uniform (continuous) U(a ,b) 

Normal  N(µ- 2) 

Chi-Squared  2
k 

Gamma   (k, ) 

Exponential   

 

tb ta
e e

t b a
2 21

2
t t

e

1
1 ;

k
t t

1
11 ,t t

21 2
k

t

07:03

Distribution Moment Generating Function 

(MGF) 

Laplace L(µ ,b) 

Cauchy  N(µ - ) Do no exist 

2 21

t
e

b t

09:54
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 Derivation  
of  

Mean and Variance of a distribution  

in terms of its MGF  
(by repeated differentiation of the mgf) 

00:13

Since a distribution that has an mgf M(t) is completely 

determined by M(t), it would not be surprising if we could 

obtain some properties of this distribution directly from M(t). 

 

For example, the existence of M(t) for  h < t < h implies that 

derivatives of M(t) of all orders exist at t = 0. 

00:25

    So here we will apply the method of successive derivatives of the MGF in 

order to prove  that , for any pdf the MGF of which exists,   

22

0

and

0 0

M

M M

01:38

 

 

N

I

o

f 

w

 i

 

s a continuous random variable, then

d  is the va b

,

ria le.

tx tx tx

mx mx

tx xt xt t

dM t d d
M t e f x dx e f x dx xe f x dx

dt dt dt

d
e me

dt

d d
e e xe xe

dt d

X

t

t

x

Hence, 

x

tx
dM t

M t xe f x dx
dt

03:06

 

 

 

 

     

 

0 0

0

.

Upon setting   0, we have

0 x

t

dM t
M xe f x dx xe f x d

t

x
dt

x f x dx E X

06:20

Now, the second derivative: 

2

here  is au abl

N

e

ow, 

B t

& hen  

Therefore 

ce

tx tx tx

mx mx

tx tx

tx

dM t d d d
M t xe f x dx xe f x dx x f x e dx

dt dt dt dt

d
e me

dt

d
e xe

dt

M t x f x xe d

t

x

x

x
tx

f x e dx

08:29

2 0 2 0

2 2

Upon setting   0, we ha e

0

v

x
M x f x e dx x f x e dx

x f x dx E X

t

10:46

 

2 2 2

2

22

Var( )

But since 

According to the short

0 =  and 0 =  (as proved above)

Therefore

-cut formula, 

0 0

X E X

M M E X

M M

12:10



   The point to be remembered is that sometimes 

one way is easier than the other.  

13:01
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Derivation of mth moment 

about the Origin  

of a distribution from its 

MGF (by repeated 

differentiation of the MGF) 

00:13 

    Theorem 
If m is a positive integer and if M(m)(t) means the mth 

derivative of M(t), we have, by repeated differentiation with 

respect to t, 

     

and 
 

where 

0 .
m m

M E X

0 ,

m m

m

x

E X x f x dx

or

x p

00:30 

    Proof: 

 

 

2

3

,

,

,

tx

tx

tx

M t xe f x dx

M t x e f x dx

M t x e f x dx

04:24 

0
0

.

m m tx

m m x

m m th

M t x e f x dx

M x e f x dx

x f x dx E X m moment about

about theorigin

09:01 

Since M(t) generates the values of E(Xm),    m = 1, 2, 3, 

. . . , it is called the moment generating function (mgf). 

 

mth moment about the Origin of a distribution from its 

MGF is the same as the mth derivative evaluated at         

t = 0. 

 

10:40 
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Derivation of  

mth moment about an Arbitrary origin 

of a distribution from its MGF                                

  (by repeated differentiation of the 

mgf) 

00:17

Theorem 

    Let X be a random variable such that  

 

                                    R(t) =  E(e t (X-a))  

     

    exists for t such that h < t < h.  

    

    If m is a positive integer, R(m)(0) is equal to the     
mth moment of the distribution about the point a.  

02:00

    Proof: 
 

 ,

,

t x a t x a t x a

t x a t x a

R t E e e f x dx e f x dx

d d
R t e f x dx e f x dx

dt dt

03:38

0 0

,

0

t x a t x a

t x a

x a

Now

d
e x a e

dt

R t x a e f x dx

R x a e f x dx x a e f x dx

05:34



 

 

1

0

1

1 .

st

st

or

R x a f x dx

E x a moment about a

or

E x a moment about a

08:05

 

 

2

2 20

2

,

0

0

2 .

t x a

t x a t x a

t x a

x a

nd

Next

d d
R R t x a e f x

dt dt

d
x a f x e dx x a x a e f x dx

dt

x a e f x dx

R x a e f x dx x a f x dx

E X a moment about a

09:48
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Alternative method for finding  

the moments from the MGF using  

 

of the mgf  

(through an Example) 

00:17

    
 

   We can differentiate M(t) any number of times to find the 

moments of X.  

 

    However, it is instructive to consider the following 

alternative method  --- one that involves the Maclaurin 

Series expansion of M(t). 

 

     

00:30

Maclaurin Series 

 

 

By definition, for any function f(x)

given by: 

 3

2 3
0 0 0 0

0 ... ...
1! 2! 3! !

n

n
f f f f

f x f x x x x
n

03:01

If our function is M(t), the  series will be 

given by 

 

 2
0 0 0

0 ... ...
1! 2! !

m

m
M M M

M t M t t t
m

05:00

But we know that 

 

 

Also, we know that 

 

0
m m

M E X

0

0

( ) 0 ( )

0 ( ) 0 (1) 1

tX XM t E e M E e

M E e M E

06:08

Therefore 

 

 
 

 

 

 

Thus the coefficient of (tm/m!) in the  series 
representation of M(t) is E(Xm) i.e. the mth moment about 
zero. 

2

2

2
2

1 ... ...
1! 2! !

1 ... ...
1! 2! !

m

m

m
m

E X E XE X
M t t t t

m

or

t t t
M t E X E X t E X

m
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Derivation of the  

R elationship  
betw een the M GF of the 
Standardized Variable and  

the M GF of the O rig inal R andom  
Variable 

00:17

   T heorem : 

   Let the random variable X have mean µ , standard deviation 
, and mgf  

     

    Then 

 

 

     where  

, .
t

Z X

t
M t e M h t h

,
X
M t h t h

.
X

Z

00:39



Proof: 

  The first point to be noted is that 

.

if    , then    ,  

which shows that is in the domain of 
X

t

M

h t h h

t

h

t

02:50

  
sing the definition of   

and the linear properties of the expected value, 

we start from the RHS o

Now, 

f the equat n

[ ]

o

u

i :

tX

X
M t eE

05:53

  

which verifies the equation.

t t t tX t
X

X

X
t

tZ

Z

t
RHS e M e E e E e

E e E e M t LHS

06:51

N ext: 

T hree g eneral results  

per taining  to  

the m om ent g enerating  function: 

 

09:40

T hree g eneral results per taining  to the m om ent 

g enerating  function: 

 

 

 

 

 

1. . ;

2. ;

3. . .

X a t at

X a X

bt XtbX

bX X

X a a X a t a
t t t t X t
b b b b b b

X a X

b

M t E e e M t

M t E e E e M bt

t
M t E e E e e E e e M

b

09:47

a

Note that the third result i.e. 

is of special importance when -  and , 

in w

e

hich case , we h

ror, in othe  words, 

xactly the sa

v

me

a e 

 

a
t
b

X a X

b

t

X X

t

Z X

t
M t e M

b

t
M t e M

t
M t

µ

e

a b

M

s what we proved.
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Proof of the fact  

that for a PDF that is Symmetric about 

0 and for which the MGF exists, 

 M(-t)=M(t) 

00:28

Theorem: 

Let X be a random variable with a pdf f(x) and mgf     

M(t).  

 

Suppose f is symmetric about 0 i.e. f(-x) = f(x).     

 

Then  M(-t)=M(t).  

01:57

Proof: 

By definition 
( )

if ( ) is symmetric about 0,

then ( ) itself is (- ) 

t xt x

t x t x

M t E e e f x dx

f x

f x f x

e f x dx e f x dx

02:57

Applying the transformation

 

&

,x u x u

u x du dx

05:11



So

.

t x tu tu

tx tX

M t e f x dx e f u du e f u du

e f x dx E e M t

06:40
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 Cumulant Generating Function (CGF)  

and its role in finding the mean and variance  

of a probability distribution  

00:21

We begin with 

the Concept of  

Cumulants 

00:40

The First Three Cumulants 

  The first cumulant is the first moment about zero i.e. the 
mean of the distribution. 

 

   The second cumulant is the second central moment i.e. 
the variance. 

 

The third cumulant is the third central moment. 

 

 

01:09

Higher Order Cumulants 

The higher cumulants are neither moments about zero nor 
central moments, but rather more complicated polynomial 
functions of moments. 

 

In fact, it can be shown that the kth cumulant 
n
(X) of a random 

variable X is the value of a certain polynomial in the first k 
moments of X i.e. a polynomial in E(X ), 1, ,k 

 

  
  

02:54

Next,  

we consider 

the concept of the 

Cumulant Generating Function 

04:44

Definition of Cumulant Generating Function: 
The natural logarithm of the moment generating function 

is called the cumulant generating function.

It is den

e

o

r

te

 

d b

l

y .

In oth words:

og

t

t M t

05:28

Next,  

let us consider 

the Role of the Cumulant Generating Function 

in finding the mean and variance of a 

distribution. 

05:52

Two simple results: 

2

0

and

0

06:25

Proof: 

 
i) Mean: 

0

1 ( )
log ( ) ( )

( ) ( )

( ) (0)
Hence 0

( ) (0) (0)
t

d d M t
t t M t M t
dt dt M t M t

M t M

M t M M

07:07



0 0

However

( ) (0) 1 1

So that 0 . Hence proved.
1

tX X
M t E e M E e E e E

08:47

Proof: 
ii) Variance: 

2

2

( )
We have 

( )

( ) ( ) ( )( )
Hence 

( ) ( )

M t
t
M t

M t M t M td M t
t
dt M t M t

09:44

2 2

2 2

2

2

22 2

(0) (0) (0) (1) (0)
so that 0

(0) 1

(0)

However, we know that (0)

0 Var( ) . Hence proved.

M M M M

M

M

M E X

E X X

11:00
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This is known as the 

Additivity Property  
of the CGF and the Cumulants 

00:14

 
 The CGF of the sum  

of two independent random variables  

equals the sum of their CGFs  

 

so that  

 

each cumulant of a sum  

of  independent random variables  

is the sum of  

the corresponding cumulants of the addends 

00:31

1. Additivity Property of the CGF: 

If X and Y are independent random variables, 

 then, 

 the cumulant generating function of X+Y is related to the 

cumulant generating function of X and the cumulant 

generating function of Y by the relation 

               K
X + Y(t) =  K

X (t) + K
Y
(t). 

 

01:10

Proof: 

  

.

I

l

f an

 

d ar

E

e independent random variables,

then

( )

( )

 log E

log E

og E

log E log E

  ( )

t X Y

X Y

t X t Y

tX tY

tX tY

X Y

e

e e

X

t

e e

t

e

K

e

K

Y

Kt

02:08

2. Additivity Property of the Cumulants: 

If X and Y are independent random variables, 

then, 

the nth cumulant of X+Y is related to the nth cumulant of X  
and the nth cumulant of Y by the relation 

               
n
(X + Y) = 

n
(X) + 

n
(Y). 

 

The proof of this result is somewhat advanced.  

 

07:05
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Relation between Central MGF and CGF  

AND   

Relation between Moments about the Mean  

and Cumulants 

00:09

The central moment generating function is given 

denoted by C(t) 
 

Definition 
 

    It is shown as the 

t x
C t E e

01:47



When we consider the mgf for moments about 0   
 

also 

 

 

02:37

0
wesay can also be written as 

t xtx
E e E e

The central moment generating function is 

given 

t x tx t tx t

t tx t

C t E e E e E e e

e E e e M t

03:48

Now, by definition, we have 

log

log

.

K t M t K t

K t tK t t

K t M t

e e e M t

C t e e e

05:23

 

To express the central moments as functions of 

the cumulants, just drop from these polynomials 

all terms in which 1 appears as a factor: 

09:25

1

2 2

3 3

2

4 4 2

5 5 3 2

2 3

6 6 4 2 3 2

0

3

10

15 10 15 .

09:46

   To express the cumulants 
n
 for n > 1 as 

functions of the central moments, drop from 

these polynomials all terms in which '1 appears 

as a factor: 

11:52
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3 3
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2 3

6 6 4 2 3 2

3
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Characteristic Function  

 

00:15

The Characteristic function of a probability distribution 

is denoted by  and is defined as the expected value

of  i.e.

E

where  is an arbitrary real number and  is the imaginary

number gi

X

itX

itX

X

t

e

t e

t i

ven by 1 .i

00:43

If the PDF of  is given by ( ), then 

  E ( ) .
itX itx

X

X f x

t e e f x dx

01:53



The characteristic function exists for every distribution and it 
possesses the uniqueness property. In other words, every 
distribution has unique characteristic function.  

 

In other words, the characteristic function uniquely identifies 
the probability distribution.  

 

In fact, it completely determines the behavior and properties 
of the distribution. 

02:36

Algebraic expressions of Some well-known 

Characteristic Functions 

04:13

Characteristic Functions of some well-known              

discrete distributions: 

05:09

1P X p 1 itp pe

Distribution Cumulative function (t) 

Bernoulli  

Characteristic Functions of some well-known              

discrete distributions: 

05:32

Distribution Cumulative function (t) 

 

Binomial  ,B n p 1
n

it
p pe

Characteristic Functions of some well-known              

discrete distributions: 

06:26

Distribution Cumulative function (t) 

 

Poisson  Pois
1ite

e

Characteristic Functions of some well-known              

discrete distributions: 

06:51

Distribution Cumulative function (t) 

 

Geometric  
1

1
k

p p
1 1

it

it

pe

p e

Characteristic Functions of some well-known              

discrete distributions: 

06:56

Distribution Cumulative function (t) 

 

Uniform (discrete)  U ,a b

1

1 1

b itait

it

e e

b a e

Characteristic Functions of some well-known              

continuous distributions: 

 

 Exponential  

Normal  

 Chi-squared 

 Gamma  

 Cauchy  

 Laplace 

07:04

Distribution Characteristic Function 

(t) 
 

Exponential Exp( )

 

Normal N(µ, 2)

1
1

1 it

07:09
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Function (t) 
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Gamma (k, )
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Laplace L( µ, b)
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Derivation of mean and variance  

of a distribution from its  

Characteristic Function  
(by repeated differentiation of the Characteristic Function ) 

00:27

If X has a distribution with characteristic function            , then, if 

E(X) and E(X2) exist, they are given respectively, by 

2 20 and  0 .iE X i E X

t

00:55

Example: 
Use the characteristic function of the Exponential 

distribution in order to find the mea and variance. 

 

01:35

Solution: 

CF of exponential distribution is given by  

1 1 1

2 2

2

Now, taking the first derivative w.r.t 't', we get

1

0 (1) ( )

t
it

d d d
t it it it
dt it dt dt

d i
it i it i
dt it

01:48

Now putting t=0, we have 

 
2 2 2

0
00

Therefore,

1
0 .

i i i i

i

i
i iE X

04:33

2 2 1

2

2
3 2

3 3

Now, taking the second derivative w.r.t 't', we get

2

2 2
2 0 (1) ( 1 1)

d i d d
t i it it it
dt dt dtit

d i
it i i i
dt it it

07:10

   Now putting t=0, we have 

 
3 3 2 2

2 2 2 2

2 2

2 2 2 2
0

0

Therefore,

2 2
0 1 . ( 1, 1)i i E X i i

08:57

As we know that, 

22

2

2 2

2 2 2 2

( )

Therefore, putting the values in the above

1 1 1 1 2

V X E X E X

E X E X

11:24

 

For any distribution, if a higher moment exists, then all 

lower moments necessarily exists. 

 

12:02

It is worthwhile to note that    

 

   

     

     

t M it

12:29
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Chevbyshev's Inequality  

and its proof  &  

an alternative form of the inequality 

00:09

Chebyshev's inequality guarantees that, for a wide class 
of probability distributions, no more than a certain 

fraction of values can be more than a certain distance 

from the mean. 

00:22

 According to the Chebychev Theorem, no more than 
1/k2 of the distribution's values can be more than k standard 
deviations away from the mean 

 

where k is any positive real number  

 

 

00:59

 

or equivalently,  

 

at least k2 of the distribution's values lie 

within k standard deviations of the mean.  

 

 

00:59

When a random variable is not normally distributed, then 
we can make use of Chebyshev's inequality in order to 
find out the minimum amount of data that is within k 

standard deviations of the mean --- in percentage form.  

 

02:02

In reference to normal distribution, we know that  

 

68.26% are under the curve lies between µ  

95.45% are under the curve lies between µ 2  

and 

99.73% are under the curve lies between µ 3  

 

02:40

   If our data is not normally distributed, then either 
we will go to the exact calculations through some 
amount of labor or we can make use of 

 Inequality. 

04:42

Theorem: (  Inequality) 

    Let the random variable X have a distribution 
probability about which we assume only that 
there is a finite variance 2. Then for every k > 0,  

 
 
     or, equivalently 
 
 
  
      

2

1
,P X k

k

2

1
1 .P X k

k

05:23

Note 
 

If the variance of a distribution exists, then its mean 
necessarily exist. 

 

Short-cut formula 

06:54

   Again see the statement as 

 

   Let the random variable X have a distribution 
probability about which we assume only that 
there is a finite variance 2.  

 

  

      

07:42



Example: 
 

Let k= 2 

 

 

 

 

 

 

Area that is within µ-2 and µ+2 , this area is greater than 
or equal to  ¾ or 75% 

08:29

2 2

1 1
1 2 1

2

1 4 1
2 1 2

4 4

3
2

4

P X k P X
k

P X P X

P X

    Hence, the number 1/k2 or Chebychev inequality give us 
an upper bound for the probability P(| X - µ |  k ). 

  

11:09
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Application of Chebyshev's Inequality 

00:20

Example: 

Let X have the pdf 

 

 

 

 

Here µ=0 and 2=1.  

1
3 3

2 3

0 .

x
f x

elsewhere

00:30

If k = 3/2, we have the exact probability 

3/2
3/2

3/2

3/2

3
0 1

2

3

2

1 1
1 1 (

2 3 2 3

P X k P X

P X

dx x

01:58

1

1 2

3 1 3 3
1

2 2 22 3

1 3 3 .3 3
1 1 1 .

2 2 23

P X

05:24

By Chebyshev's inequality, this probability has the upper 

bound 1/k2=4/9. 

 

Since 1- 3/2= 0.134, approximately, the exact 

probability in this case is considerably less than 

the upper bound 4/9. 

 

07:19
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Another application Of 

 Chebyshev's Inequality 

00:12

Alternative form 00:48

2

2

2

22

we have

, 0

Also, 13 9 4.

ng ,

P X m for all m
m

Var X
or P X m

m

Var X E X E

k

X

m

Example: 

If X is a random variable such that  

E(X) = 3 and  E(X2) = 13. 

 

Use Chebyshev's inequality to determine a lower 

bound for the probability P(-2<X<8). 

 

 

02:42



Solution 

2

2

In order to obtain a lower bound, we flip the inequali

we have

, 0

1

ties:

Var X
P X m for all m

m

Var X
P X m

m

04:48

06:08

2

2

1

1

Var X
or P m X m

m

Var X
or P m X m

m

08:07

22

So,

13 9 4.

Var X E X E X

Now, we note that if we put 5, 

then 3 2 3 8,

Therefore, the required probability

2 8 3 3

k

k and k

P X P k X k

08:38

2

But, according to Chebychev's Inequality, 

4
3 3 1

So

2 8 1 4 / 25 2 8 25 4 / 25

2 8 21/ 25 or 2 8 0.84

P m X m
m

P X or P X

or P X P X

09:47
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00:12

   Example:  (Harmonic and Geometric Means) 
 

 

   Let {a1, ,an} be a set of positive numbers.   

    

   Create a distribution for a random variable X by placing 

weight 1/n on each of the numbers a1, ,an.  

00:30

 

   Then the mean of X is the arithmetic mean, (AM), 

 

 

 

    

1

1

.
n

i

i

E X n a

01:15

 

   Then the mean of X is the arithmetic mean, (AM), 

 

 

 

    

1 2

1 2

1 1
...

n

n i

aa a
E X xp x

n n n

a a a a
n n

01:15

03:44
 

 

If  is convex on an open interval I and X is a random 

variable whose support I contained in I and has finite 

expectation, then 

 

 

If  is strictly convex, then the inequality is strict unless X 

is a constant random variable. 

.E X E X



 

   Then, since  logx is a convex function, we have by 

 inequality that   

 

1/

1 2

1 1

1 1
log log log log ...

n n
n

i i n

i i

a E X a a a a
n n

04:52

or, equivalent, 

 

 

and, hence 

 

 

The quantity on the left side of this inequality is called the geometric 

mean (G.M). 

of positive numbers. 

1/

1 2

1

1
log log ... ,

n
n

i n

i

a a a a
n

1/

1 2

1

1
... 1

n
n

n i

i

a a a a
n

08:52

 

Now in eq. (1) replace ai by 1/ ai (which is positive).  

 

We then obtain 

 

 

Or, equivalently, 

1

1 1 2

1 1 1 1 1
n

n

i i n
n a a a a

1

1 2

1

1
(2)

1 1

n

nn

i i

a a a

n a

10:52

The left member of this inequality is called harmonic 

mean HM. 

Putting the equations together, we have shown the 

relationship  

 

                         HM  GM  AM,                                (3) 

 

for any finite set of positive numbers. 

14:00
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Concept of a Random Vector  

(explained through an example) 

00:12

Let us begin the discussion of a pair of random variables 

with the following example. 

  

A coin is tossed three times and our interests is in the ordered 

number pair (number of  on first two tosses, number of 

 on all three tosses),  

     

where H and T represent respectively, heads and tails.  

01:07

Let C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH} denote the 

sample space. 

 
Let X1 denote the number of  on the first two tosses and X2 

denotes the number of  on all three flips. 

 

Then our interest can be represented by the pair of random 

variables (X1, X2).  

02:04

For example, (X1(HTH), X2(HTH)) represents the 

outcome (1,2). 

 

Continuing in this way, X1 and X2 are real-valued 

functions defined on the sample space C, which take 

us from the sample space to the space of ordered 

number pairs. 
 

                = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}. 

03:52

Thus X1 and X2 are two random variables defined on the 

space C,  

and,  

(in this example), the space of these random variables is 

the two-dimensional set , which is a  subset of the  two-

dimensional Euclidean Space R2. 

 
Hence (X1, X2) is a vector function from C to . 

06:35

    In simple words, the pair of random variables (X1, X2) is 

a random vector. 

 

07:23



So 

Formal Definition of a Random Vector in the case of 

Two random variables: 

07:39

   Definition: (Random Vector) 
 

From a random experiment with a sample space C, 
consider two random variables X1 and X2, which 
assign to each element c of C one and only one 
ordered pair of numbers  

                         

                          X1(c) = x1,     X2(c) = x2. 

 

Then we say that (X1,X2) is a random vector.  

 

07:50

The space of (X1,X2) is the set of ordered pairs                                      

                     

                  = {(x1, x2) : x1= X1(c), x2 =X2(c),c  C} 
 

We often denote random vector notation  

     

 

where the ` denotes the transpose of the row vector (X1,X2). 

1 2, ,X X X

09:25

   Conversely, 

   If (X1, X2) is random vector then both X1 and X2 are 

random variables.  

10:23
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Concept of an event  

in a case of a two-dimensional space  

(i.e. a set of ordered pairs) 

00:12

Let  be the space associated with the random vector          

(X1, X2).  

 

Let A be a subset of . As in the case of one random 

variable, we speak of the event A.  

 

We wish to define the probability of the event A, which we 

denote by  

 
1 2 [, ]X X A
P

00:31

A coin is tossed three times and our interests is in the 

ordered number pair (number of  on first two tosses, 

number of  on all three tosses), where H and T 

represent respectively, heads and tails.  

 

01:48

Let C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH} denote the 

sample space. 

 
Let X1 denote the number of  on the first two tosses and X2 

denotes the number of  on all three flips. 

Then our interest can be represented by the pair of random variables 

(X1, X2).  

For example, (X1(HTH), X2(HTH)) represents the outcome (1,2). 

02:19

Continuing in this way, X1 and X2 are real-valued functions 

defined on the sample space C, which take us from the 

sample space to the space of ordered number pairs. 

     

                   = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}. 

03:28

Thus X1 and X2 are two random variables defined on the 

space C, and, in this example, the space of these random 

variables is the two-dimensional set , which is a  subset of 

two-dimensional Euclidean R2. 

 
Hence (X1, X2) is a vector function from C to .  

04:45



Now we can define various events: 

e.g. 

   

zero and  

    Then Event A = {(1,1)}. 

05:10
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Joint Cumulative Distribution Function 

00:12

Given random variables X
1
,  X2, ..., that are defined on 

a probability space, the joint probability 

distribution for  X1,  X2, ... is a probability distribution that gives 

the probability that each of  X
1
,  X2, ... falls in any particular range 

or discrete set of values specified for that variable.  

 

In the case of only two random variables, this is called a bivariate 

distribution, but the concept generalizes to any number of 

random variables, giving a multivariate distribution. 

00:36

The joint probability distribution can be expressed either in 

terms of a joint cumulative distribution function or in terms 

of a joint probability density function (in the case 

of continuous variables) or joint probability mass function (in 

the case of discrete variables). 

01:45

So, let us focus on  

 

the Joint  

Cumulative  

Distribution Function 

02:25

   We can uniquely define P
X1,X2 in terms of the cumulative 

distribution (cdf), which is given by 

 

 

 

 

    because  

     X1< x1 and X2 < x2 are events with reference to the random 
variables X1 and X2 separately --- AND the intersection of 

 
 

1 2

1

, 1 2 1 1

2

2

2 2

  for all 

, , 1

( ),

X X
F

R

x x P X x X x

x x

02:38

    Thus the expression is well defined.  

    As with random variables, we write 

 

 
1 1 2 2 1 1 2 2as ,P X x X x P X x X x

05:40

    Also, we can write, 

 

 

 

 

     Hence, all induced probabilities of sets of the form  

     can be formulated in terms of the cdf.  

     

   We often call this cdf the joint cumulative distribution 
function of (X1, X2). 

1 2 1 2

1 2 1 2

1 1 1 2 2 2 , 1 2 , 1 2

, 1 2 , 1 2

, , ,

, , (2)

X X X X

X X X X

P a X b a X b F b b F a b

F b a F a a

1 1 2 2
, ,a b a b

06:12
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Discrete Random Vector and  

Joint Probability Mass 

Function 

00:12

    Definition: A random vector (X1, X2) is a 

discrete random vector 

countable.  

      

    Hence, X1 and X2 are both discrete also.  

  

 

00:35



      

    The joint probability mass function (pmf) of       

(X1, X2) is defined by 

    

 

  

 

     for all (x1, x2)    

1 2, 1 2 1 1 2 2, ,,X Xp x P x xx X X

01:36

Properties 

It also is characterized by the two properties 

 

 

 

 

1 2

1 2

, 1 2

, 1 2

0 , 1

, 1. 1

X X

X X

D

i p x x and

ii p x x

02:32

 

For an event B   we have  

1 21 2 , 1 2
, , .

X X
P X X p x x

04:25

  Likewise we   may   extend  the  pmf            

  over a convenient set by using zero elsewhere.  

 

   Hence, we replace 

1 2

2 1

, 1 2 1 2
, , .

X X

D x x

p x x by p x x

1 2, 1 2,
X X

p x x

05:49
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Concept of the Support of a  

Discrete Random Vector                           
(explained through an example) 

00:12

We begin with the concept of the Support of a random 

variable: 

 

The support of a random variable is the set of values that 

the random variable can take. 

 

00:19

Concentrating on the Support of a discrete variable: 

 

For discrete random variables, it is the set of all the 

realizations that have a strictly positive probability of 

being observed. 

 

01:45

The above ideas can be extended to develop the 

Concept of the Support of a Discrete Random Vector.

03:01

Let us attempt this with the help of the following 

example. 

  

A coin is tossed three times and our interest is in the 

ordered number pair (number of heads on first two 

tosses, number of heads on all three tosses),  

     

03:12

Let H and T represent respectively, heads and tails. Then the 
sample space C is given by 

 

 C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH}. 
 
Let  

X1 denote the number of  on the first two tosses  

and  

X2 denotes the number of  on all three flips. 

 

Then our interest can be represented by the pair of random variables (X1, 
X2).  

03:45



Now,  

X1(TTT)=0 and X2(TTT)=0 

X1(TTH)=0 and X2 (TTH)=1  

X1(THT)=1 and X2 (THT)=1 

X1(HTT)=1 and X2 (HTT)=1  

X1(THH)=1 and X2 (THH)=2  

X1(HTH)=1 and X2 (HTH)=2 

X1(HHT)=2 and X2 (HHT)=2  

X1(HHH)=2 and X2 (HHH)=3  

 

05:05

Now, our interest can be represented by the pair of random 

variables    (X1, X2).  

So, the eight possible pairs are 

(X1,X2)=(0,0), 

(X1,X2)=(0,1), 

(X1,X2)=(1,1), 

(X1,X2)=(1,1), 

(X1,X2)=(1,2), 

(X1,X2)=(1,2), 

(X1,X2)=(2,2), 

(X1,X2)=(2,3), 

06:17

So, we write 

                = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}. 

with probabilities 

P[(X1,X2)=(0,0)]= 1/8 

P[(X1,X2)=(0,1)]= 1/8 

P[(X1,X2)=(1,1)]= 2/8 

P[(X1,X2)=(1,2)]= 2/8 

P[(X1,X2)=(2,2)]= 1/8 

P[(X1,X2)=(2,3)]= 1/8 

 

07:03

We can conveniently table the pmf  

of the random vector (X1, X2) as 

 

08:36

 Support of X2 

  0         1         2          3 

 

 

Support of X1 

 

0 

 

1 

 

2 

1/8     1/8        0         0 

 

0       2/8       2/8        0 

 

0        0        1/8      1/8 

10:00
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Continuous Random Vector 

and Joint Probability Density 

Function 

00:20

A random vector (X1, X2) with space D is of the continuous type if 

its cdf                       is continuous .  

 

That is                        can be expressed as 

 

 

 

    for all (x1, x2)  R2 .  

1 2, 1 2,X XF x x

1 2, 1 2,X XF x x

1 2

1 2 1 2, 1 2 , 1 2 1 2, ,

x x

X X X XF x x f w w dw dw

00:36

Joint Probability Density Function 

We call the integrand  

 

 

 

     

the  joint probability density function (PDF)  of       

(X1, X2).  

04:15

1 2

1 2 1 2, 1 2 , 1 2 1 2, ,

x x

X X X X
F x x f w w dw dw

     

    Then 

 

 

 

    except possibly on events which have probability 

zero.   

1 2

1 2

2

, 1 2

, 1 2

1 2

,
,

X X

X X

F x x
f x x

x x

06:10

   Properties 

    A pdf is essentially characterized by the two properties 

 

 

 

 

1 2

1 2

, 1 2

, 1 2 1 2

, 0

, 1. 1

X X

X X

D

i f x x and

ii f x x dx dx

07:40



We may extend the definition of a pdf       

                                            

 

 

by using zero elsewhere. 

 

1 2

2

, 1 2,X Xf x x over R

09:12

We do this consistently so that tedious, repetitious 

references to the space  can be avoided. Once this 

is done, we replace 

1 2, 1 2 1 2 1 2 1 2, , .
X X

D

f x x dx dx by f x x dx dx

1 2

2

, 1 2,
X X

f x x over R

10:50

For an event A   we have 

 

 

 

Note that the                               is just the volume under 

the surface                                    over the set A.    
1 2,P X X A

1 21 2 , 1 2 1 2, ,X X

A

P X X A f x x dx dx

1 2, 1 2,
X X

z f x x

12:27
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Determination of the probability of an event  

in the case of a  

continuous random vector  

(explained through an example) 

00:32

   Example: Let 

 

 

    be the pdf of the random vector (X1,X2) where both X1 and X2 

are random variables of the continuous type. 

 

    Suppose, we wish to compute the probability  

     

 
 

2

1 2 1 2

1 2

6 0 1,0 1
,

0

x x x x
f x x

elsewhere

1 2

3 1
0 , 2

4 3
P X X

00:43

   Solution: 

Since (X1, X2) 

is a continuous  

random vector,  

therefore 

 

2 3/4

1 2 1 2 1 2

1/3 0

1 3/4 2 3/4

2

1 2 1 2 1 2

1/3 0 1 0

1 3/4

2

2 1 1 2

1/3 0

3 1
0 , 2 ,

4 3

6 0

6 0

P X X f x x dx dx

x x dx dx dx dx

x x dx dx

02:28

3

3/41 12 1

1
1 2 2 2 2 2

1/3 1/30

1 1 1

2 2 2 2 2 2

1/3 1/3 1/3

3

3 1 4
0 , 2 6 0 6 0 0

4 3 2 1 3

27 9 27
6 0 3 0 0

64 3 32 32

x
P X X x dx x dx

x dx x dx x dx

10:10

1

1 2 2 2

1/3

1 1
1 1 2 2 2

2 2

1/3 1/3

or

3 1 27
0 , 2

4 3 32

27 27 27 (1) (1/ 3)

32 1 1 32 2 32 2 2

27 1 1 27 1 1 27 9 1

32 2 9 2 32 2 18 32 18

27 8 3 1 3
.

32 18 4 2 8

P X X x dx

x x

11:20

   Note that this probability is the volume under the 

surface given by   

    above the rectangular set  

 

 

     

  

2

1 2 1 2
, 6f x x x x

2

1 2 1 2

2

1 2 1 2

i.e. the rectangul

.

3 1
, : 0 , 1

4 3

(

3 1
, :

ar area given b

0 , 1 )
4 3

y

x x x x R

x x x x R

12:35

Topic No. 81 

 

Concept of the Support  

of a Continuous Random Vector  

(explained through an example) 

00:12



For a continuous random vector (X1, X2), the 

support of (X1, X2) contains all points (x1, x2) for 

which        f(x1, x2) > 0. 

 

00:20

Example: 

1 2

1 2

Let us consider the bivariate uniform distribut

1

ion given by

1 0 , 0 1
,

0

x x
f x x

elsewhere

02:10

Then: 
03:12

And 

The support of the random vector is 

1 20 1, 0 1 .x x

06:50
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Properties of the  

Joint Cumulative Distribution Function 

00:10 

The joint cumulative function of two random 

variables X and Y is defined as  

 

 , , .
XY
F x y P X x Y y

Definition 

00:32 

 

The joint CDF satisfies the following properties: 

Properties: 

01:14 

1. , ,  for any  (marginal CDF of );

2. , ,  for any  (marginal CDF of );

3. , 1;

X XY

Y XY

XY

F x F x x X

F y F y y Y

F

1 2 1 2

2 2 1 2 2 1

1 1

4. , , 0;

5. ,

, , ,

, ;

6.If X and Y are independent, then

, = . 

XY XY

XY XY XY

XY

XY X Y

F y F x

P x X x y Y y

F x y F x y F x y

F x y

F x y F x F y

01:19 

1. , ,  for any  (marginal CDF of );
X XY
F x F x x X

01:39 

2. , ,  for any  (marginal CDF of );
Y XY
F y F y y Y

02:04 



Explanation 

1. , ,  for any  (marginal CDF of );

2. , ,  for any  (marginal CDF of );

X XY

Y XY

F x F x x X

F y F y y Y

02:15 

3. , 1;
XY
F

05:27 
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Properties of the  

Joint Cumulative Distribution Function 

00:15

The joint cumulative function of two random 

variables X and Y is defined as  

 

 , , .
XY
F x y P X x Y y

Definition 

00:23

 

The joint CDF satisfies the following properties: 

Properties: 

01:03

1. , ,  for any  (marginal CDF of );

2. , ,  for any  (marginal CDF of );

3. , 1;

X XY

Y XY

XY

F x F x x X

F y F y y Y

F

1 2 1 2

2 2 1 2 2 1

1 1

4. , , 0;

5. ,

, , ,

, ;

6.If X and Y are independent, then

, = . 

XY XY

XY XY XY

XY

XY X Y

F y F x

P x X x y Y y

F x y F x y F x y

F x y

F x y F x F y

01:14

4. , , 0;
XY XY
F y F x02:19

1 2 1 2

2 2 1 2 2 1 1 1

5. ,

, , , , ;
XY XY XY XY

P x X x y Y y

F x y F x y F x y F x y

04:52

6.If  and  are independent, then

, = . 
XY X Y

X Y

F x y F x F y

06:30
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Marginal  
Probability Mass Functions  

(explained through an example) 

00:12 

Consider a discrete random vector, that is, a vector 

whose entries are discrete random variables.  

 

When one of these entries is taken in isolation, its 

distribution can be characterized in terms of its 

probability mass function.  

00:20 

This is called marginal probability mass function, in 

order to distinguish it from the joint probability mass 

function,  

 

which is instead used to characterize the joint distribution 

of all the entries of the random vector considered together. 

01:02 

 

01:52 

 

In terms of a tabled joint pmf with rows comprised of 

X1 support values and columns comprised of X
2
 support 

values, this says that the distribution of X1 can be 

obtained by marginal sums of the rows.  

 

02:04 

Marginal of 

X1 

 

02:20 

 Support of X2 

  0         1         2          3 

Support 

of X1 

 

0 

1 

2 

Probabilities Total 

Marginal of X 

 

04:20 

Marginal of Y 

 Support of Y 

  0         1         2          3 

Support 

of X 

 

0 

1 

2 

Probabilities Total 

Total 

 

To find the probability that X1 is equal to x1, keep x1 

fixed , in continuous case, instead of summing we are 

intergrating one variable over the other. 

05:20 
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Marginal  

Probability Mass Functions  

(explained through an example) 

00:12



 Example: 

 

 

Let us attempt to understand this with the help of the 

following example. 

 
 

 

00:34

  

A coin is tossed three times and our interest is in the ordered 

number pair (number of heads on first two tosses, number of 

heads on all three tosses),  

     

00:36

Let H and T represent respectively, heads and tails. Then 
the sample space C is given by 

 

 C={TTT,TTH,THT,HTT,THH, HTH,HHT,HHH}. 
 
Let  

X1 denote the number of  on the first two tosses  

and  

X2 denotes the number of  on all three flips. 

 

00:55

Then the space of the discrete random vector (X1,X2) is given 

by 

  = {(0,0), (0,1),(1,1), (1,2),(2,2),(2,3)}. 

with probabilities 

P[(X1,X2)=(0,0)]= 1/8 

P[(X1,X2)=(0,1)]= 1/8 

P[(X1,X2)=(1,1)]= 2/8 

P[(X1,X2)=(1,2)]= 2/8 

P[(X1,X2)=(2,2)]= 1/8 

P[(X1,X2)=(2,3)]= 1/8 

01:58

 Support of X2 

  0         1         2          3 

 

Support of X1 

 

0 

1 

2 

1/8     1/8        0         0 

0       2/8       2/8        0 

0        0        1/8      1/8 

04:10 We can conveniently table the pmf  

of the random vector (X1, X2) as: 

 

 

Now, to find the marginal probabilities,  

we have: 

 

 

 

 
 

08:20

                   Support of X2 

  0         1         2          3 

 

Support of X1 

0 

1 

2 

1/8     1/8        0         0 

0       2/8       2/8       0 

0        0       1/8      1/8 

2/8 

4/8 

2/8 

1/8     3/8      3/8       1/8 8/8=1 

1 1X
p x

2 2X
p x

08:24

    Note that it is not necessary to have a formula for p(x1,x2) in order 

to obtain the marginal PMFs 

 

     But 

 

    If we can develop a formula, all the better ! 

10:45
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Marginal Probability Density Functions                     

(explained through and example) 

00:12

In case of two continuous random variables X1 and X2, 

the joint probability density function is given by  

1 2

1 2

, 1 2

, 1 2 1 2

,

Obviously, 

, 1

X X

X X

f x x

f x x dx dx

00:27



In the continuous case, the marginal pdf of X1 is found 

by integrating out x2 ,i.e.,  

 

 

     

Similarly, the marginal pdf of X2 is found by integrating 

out x1. 

1 1 21 , 1 2 2, 1X X Xf x f x x dx

2 1 22 , 1 2 1
, 2

X X X
f x f x x dx

01:23

Example: 

 

Let X1 and X2 have the joint pdf 

 

 

 

 

 

 

1 2 1 2

1 2

0 1, 0 1
,

0

x x x x
f x x

elsewhere

03:21

It is easy to verify that  

1 2

1 1

1 2 1 2

0 0

, 1 2 1 2

1

i.e.

, 1X X

x x dx dx

f x x dx dx

04:00

The marginal pdf of X1 is 

 

 

 

 

 

 

   zero elsewhere,  

11 1 1 2
1 2

1 1 1 2 2 1 2 2 2 1 2 0

0 0 0 0

2

1 1

1 1 1 1

1
2

1 1
1 0 0 (1)

2 2

1
, 0 1

2

x
f x x x dx x dx x dx x x

x x

f x x x

04:39

and the marginal pdf of X2 is 

 

 

 

 

 

 

 

and zero elsewhere.  

11 1 1 2
11

2 2 1 2 1 1 1 2 1 2 1 0

0 0 0 0

2

2 2

2 2 2 2

1
2

1 1
0 1 0 (1)

2 2

1
, 0 1,

2

x
f x x x dx x dx x dx x x

x x

f x x x

06:29
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Another example of  

Computation of probabilities  

that can not be found  

through Marginal PDFs  

00:16

    

 

 

 

 

     

1 2 1 2

1 2

1 2

1 2

1 2

1 2

1 2

4 ,0 1,0 1,
Let ,

zero elsewhere,

be the joint pdf of  and . 

Find 

1 1
i) (0 , 1),

2 4

ii) ,

iii) ( )

and  

iv) ( ).

x x x x
f x x

X X

P X X

P X X

P X X

P X X

Example: 

00:34

Solution: 
1 2 1 2

1 2

1

1 2

1 2 1 2 1 2

1 0

4

1 1

1 12 2

1 2 1 2 1 2 1 2

1 10 0

4 4

The probability density function is given by

As suc

4 ,0 1,0 1,
,

zero elsewhere,

1 1
i) (0 , 1) ,

2 4

4 4

h:

x x x x
f x x

P X X f x x dx dx

x x dx dx x x dx dx

01:20

1/21 2

1
1 2 2 2

1 0

4

21 1

2 2 2 2

1 1

4 4

1 2 21 2

2
2 2

1 1/4

4

or

1 1
(0 , 1) 4

2 4 2

1/ 2 0 1
4 4

2 2 4 2

1 1/ 41 1 1

2 2 2 2 2 2

1 1 1 15

2 2 16 2 64

x
P X X x dx

x dx x dx

x
x dx

02:47

ii) Now to find P(X1=X2): 
 

P(X1=X2) can be re-written as P(X1 - X2 = 0) 

 

As the random variables, X1 and X2 are continuous random 

variables, the difference of these random variables is also a 

continuous random variable.  
 

 

03:03



Now, zero is a constant  

and  

we know that the probability that a continuous random 

variable assumes a constant value is zero. 

 

Therefore, P(X1 - X2 = 0) 

04:05

iii) Find P(X1 < X2). 
 

According to the definition, 
2 2

2

1 1

1 2 1 2 1 2 1 2 1 2

0 0 0 0

1 1 12 2 2

1 2 2
2 2 2 2 2 2

0 0 00

11 3
3 2
2 2

0 0

( ) , 4

0
4 4 4 .

2 2 2 2

1 0 1
2 2 2

4 4 4 2

x x

x

P X X f x x dx dx x x dx dx

x x x
x dx x dx x dx

x
x dx

05:42
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Yet another example of  

Computation of probabilities that can 

not be found through Marginal PDFs 

       Example: 

    Let A1 = {(x, y): x  2, y  4},  

          A2 ={(x , y): x  2,y  1},                

          A3 = {(x ,y): x  0,y  4},  

    and  

          A4 ={(x ,y): x  0,y  1}  

    be subsets of the space A of two random variables X and Y which 

is the entire two-dimensional plane.  

    If P(A1)=7/8, P(A2)=4/8, P(A3)=3/8, and P(A4)=2/8, find P(A5), 

where A5={(x ,y): 0 < x  2, 1< y  4}. 

  HINT:  

  The required probability will be 

obtained by splitting the integrals 

representing the various probabilities. 

2 4 2 1 2 4

1

1

2 1

2

2 4

1 2

1

2 4

1

7
, , ,

8

4
,

8

So,

7 4
,

8 8

7 4
,

8 8

P A f x y dydx f x y dydx f x y dydx

P A f x y dydx

P A P A f x y dydx

f x y dydx

0 4

3

2 4

1 3

0

2 4

0

,

So,

,

7 3

8 8

P A f x y dydx

P A P A f x y dydx

dydx

0 1

4

0 4

3 4

1

0 4

1

,

So,

,

3 2
,

8 8

P A f x y dydx

P A P A f x y dydx

f x y dydx

2 4

6

1

2 4

7

0

0 4

8

1

So,

7 4 3
,

8 8 8

7 3 4
,

8 8 8

and

3 2 1
,

8 8 8

f x y dydx P A

f x y dydx P A

f x y dydx P A

2 4

5

0 1

2 4 0 4

1 1

Hence,

,

So,

, ,

3 1 2 1

8 8 8 4

P A f x y dydx

f x y dydx f x y dydx



Topic No. 89 

 

Expected Value  

of a Real-Valued Function  

of a Random Vector 

00:12

   It is a straightforward extension of the concept of the 

expected value of a function of a random variable. 

00:38

    

Let (X1, X2) be a random vector and let Y = g(X1, X2) where 

g : R2 R is some real-valued function of X1 and X2;.  

 

For example: 

   Y= X1+X2,  

   
 

22

1

X
Y X e

01:01

    

Then Y is  a random variable and we can determine its 

expectation by obtaining the distribution of Y. 

02:03

 

First and foremost, let us determine the conditions under 

which the expectation (or expected value) of Y will exist. 

 

Let us commence this discussion with the conditions that 

are required in the case of a single random variable. 

 
 

02:35

A random variable X will be said to have a finite or infinite 

expectation (or expected value) according as E(X) is a 

finite number or not.  

 

If it is finite, then the expectation exists  

and if it is infinite (i.e. if it is not finite), we shall say that 

the expectation of X does not exist. 

03:14

So, naturally, we would like to determine the conditions 

under which E(X) will be finite. 

 

By definition,  

1

In the discrete case

In the continuous case

 

i i

i

E X x p x

E X xf x dx

04:12

E(X) will be finite if our summation or integral converges 

absolutely. 

 

Hence, naturally, the next question is: What is meant by 

absolute convergence? 

04:41

The Concept of Absolute Convergence: 
 

a series that converges when all terms are replaced 
by their absolute values.  

 

Stated a little differently,  

 series for 
which the sum of all its terms remains finite when 
all terms are replaced by their absolute values.  

05:24

Let X be a random variable of the discrete type with 
probability mass function p(xk )= P{X= xk }, k  

 

If 

 

 

then, we say that the expected value of X exists and we 
write  

 

1

,
k k

k

x p x

1

.
k k

k

E X x p x

06:32



Similarly, if X is a random variable of the continuous type 
with probability density function f(x) 

 

Then, if 

 

 

then, we say that the expected value of X exists and we 
write  

 

,x f x dx

.E X x f x dx

08:07

A similar definition is available for a function g(X) of X.  

 

Thus, if X is of continuous type and has probability density 

function f(x), we will say that E[g(X)] exists and equals  

 

 

provided that 

 

 

.g x f x dx

g x f x dx

09:09

A similar definition is available for a function g(X1, X2) of 

two random variables X1 and X2.  
 

If both X1 and X2 are of continuous type and have a joint 

probability density function f(x1, x2), we will say that     

E[g(x1, x2)] exists and equals  
 

provided that 

 

 
1 21 2 , 1 2 1 2, , .

X X
g x x f x x dx dx

1 21 2 , 1 2 1 2
, ,

X X
g x x f x x dx dx

10:14

   Likewise, if the random vector (X1, X2) is discrete and we let       

Y = g(X1, X2), then E(Y) exists if  

 

 

 

    and is given by  

 

 

 

1 2

1 2

1 2 , 1 2, , .
X X

x x

g x x p x x

1 2

1 2

1 2 , 1 2
, , .

X X

x x

E Y g x x p x x

11:26
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Linear Combination of 

Expected Values of Real-Valued 

Functions of a Random Vector 

(explained through an example) 

00:42

   Theorem: 

    Let (X1, X2) be a random vector, and,  
 

    let Y1= g1(X1, X2) and Y2= g2(X1, X2) be  random variables the 
expectations of which exist.  

 

    Then, for all real numbers k1 and k2, 

 

 1 1 2 2 1 1 2 2 (1)E k Y k Y k E Y k E Y

01:00

   Before we begin the proof, let us remind ourselves 
what is meant by the existence of a function of 
two random variables.  

02:30

If Y=g(X1, X2) is a function of two random variables X1 and 

X2 both of which are of the continuous type and have a 
joint probability density function f(x1, x2), we will say that     
E[g(x1, x2)] exists and equals  
 

 

provided that 

 

 
1 21 2 , 1 2 1 2, , .

X X
g x x f x x dx dx

1 21 2 , 1 2 1 2, ,X Xg x x f x x dx dx

02:43

In other words, if Y = g(X1, X2) , 

 

then 

 

 

provided that 

 

1 21 2 , 1 2 1 2, ,X XE Y g x x f x x dx dx

1 21 2 , 1 2 1 2, , .X Xg x x f x x dx dx

03:50

Focusing on the theorem again: 

1 2

1 1 1 2 2 2 1 2

1

1 1 2 2 1 2

2

1 2

T

)

heorem: Let ,  be a random vector, 

and let ,  and ,  be 

random variables the expectations of which exist.   

Then, for all real numbers k and 

)

( )

( ) (

(

,

1

X X

Y g X X Y g X X

E k Y k Y k E Y

k

k E Y

03:46



    Proof: 

    For the continuous case, the existence of the expected 

value of    k1Y1+k2Y2 follows directly from the triangle 

inequality and linearity of integrals. 

 

04:40

So, let us first see what is meant by the Triangle Inequality: 

05:10

For any triangle the sum of the length of any two sides 
must be greater than or equal to the length of the third 
side.  

So now according to Euclidian geometry: 
05:33

If x and y are two real numbers than the absolute value 
(the modulus) of |x+y| is less than or equal to the 
modulus of |x| and modulus of |y|  

x y x y

    Reverting back to the Proof: 

     

    For the continuous case, the existence of the expected value of    

k1Y1+k2Y2 follows directly from the triangle inequality and 
linearity of integrals.  

 

06:01

1 1 1 2 2 1 1 2 1 1 1 2 2 2 1 2

1 1 1 2 2 1 1 2 1 1 1 2 2 2 1 2

1 1 1 2 2 1 1

Now, according to the triangle inequality, for any two real numbers  and ,

.

This implies that 

, , , ,

, , , ,

, ,

x y

x y x y

k g x x k g x x k g x x k g x x

k g x x k g x x k g x x k g x x

k g x x k g x x
1 2

1 2

1 2

1 2

2 , 1 2

1 1 1 2 2 2 1 2 , 1 2

1 1 1 2 2 1 1 2 , 1 2

1 1 1 2 2 2 1 2 , 1 2

,

, , ,

or

, , ,

, , ,

X X

X X

X X

X X

f x x

k g x x k g x x f x x

k g x x k g x x f x x

k g x x k g x x f x x

06:14

1 2

1 2

1 2

1 2 1 2

1 1 1 2 2 1 1 2 , 1 2

1 1 1 2 2 2 1 2 , 1 2

1 1 1 2 2 1 1 2 , 1 2

1 1 1 2 , 1 2 2 2 1 2 , 1 2

Now , , ,

, , ,

can be re-written as

, , ,

, , , ,

....(1)

X X

X X

X X

X X X X

k g x x k g x x f x x

k g x x k g x x f x x

k g x x k g x x f x x

k g x x f x x k g x x f x x

08:19

Now, let us consider the concept of Linearity of Integration: 
08:35

In calculus, the integral of any linear combination of 
functions equals the same linear combination of the integrals 
of functions,; this property is known as linearity of 
integration. 

 

Linearity of integration is related to the linearity of 
summation, since integrals are thought of as infinite sums. 

1 2

1 2

1 2

1 1 1 2 2 1 1 2 , 1 2 1 2

1 1 1 2 , 1 2 1 2

2 2 1 2 , 1 2 1 2

As such, applying integrals on both sides of inequality (1), 

we have

, , ,

, ,

, ,

X X

X X

X X

k g x x k g x x f x x dx dx

k g x x f x x dx dx

k g x x f x x dx dx

09:05

1 21 1 2 , 1 2 11 2

1 1 1 2 2 2 1 2

1 1 2

2 2 1

Now, according to the statement of the Theorem,

,  and ,

are random variables the expectations of which exist

i.e.

,  exists

( ) ( )

( ) , , .

,(

X X

Y g X X Y g

g x x f x x dxX

X X

E Y E g X

E g

dx

Y E X
1 22 1 2 , 1 2 12 2) , exist ,s

X X
g x x f x x dx dxX

09:18

1 2

1 2

1 2

1 2

1 1 1 2 2 1 1 2 , 1 2 1 2

1 1 1 2 , 1 2 1 2

2 2 1 2 , 1 2 1 2

1 1 1 2 2 1 1 2 , 1 2 1 2

1 1 1 2 2 1 1

Hence , , ,

, ,

, ,

Therefore , , ,

=E , ,

X X

X X

X X

X X

k g x x k g x x f x x dx dx

k g x x f x x dx dx

k g x x f x x dx dx

k g x x k g x x f x x dx dx

k g x x k g x x2  exists.

10:20



   By once again using linearity of the integral, we have 

 

 
 
 
 
 i.e., the desired result. 

1 2

1 2 1 2

1 1 2 2 1 1 1 2 2 1 1 2 , 1 2 1 2

1 1 1 2 , 1 2 1 2 2 2 1 2 , 1 2 1 2

1 1 2 2

, , ,

, , , ,

,

X X

X X X X

E k Y k Y k g x x k g x x f x x dx dx

k g x x f x x dx dx k g x x f x x dx dx

k E Y k E Y

11:33
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Determination of the Expectation of the 

Product of two discrete random variables            

 (explained through an example) 

   Example: 

   Let X1X2 be two random variables with the joint pmf.  

 

 

    

Compute 

1 2

1 2 1 2 1 2

,

. Is ?

E X E X and

E X X E X X E X E X

1 2
1 2

1 2

,   1
( )

(
,2, 1,2,  

,  12

0  

)

x x
for x x

p x x

elsewhere

Solution: 

First we know that, 

 

 

 

 

 

 

2

1

1 2 1 1 1 1 1
1 1

1,2

1 2 2 2 2
2 2

1,2

1 2 1 2 2 3
, 1, 2

12 12 12 12 12

In the same way,

1 2 2 3
, 1, 2

12 12 12 12

x

x

x x x x x x x
p x x

x x x x x
p x x

Therefore, as X1 and X2 are symmetric, they have the 

same pmfs and 

 

Hence, their mathematical expectations will be equal. 

Now computing 

1

1
1 1

1,2

2 1 3 2 2 32 3 5 14 19
1 2

12 12 12 12 12 12x

x
E X x

2

2
2 1 2

1,2

2 1 3 2 2 32 3 5 14 19
1 2

12 12 12 12 12 12x

x
E X E X x

Now 
1 2

1 2
1 2 1 2

,

1 2

1 2 1 2

.
12

1 1 1 2 2 1 2 2
1 1 1 2 2 1 2 2

12 12 12 12

2 6 6 16 30
2.5

12 12 12 12 12

On the other hand,

19 19
2.5069

12 12

Hence

x x

x x
E X X x x

E X E X

E X X E X E X
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Determination of the Expectation of the 

Product of two continuous random variables  

(explained through an example) 

00:09

Example: 

   Let X1,X2 be two random variables with the joint pdf 

f(x1,x2) = 4x1x2 , 0< x1< 1, 0< x2 <1, zero elsewhere. 

Compute E(X1), E(X2) 

2 2

1 1 2 2 1 2

1 2 1 2

2

1 1 1 2

, , , , .

Is ?

Find 3 2 6 .

E X E X E X E X and E X X

E X X E X E X

E X X X X

00:25

Firstly, E(X1) 

 

1 1 2 1

2 1 2 1

1 1 1 1 1 1 1 1 1 2

1 1 2 1 1 2

As a rule:

( )

,( )

( ) ( )

(, )

,X XE X x f x dx x f x dx x f x x

x f x x x f x x

dx dx

dx dx dx dx

01:30



Similarly, E(X2) 

 

2 2 2 1

2 1 2 1

2 2 2 2 2 2 2 2 1 2

2 1 2 2 1 2

As a rule:

( )

,( )

( ) ( )

(, )

,X XE X x f x dx x f x dx x f x x

x f x x x f x x

dx dx

dx dx dx dx

05:00

Firstly, E(X1) 

 
1 1 1 1

2

1 1 1 2 1 1 2 1 2

0 0 0 0

1
1 1 1 12

2 2 22
1 2 1 1

0 0 0 00

1
1 3

2 2
1

2 1 2 1 2 1

2 1 1

0 0

1

1

1

,  .4  4  

1 0
4  4 . 4 .

2 2

(

2

1 0
2

3 3 3

2

3

) =

2 2

E X x f x x x x xdx dx dx dx dx dx

d

x x

x
x x x dx dxx x

x

dx

dxx

E X

05:55

Then E(X2) 

 
1 1 1 1

2

2 2 1 2 2 1 2 1 2

0 0 0 0

1
1 1 1 12

2 2 21
2 1 2 2

0 0 0 00

1
1 3

2 2
2

1 2 1 2 1 2

1

0

2 2

2

2

2

0

,  .4  4  

1 0
4  4 . 4 .

2 2

(

2

1 0
2

3 3 3

2

3

) =

2 2

E X x f x x x x xdx dx dx dx dx dx

d

x x

x
x x x dx dxx x

x

dx

dxx

E X

06:27

Similarly  E(X1X2) 

 

1 21 2 1 2 , 1 2 2 1 1 2 1 2

1 2 1 2 1 2

2 1

2 2 11 21

As a rule:

( )

,

,

( ) ( )

( , )

,

X XE X X x x f x x dx dx

d

dx dx x x f x

x

x

x x f x x x xx dx x f dx dx

06:51

Now E(X1X2) 

 
1 1 1 1

2 2

1 2 1 2 1 2 1 2 1 2 1 2

0 0 0 0

1
1 1 1 13

2 2 2 21
1 2 2 2

0 0 0 00

1
1 3

2 2

1 2 1 2 1 2

1 2 2

2

0

2

2

0

,  .4  4  

1 0
4  4 . 4 .

3 3 3

1 0

3

( ) =

4 4 4

3 33 33

E X X x x f x x dx dx dx dx dx dx

dx

x x x x x x

x
x x dx dx dx

dx

x x

x
x

1 2 1 2

4

9

2 2 4

3 3 9
E X X E X E X

07:11
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Determination of the Expectation of the 

Ratio of two continuous random variables  

(explained through an example) 

00:12

Example: 
Let X1 and X2 have the pdf 

 

     

 

 

Suppose the random variable Y is defined by Y=X1/X2 

and we are interested to determine the E(Y). 

1 2 1 2

1 2

8 0 1
,

0

x x x x
f x x

elsewhere

00:22

Solution: 

 

We can determining E(Y) in two ways.  

 

The first way is by definition, i.e., find the distribution of  

Y and then determine its expectation. 

00:22

2

22

1

1 2 1 2 1 2

0 0

1 1 12 2 2

1 2
1 2 1 2 2 2 2 2

0 0 0 00

2 2

2
2

 

8

0
8 8

The cdf of , for 0    1, is derived as fol

8
2 2 2

8
2

lows:

yx

Y

yxyx

F y P Y y P X yX x x dx dx

x y x
x x d

Y y

x dx x dx x dx

y x
x d

11 1 4
2 3 2 22

2 2 2

0 0 0

2 2

1 0
4 4 4

4 4 4

1
4 .

4

x
x y x dx y y

y y

02:24

2

e

H

 

enc

And hence, th pd o

e

0 1

0

f f Y i

2 0

s

1

0

Y

Y Y

y y
F y

elsewhere

y y
f y F y

elsewhere

08:29



 

which leads to 

 

 

     

1

0

11 3
2

0 0

2

1 0 1
2 2 2 2

3 3 3 3

2
,

3

E Y y y dy

y
y dy

E Y

09:14
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1 1

21 1
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2 20 0 0 0
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0 0 00

11 4
3 2
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0
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x

X x
E Y E x x dx dx x dx dx
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x
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How to obtain product moments 

and simple moments from the 

MGF of a random vector? 

00:13

In a simplified notation 

1 2

2 2

2 2

2 2

1 2

0,0 0,0
,

0,0 0,0
,

M M
E X E Y

t t

M M
E X E Y

t t

02:17

2

1 2

and

0,0M
E XY

t t

04:41

1

1

2

2

22
22 2

1 2

1 1

22
22 2

2 2

2 2

T r

0,0
,

0,0

and

0,0

0

her

0,0

0, 0,0

efo e

M
E X

t

M
E Y

t

M M
E X E X

t t

M M
E Y E Y

t t

06:17

1 2

2

1 2 1 2

A

.

nd, as far as the Co variance is concerned

we have

0,0 0

And from the above we can compute 

the corre o

,0 0,0

lati n coefficient 

E X Y E XY E X E Y

M M M

t t t t

07:20

 

 

Thus the correlation coefficient may be computed by 

using the mgf of the joint distribution if that function is 

readily available. 

09:10
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Expected  Value of a Random 

Vector (defined in terms of 

Component wise expectation) 

00:13

Definition 

    (Expected Value of a Random Vector) 

 

    Let X                     be a random vector.  

     

    Then the expected value of X exists if the expectations of        

X1 and X2 exist. 

     

1 2,X X

00:20



 

If E(X1) and E(X2) exist, then the expected value of X is given by 

 

                                    

                                    E(X) 1

2

E X
E X

01:29

   Similarly, if we toss two fair coins together, then 

expected value of X1 =  1 

 

   AND 

 

  if we toss a fair die, then expected value of X2 = 3.5 

 

02:03

 

If E(X1) and E(X2) exist, then the expected value of X is 

given by 

 

                                     1

2

1
( )

3.5

E X
E

X
X

E

06:48

 

If we consider the two experiments together, then the expected value 

of X is given by 

1

2

1

3.5

E X
E X

E X

07:38
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Transformation in the case  

of a Bivariate Probability Mass Function  

(explained through an example) 

00:19

Let (X1,X2) be a random vector. 

 

Suppose we know the joint distribution of (X1,X2) and we seek the 

distribution of a transformation of (X1,X2), say, Y=g (X1,X2) or 

Y1=g1 (X1,X2), Y2=g2(X1,X2)  

 

We may be able to obtain the cdf of Y. Another way is to use a 

transformation.  

 

00:35

   It is best to discuss the discrete and continuous cases 

separately.

02:08

    DISCRETE CASE: 

Let pX1,X2(x1,x2) be the joint pmf of two discrete-type random 

variables X1 and X2 with S the (two-dimensional) set of points at 

which pX1,X2(x1,x2) > 0; i.e., S is the support of (X1,X2).  

 

Let y1=u1(x1,x2) and y2 = u2(x1,x2) define a one-to-one 

transformation that maps S onto T 

02:17

1 1

1 1

1 1 1 2 2 2 1 2

, 1 1 2

,

1

2

1

2

1

2

2

2

2

1 1

1

2 1 2

The joint pmf of the two new random variables

is given by

where , , ,  

is the single-valued inverse o

, and ,

, , , ,
,

0 ,

( ) ( )

X X

Y Y

x w y y x w y

y

Y u X X Y u X X

p w y y w y y y T
p y y

elsewhere

y

1 1 1 2 2 2 1 2
, and , .

f

y u X X y u X X

04:22

    In using this change of variable technique, it should be 

emphasized that we need two  variables to replace the 

two  variables. 

05:40



 

   

    After we have found the joint pmf                       we may obtain 

the marginal pmf of Y1 by summing on y2 or the marginal pmf 

Y2 by summing on y1. 

1 2, 1 2( ),,Y Y yp y

06:27
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Transformation in the case  

of a Bivariate Probability Mass Function  

(explained through an example) 

00:10

   Example: 

    Let X1 and X2 have the joint pmf 

 

 

 

 

    where µ1 and µ2 are fixed positive real numbers. 

 

    Note: The space S is the set of points (x1,x2), where each of x1 
and x2 is a non-negative integer. 

 

1 2 1 2

1 2

1 2
1 2

, 1 2 1 2

, 0,1, 2,3,..., 0,1,2,3,...
, ! !

x x

X X

e
x x

p x x x x

zero elsewhere

00:22

 

Suppose that we wish to find the pmf of Y1=X1+X2.  

 

If we use the change of variable technique, we need to 

define a second random variable Y2. 

02:32

Because Y2 is of no interest to us, let us choose it in such a way 

that we have a simple one-to-one transformation. 

 

For example, take Y2 = X2.  

Then y1=x1+x2 and y2=x2 represent a one-to-one transformation 

that maps S onto 

 

 

Note that if (y1,y2)  T, then 0  y2  y1. 

 

1 2 2 1 1, : 0,1,..., and 0,1,2,...T y y y y y

03:43

1 2 2 1 2

1 2

1 1 2 2 2

1 2
1 2

1

2

2

1

2, 1 2

The inverse functions are given by

Thus the joint pmf of  

.

, , ,
! !

and  s

,

i

y y y

Y Y

Y Y

yx y and x y

e
y y T

y y yp y y

zero elsewhere

06:16
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Transformation in the case  

of a Bivariate Probability Density Function  

using the Jacobian of Transformation  

(explained through an example) 

00:54

 Example: 

Suppose (X1,X2) have the joint pdf 

 

 

 

The support of (X1,X2) is then the set  

 

                         S={(x1,x2) : 0 < x1 <1, 0 < x2 < 1}  

 

1 2

1 2

, 1 2

1 0 1,0 1
,

0 .
X X

x x
f x x

elsewhere

01:12

 

Suppose Y1= X1+X2 and Y2= X1- X2 .  
 

where, 

1 1 1 2 1 2

2 2 1 2 1 2

,

, .

y u x x x x

y u x x x x

03:00

This transformation is one-to-one.  

We first determine the set T in the y1y2-plane that is the 

mapping of S under this this transformation.  

 

 

 

04:16



Inverse function 

 

 

 

1 1 2 2 1 2

1 2
1 2 1 1 1 1 2

1 2
1 2 2 2 2 1 2

,

implies that

2 ,
2

&

2 , .

N

2

ow y x x y x x

y y
y y x x w y y

y y
y y x x w y y

04:30

Next, the Jacobian is given by  

 

06:37
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10:47

Hence, the joint pdf of (Y1,Y2) is given by 

1 2

1 2

1 2

1 2 1 2
, 1 2

, 1 2

1 2

, 1 2

, . , ,
, 2 2

0

or

1
1. , ,

, 2

0

X X

Y Y

Y Y

y y y y
f J y y T

f y y

elsewhere

y y T
f y y

elsewhere

14:35

1 2
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, 1 2

In other words, the joint pdf of ( , ) is given by

1
, ,

, 2

0
Y Y

Y Y

y y T
f y y

elsewhere

17:25
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Transformation in the case of  

a Bivariate Probability Mass Function  

using the MGF technique  

(explained through an example) 

00:12

Example:  
 

Here X1 and X2 have the joint pmf 

 

 

   

   

where µ 1and µ2 are fixed positive real numbers.  

1 2 1

1 2

2

1 2
1 2

, 1 2 1 2

0,1, 2,3,..., 0,1, 2,3,...,
, ! !

0 ,

x x

X X

e e
x x

p x x x x

elsewhere

00:27
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04:38

Let Y = X1+X2 and consider 

1 2

1 2

1 2

1 1 2 2

1 2

1 2

, 1 2

0 0

0 01 2

,

! !

t x xtY

X X

x x

x x
tx tx
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E e e p x x

e e
e e

x x
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1 2

1 2

1 2

1 2

1 2

1 2

0 01 2

1 1

1

! !

.
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x x
t t
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x x
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e e
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x x

e e

e

08:49

Note that the factors in the brackets in the next-to-least equality are 

mgfs of X1 and X2, respectively. 

 

Hence, the mgf of Y is the same as that of X1 except µ1 has been 

replaced by µ1+µ2.  



Therefore,  

 

By the uniqueness of mgfs, the pmf of Y must be 

 

 
1 2 1 2

, 0,1, 2,...,
!

y

Y
p y e y

y

12:03
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Concept of Conditional distribution  
with the help of an example 

 

00:15

Introduction 

The conditional probability of even A, given event B, as 

 

 

 

provided P(B  

|
P A B

P A B
P B

00:21

Suppose now that A and B are the events X=x and Y=y so 
that we can write 

 

 

 

 

provided P(Y=y) = h f(x , y) is the value of 
the joint probability distribution of X and Y at (x , y).  

, ,
|

P X x Y y f x y
P X x Y y

P Y y h y

01:16

Definition 

If f(x , y) is the value of the joint probability distribution of the 
discrete random variables X and Y at (x , y), and h(y) is the value 
of the marginal distribution of Y of y, the function given by 

 

 

 

for each x within the range of X, is called the conditional 
distribution of X given Y=y. 

,
| , 0

f x y
f x y h y

h y

03:45

Example: 

 

Let                                                                  zero elsewhere, and 

                                     zero elsewhere, denote, respectively, the 
conditional pdf of X1, given X2 = x2, and the marginal pdf of X2.  

 

Determine: 

2
1|2 1 2 1 2 1 2 2| 2 / , 0 ,0 1f x x x x x x x

4
2 2 2 25 ,0 1,f x x x

1

1 1
.

4 2
d P X

04:55

Solution: 

First we will find the marginal of x1 

1

1 1

1

1 1
2 2

1 1 2 2 1 2 2

13 3 4
32 1 1 1

1 1 1 1

10 10

10 101 10
10 10 1

3 3 3 3 3 3

X

x x

x

f x x x dx x x dx

x x x x
x x x x

08:24

Now,  

1/2 1/21/2 2 5
4 1 1

1 1 1 1

1/4 1/4 1/4

1 1 10 10

4 2 3 3 2 5

10 1 1 1 1

3 4 2 16 2 32 5 1024 5

x x
P X x x dx

11:21

1

1 1 10 1 1 1 1

4 2 3 8 32 160 5120

10 4 1 32 1 10 3 31

3 32 5120 3 32 5120

10 480 31 4490 449
.

3 5120 3 5120 1536

P X

12:30
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The Concept of Conditional Expectation,                    

Conditional Mean and Conditional Variance               

(explained through an example)  

00:45



If u(X2) is a function of X2, the conditional expectation of u(X2), 
given that X1=x1, if it exists, is given by  

 

 

 
 

Note that E[u(X2) | x1] is a function of x1.  

2 1 2 2|1 2 1 2| | .E u X x u x f x x dx

00:49

If  they do it exists, then E(X2| x1) is the mean  
 

and  

   

02:48

   

                                

 

 

is the variance of the conditional distribution of X2 given 
X1=x1, which can be written more simply as  Var(X2 | x1). 

2

2 2 1 1| | ,E X E X x x

04:49

It is convenient to refer to these as the   
and the  conditional  of X2, given X1= x1.  

Also, we have 

 

 

 

from an earlier result.  

22
2 1 2 1 2 1| | |Var X x E X x E X x

05:37

The conditional expectation of u(X1), given X2= x2, if it 
exists, is given by 

 

 

 

In the case of when random variables of the discrete type, 
these conditional probabilities and conditional 
expectations are computed by using summation instead 
of integration 

1 2 1 1|2 1 2 1| | .E u X x u x f x x dx

06:44

   Example: 

    Let X1 and X2 have the joint pdf 

 

 

    
1 2

1 2

2 0 1
,

0 .

x x
f x x

elsewhere

07:27

   Then the marginal probability density functions are, 
respectively, 

 

 

 

    and 

 

 

1

1

2 1 1

1 1

2 2 1 0 1

0 .

x

dx x x
f x

elsewhere

2

1 2 2
2 2 0

2 2 0 1

0 .

x

dx x x
f x

elsewhere

07:58

The conditional pdf of X1, given X2 = x2, 0 < x2<1, is 

 

 

 1 2

2 21|2 1 2

2 1
0

2|
1

0 .

f x x
x x

x x

elsewhere

10:52

 

Here the conditional mean and the conditional variance 
of  X1 ,given X2 = x2, are respectively, 

2

1 2 1 1|2 1 2 1

2
1 1 20

2

| |

1
, 0 1,

2

x

E X x x f x x dx

x
x dx x

x

11:15

and 

 

 

 

 

 

2

2

2
1 2 1 10

2

2
2

2

1
|

2

, 0 1.
12

x x
Var X x x dx

x

x
x

14:28
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Rigorous proof of the theorem 
containing the results                                             
E[E(X2|X1)]=E(X2)  

00:15

Theorem: 
 

Let (X1, X2) be a random vector such that E(X2)is finite.  

 

Then, 

E[E(X2|X1)]= E(X2). 
 

01:07

Proof:  

2 2 2 2

2 1 2 1

 

But  

( ) ,

E X x h x dx

h x f x x dx

01:54

2

2 2 1 2 1 2

2 1 2 1 2 2 1 2 2 1

Therefore, can be written as

,

, ,

E X

E X x f x x dx dx

x f x x dx dx x f x x dx dx

03:29

1 1 2

1 2
2 2 2 1 1 1

1 1

1 2
2 2 2 1

1 1

2 2 1 1 1 1 2 1

Multiplying and dividing by ( ), can be written as

,

,
But  |

Therefore

| | .

f x E X

f x x
E X x dx f x dx

f x

f x x
x dx E X x

f x

E X E X x f x dx E E X x

05:03

Hence, we can write 

 

 

 

This is sometimes called the law of total expectation      
and sometimes it is called the law of iterated expectations. 

2 2 1| .E X E E X X

08:02
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  The Correlation Coefficient  
(explained through an example) 

00:20 

Let X and Y have the joint pdf f(x ,y).  

 

If u(x ,y) is a function of x and y, then E [u(X,Y)] can be 

determined, if it exists. 

 

Here, let us assume that all mathematical expectations 

exist.  

00:43 

The means of X and Y, say µ1 and µ2, are obtained by taking        

u(x ,y) to be x and y, respectively;  

i.e. 

µ1 = E [u(X,Y)]= E [X]  

& 

µ2 = E [u(X,Y)]= E [Y]  

and  

 

the variances of X and Y, say 1
2 and 2

2, are obtained by setting the 

function u(X,Y) equal to (x - µ1)
2 and (x - µ2)2, respectively.  

01:40 

Covariance 

Consider the mathematical expectation 

 

 

 

 

This number is called the covariance of X and Y and is often 
denoted by cov(X,Y).   

 

1 2 2 1 1 2

2 1 1 2

1 2

E X Y E XY X Y

E XY E X E Y

E XY

03:59 



Correlation 

    If each of 1 and 2 is positive, the number 

 

 

 

    is called the correlation coefficient of X and Y. 

 

 

1 2

1 2 1 2

cov ,E X X X Y

09:03 

  Example: 

 

Let the random variables X and Y have the joint pdf 

 

 

 

 

We next compute the correlation coefficient  of X and Y.  

 

0 1,0 1
,

0 .

x y x y
f x y

elsewhere
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Now 

 

 

1 1

1

0 0

21 1

2 2 2 2

1 1

0 0

7

12

&

7 11
.

12 144

E X x x y dxdy

E X x x y dxdy

12:14 

Similarly, 

 

 

 

 

 

2 2 2

2 2 2

7 11
.

12 144
E Y and E Y

13:54 

 

Therefore, the covariance of X and Y is 

 

 

21 1

1 2

0 0

7 11
.

12 144
E XY xy x y dxdy

14:19 

    Accordingly, the correlation coefficient of X and Y is 

 

 

 

 

 

   Implying that their exists a very weak negative linear 

correlation between X and Y. 

1

1144 0.09
1111 11

144 144

15:33 
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Properties of the  

Correlation Coefficient 

00:12

 

1. Coefficient of Correlation lies between -1 and +1: 
 

The coefficient of correlation cannot take value less than -1 
or more than one +1. Symbolically, 

                      

                             -   | <1. 

 

00:25

- -diagram: 0 <   
 

01:22

Neither upward nor downward scatter-diagram:  =0 

 

02:44



- -diagram: -  < 0 
 

03:18
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Properties of the  

Correlation Coefficient 

00:12

1. Coefficients of Correlation are independent of Change of 

Origin 

 

2. Coefficient of Correlation is independent of Change of 

Scale 

 
 

 

00:18

2. Coefficients of Correlation are independent of Change of 
Origin: 

 

This property reveals that  

if we subtract any constant from all the values of X (or add any 
constant to all the values of X)  

and  

subtract any constant from all the values of Y (or add any 
constant to all the values of X),  

it will not affect the coefficient of correlation. 

00:45

In other words,

where

A & B

X Y
D D XY

X Y
D X D Y

01:49

2. Coefficient of Correlation is independent of Change 

of Scale: 

This property reveals that if we divide or multiply all the 

values of X by any constant and divide or multiply all the 

values of Y by any constant, it will not affect the coefficient 

of correlation. 

 
 

 

 

where

&
A B

UV XY

X Y
U V

03:37
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Properties of the  

Correlation Coefficient 

00:25

 

4. Coefficient of Correlation possess the property of 

symmetry 

                   XY  = YX 
 

 

00:35

5. Co-efficient of correlation measures only linear 

correlation between X and Y. 

 

 

03:50

- -diagram: 0 <   

 
04:25



 

6. If two variables X and Y are independent, coefficient of 

correlation between them will be zero. 

 

06:48
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